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Abstract. In this paper, we consider the multiplier spectrum of
periodic points, which is a natural morphism defined on the moduli
space of rational maps on the projective line. A celebrated theorem
of McMullen asserts that aside from the well-understood flexible
Lattès family, the multiplier spectrum morphism is quasi-finite. In
this paper, we strengthen McMullen’s theorem by showing that
the multiplier spectrum morphism is generically injective. This
answers a question of McMullen and Poonen.

1. Introduction

1.1. The multiplier spectrum morphism. For d ≥ 2, let Ratd(C)
be the space of degree d rational maps on P1(C). It is a smooth ir-
reducible affine variety of dimension 2d + 1 [Sil12]. A rational map is
called Lattès if it is semi-conjugate to an endomorphism on an elliptic
curve. A Lattès map f is called flexible Lattès if one can continuously
vary the complex structure of the elliptic curve to get a family of Lattès
maps passing through f . The structure of flexible Lattès maps is well-
understood [Mil06, Lemma 5.5]. Let FLd(C) ⊆ Ratd(C) be the locus
of flexible Lattès maps, which is Zariski closed in Ratd(C). The group
PGL 2(C) = Aut(P1(C)) acts on Ratd(C) by conjugacy. The geometric
quotient

Md(C) := Ratd(C)/PGL 2(C)
is the (coarse) moduli space of endomorphisms of degree d [Sil12]. The
moduli space Md(C) = Spec (O(Ratd(C)))PGL 2(C) is an irreducible
affine variety of dimension 2d − 2 [Sil07, Theorem 4.36(c)], which is
also a complex orbifold [Mil93], [Mil11]. Let Ψ : Ratd(C) → Md(C) be
the quotient morphism. We set

M⋆
d(C) := Md(C) \Ψ(FLd(C)).

We note that FLd(C) = ∅ when d is not a square number, and Ψ(FLd(C))
is an algebraic curve when d is a square number.
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As Md is affine, to understand the geometry of Md, we only need to
understand its ring of functions. There is a natural dynamically inter-
esting family of morphisms from Md(C) to affine spaces, which we call
the multiplier spectrum morphisms. These morphisms give a natural
system of functions on Md(C), which can be viewed as analogies of
the theta functions on the moduli space of elliptic curves (c.f. [Sil23,
Remark 5.9]).

We now recall the construction. For every f ∈ Ratd(C) and n ≥ 1,
fn has exactly Nn = dn + 1 fixed points counted with multiplicity.
The multiplier of a fn-fixed point x is the differential dfn(x) ∈ C.
Using elementary symmetric polynomials, their multipliers define a
point Sn(f) ∈ CNn . The multiplier spectrum of f is the sequence
Sn(f), n ≥ 1. Since Sn take the same value in a conjugacy class of ra-
tional maps, each Sn defines a morphism Sn : Md(C) → CNn . Let τd,n
be the morphism

τd,n : Md(C) → CN1 × · · · × CNn ,

[f ] 7→ (S1(f), . . . , Sn(f)).

Here for f ∈ Ratd(C), we define τd,n(f) := τd,n([f ]).
For each n ≥ 1, set

Rn := {([f ], [g]) ∈ Md(C)2| τd,n([f ]) = τd,n([g])}.

ThenRn form a decreasing sequence of Zariski closed subsets ofMd(C)2.
By the Noetherianity, the sequence Rn is stable for n sufficiently large.
Hence there exists a minimal positive integer md such that τd,md

(f) =
τd,md

(g) implies that τd,n(f) = τd,n(g) for every n ≥ 1, i.e. f and g have
the same multiplier spectrum. We define

τd := τd,md
.

It is well-known that elements in an irreducible component of FLd(C)
have the same multiplier spectrum.

The following remarkable theorem of McMullen [McM87] says that
outside FLd(C), the multiplier spectrum determines the conjugacy class
of rational maps up to finitely many choices.

Theorem 1.1 (McMullen). For every d ≥ 2, the morphism

τd : M⋆
d(C) → CN1 × · · · × CNmd

is quasi-finite.

1.2. The multiplier spectrum morphism is generically injec-
tive.
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Definition 1.2. For a point x ∈ Md(C), we say that τd is injective
at x if τ−1

d (τd(x)) = {x}. For a subset X ⊂ Md(C), we say that τd is
injective on X if τd is injective at every x ∈ X.

We quote the following question about the injectivity of τd from
McMullen [McM87, Page 489]:

Noetherian properties imply there are an N and an M such that
E1(R), . . . , EN(R) determine R up to at most M choices, . . . is R
determined uniquely?1

It turns out that τd is not always injective on M⋆
d(C). Silverman

showed that if f is a rigid Lattès map defined over a number field K
whose class number is larger than 1, then τd is not injective at [f ] [Sil07,
Theorem 6.62].

Another construction of maps with the same multiplier spectrum was
introduced by Pakovich [Pak19a]. Let f be a rational map. Following
Pakovich [Pak19a], for any decomposition f = h1◦h2 into a composition
of rational maps, where h1 and h2 have degree at least 2, we say that
the rational map f̃ := h2 ◦h1 is an elementary transformation of f . We
say that rational maps f and g are equivalent if there exists a chain of
elementary transformations between f and g. One can show that if f
and g are equivalent then τd(f) = τd(g), see Pakovich [Pak19b, Lemma
2.1].

Even though τd is not always injective on M⋆
d(C) as we have seen,

one might hope that τd is generically injective, i.e. τd is injective on a
Zariski open subset.

Poonen asked whether τd is always generically injective [Sil12, Ques-
tion 2.43]. The following is our main theorem. It gives an affirma-
tive answer to Poonen’s question, hence an affirmative answer to Mc-
Mullen’s question for generic parameters.

Theorem 1.3. For every d ≥ 2, the morphism

τd : Md(C) → CN1 × · · · × CNmd

is generically injective.

As a consequence, the system of functions given by the multiplier
spectrum generate the fraction field of Md.

One can also consider the moduli space of polynomials and the mul-
tiplier spectrum morphism on it. Let Pd be the moduli space of degree
d polynomials, which is the quotient space of the space of degree d

1Following McMullen’s notations, Ei(R) is the multiplier spectrum of periods i
of the rational map R.
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polynomials modulo the conjugation by affine maps. For every d ≥ 2
and n ≥ 1, we let τ̃d,n (resp. τ̃d) be the restriction of τd,n (resp. τd) on
Pd. As the the moduli space of polynomials is a proper Zariski closed
subset of Md, Theorem 1.3 does not implies the injectivity of τ̃d di-
rectly. However, our proof of Theorem 1.3 still works in the polynomial
setting.

Theorem 1.4. For every d ≥ 2, τ̃d is generically injective on Pd.

While we were preparing this article, we knew from a private com-
munication that Huguin has an independent proof of Theorem 1.4, see
[Hug24]. Indeed Huguin proved the generic injectivity of τ̃d,2. From the
communication with Huguin, we know that Huguin’s method is com-
pletely different from ours, which is based on Fujimura’s result [Fuj07]
and on the computations by Gorbovickis [Gor15].

1.3. Ingredients in the proof of Theorem 1.3. To show Theorem
1.3, we argue by contradiction. Assume that τd is not generically injec-
tive. We first construct two algebraic families of rational maps ft and
gt, parametrized by the same algebraic curve V , such that: (1) for every
t ∈ V (C), the images ft and gt in Md are different; (2) τd(ft) = τd(gt)
for every t ∈ V (C). We can further ask that these two families satisfy
several geometric and dynamical assumptions, c.f. Lemma 2.5. Our
key step is to show that ft and gt are intertwined (c.f. Definition 3.1 )
for all but finitely many t ∈ V (C). The main ingredient of the proof for
this step is the following result in the spirit of the Dynamical André-
Oort (DAO) conjecture. The oringinal DAO conjecture was proposed
by Baker-DeMarco [BDM13]. The DAO conjecture is about the dis-
tribution of postcritically finite (PCF) maps in a subvariety of the
moduli space. A rational map is called PCF if its critical orbits is a fi-
nite set. The one-dimensional DAO conjecture concerning distribution
of PCF maps in an algebraic curve was recently solved by the authors
[JX23a]. Instead of considering one algebraic family of rational maps,
the following DAO-type result is about two algebraic family of rational
maps. See Definition 2.3 for the definition of algebraic families.

Theorem 1.5. Let d ≥ 2 and let fV , gV be two degree d non-isotrivial
algebraic families defined over C, parametrized by the same irreducible
algebraic curve V , and fV , gV are not families of flexible Lattès maps.
Assume that there are infinitely many t ∈ V (C) such that ft and gt
are both PCF. Then for all but finitely many t ∈ V (C), ft and gt are
intertwined.

Remark 1.6. In Theorem 1.5, by working harder, we actually can
show that for every point t ∈ V (C), ft and gt are intertwined. As
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we do not need this stronger result for the proof of Theorem 1.3, we
only sketch a proof here. Let η be the generic point of V. As fη and gη
are intertwined, after replacing fV , gV by a suitable iterate, there is an
fη × gη-invariant irreducible subvariety Γ ⊆ P1

η × P1
η which dominants

the two factors. After a base change by a finite morphism V ′ → V , we
may assume that V is smooth and Γη is geometrically irreducible. Set
hη := fη × gη|Γη . We have deg hη = d ≥ 2. For every point t ∈ V (C),
denote by Γt ⊆ (P1

C)
2 the specialization of Γη at the fiber above t. As the

numerical class of Γt is constant in the family, we only need to show that
Γt is irreducible. Every point t ∈ V (C) induces an embedding of C(V )
to the non-archimedean field C((T )). This induces an endomorphism
han on the Berkovich analytification Γan of Γη (which depends on the
choice of t). Each irreducible component of Γt defines a type-II point
in Γan. These type-II points form a totally invariant finite subset of han

in Γan. It is well-known in one-dimensional non-archimedean dynamics
that such a totally invariant finite subset must be a single point [Ben,
Proposition 8.13]. Hence Γt is irreducible, which concludes the proof.
This proof indeed shows that the intertwined locus in Md × Md is
Zariski closed.

Before [JX23a], the one-dimensional DAO conjecture and related
results have been studied in [BDM13], [GHT13], [GHT15], [DMWY15],
[GHT16], [GKN16], [GKNY17], [FG18], [GY18], [GHN18], [FG22]. In
particular, Theorem 1.5 was proved by Favre-Gauthier [FG22] in the
case that fV and gV are polynomial families.

From the above construction we can get a Zariski dense set of simple
(c.f. Definition 3.2) rational maps [f ] in Md(C) which is intertwined
with a simple rational map g with [g] ̸= [f ]. We then use a result of
Pakovich (c.f. Theorem 3.3) to get a contradiction.

In a private communication, DeMarco and Mavraki told us that
when they preparing lectures in Harvard and Toronto in November
2023 [DM23], they find a simplification of our proof of Theorem 1.3.
They observed that to prove Theorem 1.3, one may replace Theorem
1.5 by a weaker lemma (c.f. Lemma 3.8). This lemma can be proved
following the same strategy of Theorem 1.5, but there are two impor-
tant steps become easier. See Section 3.4 for details.

1.4. Previous results on the degree of the multiplier spectrum
morphism. In [Gor15], Gorbovickis showed that τd,n is generically
quasi-finite for d ≥ 2 and n ≥ 3. A recursive formula for the upper
bound of the topological degree of τd,n was obtained by Schmitt in the
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preprint version [Sch16]. An explicit upper bound of the topological
degree of τd,n was obtained in Gotou’s recent work [Got23].

When d = 2, Milnor [Mil93] showed that τ2,1 is in fact injective on
Md(C) (see also [Sil12, Theorem 2.45]). In particular Theorem 1.3
holds when d = 2. When d = 3, Gotou showed that τ3,2 is generically
injective (but not injective) [Got23, Theorem 1.2]. This was mentioned
in [HT13a] which is the errata for [HT13b]. Previously there was no
result about the generic injectivity of τd when d ≥ 4.

One can also consider the moduli space of polynomials and the mul-
tiplier spectrum morphism on it. For every d ≥ 2 and n ≥ 1, we let τ̃d,n
be the restriction of τd,n on the moduli space of polynomials. In this
case τ̃d,1 is generically quasi-finite (while τd,1 is never generically quasi-
finite, except when d = 2). Fujimura showed that deg(τ̃d,1) = (d − 2)!
[Fuj07]. The fiber structure of τ̃d,1 was studied by Sugiyama [Sug17],
[Sug20], [Sug23].

1.5. Further results and problems.

McMullen’s conjecture for the hyperbolicity of the moduli space Mf .
For a rational map f ∈ Ratd(C), McMullen and Sulllivan introduced
the Teichmüller space Tf and the moduli space Mf [MS98]. We refer
the readers to [MS98] and [Ast17] for the definitions of Tf and Mf .
In [McM87, Page 473], McMullen conjectured that for every f ∈

Ratd(C) that are not flexible Lattès, bounded holomorphic functions
separate points on Mf .

In a forthcoming paper [JX24], we solve McMullen’s conjecture using
the multiplier spectrum. Moreover by applying Theorem 1.3, we get a
more explicit description of Mf when d ≥ 4.

Injective locus of τd. We have seen before that there are two mecha-
nisms that can produce rational maps with the same multiplier spec-
trum, one from Lattès maps, and another one from equivalent rational
maps. Pakovich asked [Pak19a, Problem 3.1] whether these are the
only obstructions of the injectivity of τd.

In a forthcoming paper, using the tools developed in this paper, we
can show that the non-isolated components of the non-injective locus
of τd come from intertwined families. This motivates us to conjecture
that the answer of Pakovich’s question is yes.

Conjecture 1.7. Let f, g be rational maps of degree d ≥ 2 such that
the conjugacy classes of f and g are different. Assume that τd(f) =
τd(g), then one of the followings holds:

(i) f and g are Lattès maps;
(ii) f is equivalent to g.
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Generic injectivity of multiplier spectrum of small periods. In Theorem
1.1 and Theorem 1.3, the definition of τd requires the use of periodic
points of periods not exceeding the number md, whose precise value
is not effectively-known and is probably very large. It is interesting
to know whether we can get generic injectivity using only periodic
points of small periods. By dimension counting, τd,1 is never generically
injective except when d = 2. Again by dimension counting, it is very
likely that τd,2 is generically injective.

Conjecture 1.8. For every d ≥ 2, the morphism

τd,2 : Md(C) → CN1 × CN2

is generically injective.

Generic injectivity of the length spectrum. Replacing the multipliers
by their norm in the definition of multiplier spectrum, one gets the
definition of the length spectrum. More precisely, for every f ∈ Ratd(C)
and n ≥ 1, we denote by Ln(f) ∈ RNn

≥0 the elements corresponding
to the values of the elementary symmetric polynomials at the point
(|λ1|, . . . , |λNn|) ∈ RNn

≥0 where λi, i = 1, . . . , Nn are the multipliers of all
fn-fixed points. The length spectrum of f is defined by the sequence
Ln(f), n ≥ 1. A priori, the length spectrum contains less information
than the multiplier spectrum. In [JX23b], a parallel result of Theorem
1.1 has been shown, that is outside the flexible Lattès family, the length
spectrum determines the conjugacy class of rational maps up to finitely
many choices [JX23b, Theorem 1.5]. We believe the following parallel
result of Theorem 1.3 for length spectrum is true. Note that Md is
defined over Q (hence over R).

We propose the following conjecture as a parallel result of our The-
orem 1.3.

Conjecture 1.9. For every d ≥ 2, there is a Zariski closed proper
subset Ed ⊂ Md defined over R, such that for every [f ] /∈ Ed, if there
is g ∈ Ratd(C) such that f and g have the same length spectrum, then
g or g (the complex conjugation of g) is conjugated to f .

More precisely, we propose the following description for rational
maps with the same length spectrum.

Conjecture 1.10. Let f, g be non-Lattès rational maps of degree d ≥
2. If f and g has the same length spectrum, then τd(f) equals to either
τd(g) or τd(g).

Theorem 1.3 and Conjecture 1.10 implies Conjecture 1.9 directly.
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Multiplier spectrum for endomorphisms on PN . For holomorphic endo-
morphisms on PN , N ≥ 2, one can also construct the corresponding
moduli space MN

d (C) [Sil12], and the multiplier spectrum morphisms
exist on MN

d (C) [Sil12]. Unlike in dimension one, essentially nothing
is known about the multiplier spectrum morphisms when N ≥ 2. It is
of great interest to extend McMullen’s quasi-finiteness theorem (The-
orem 1.1) and the generic injectivity theorem (Theorem 1.3) to higher
dimension.

Acknowledgement. We thank Rin Gotou for sharing us his work on
the generic injectivity of τ3,2 and let us know the result of Schmitt
[Sch16]. We thank Fedor Pakovich, Valentin Huguin, Gabriel Vigny
and Joseph Silverman for their comments and suggestions. We thanks
Valentin Huguin for telling us his forthcoming proof for the generic
injectivity of τ̃d,2. We thank Laura DeMarco and Niki Myrto Mavraki
for sharing us their simplification of our proof of Theorem 1.3.

The first-named author would like to thank Beijing International
Center for Mathematical Research in Peking University for the invita-
tion. Zhuchao Ji is supported by ZPNSF grant (No.XHD24A0201) and
NSFC Grant (No.12401106). Junyi Xie is supported by NSFC Grant
(No.12271007).

2. Hyperbolic PCF maps of disjoint type

Definition 2.1. A PCF map f ∈ Ratd(C) is called hyperbolic of
disjoint type if f has 2d − 2 distinct super-attracting cycles. Let
n := {n1, . . . , n2d−2} ∈ (N∗)2d−2, where N∗ is the set of positive in-
tegers. A hyperbolic PCF map of disjoint type f ∈ Ratd(C) is called
of type n if f has 2d − 2 distinct super-attracting cycles of respective
exact periods n1, . . . , n2d−2.

For every n := {n1, . . . , n2d−2} ∈ (N∗)2d−2, we let Xn ⊂ Md(C)
be the subset of all conjugacy classes [f ] such that f is a hyperbolic
PCF map of disjoint type n. The following theorem was proved by
Gauthier-Okuyama-Vigny in [GOV19, Theorem 6.6].

Theorem 2.2. For every sequence n(k) = (n1(k), . . . , n2d−2(k)) ∈
(N∗)2d−2 satisfying min1≤j≤2d−2 nj(k) → +∞ when k → +∞, we have
that ∪kXn(k) is Zariski dense in Md(C).

Definition 2.3. Let V be a quasi-projective variety over C. An alge-
braic family on V is an endomorphism fV on V × P1 defined over C of
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the following form.

fV : V × P1 → V × P1

(t, z) 7→ (t, ft(z)).

We say that fV has degree d if for every t ∈ V (C), we have deg ft = d.
For a degree d algebraic family fV on V , let ΨV : V → Md(C) be the
morphism sending t ∈ V (C) to the class of ft in Md(C). We say that
fV is isotrivial if ΨV : V → Md(C) is locally constant.

Let V be an irreducible quasi-projective curve over C. Let π1 :
V × P1 → V and π2 : V × P1 → P1 be the canonical projections.
Let ωP1 be the Fubini-Study form on P1(C). Let ω2 := π∗

2(ωP1). The
relative Green current of f is defined by

Tf := lim
n→+∞

d−n(fn)∗(ω2) = ω2 + ddcg,

where g is a Hölder continuous quasi-p.s.h. function [DS10, Lemma
1.19].
For every t0 ∈ V (C), we have Tf ∧ [t = t0] = µft0

, where µft0
is the

maximal entropy measure of ft0 .
Amarked point a is a morphism a : V → P1. The bifurcation measure

of the pair (f, a) is defined by

µf,a := (π1)∗(Tf ∧ [Γa]) = a∗Tf ,

where Γa is the graph of a, and [Γa] is the current of integration on
Γa(C).

The following lemma is a combination of [DF08, Proposition 2.4] and
[DeM16, Theorem 1.1].

Lemma 2.4. Let fV : V × P1 → V × P1 be a degree d non-isotrivial
algebraic family, and let a : V → P1 be a marked point. Assume that a
is not persistently preperiodic, then there exist infinitely many t ∈ V (C)
such that a(t) is periodic for ft.

Proof. By [DeM16, Theorem 1.1], the bifurcation locus Bif(fV , a) is
a non-empty closed set. Moreover Bif(fV , a) is the support of a pos-
itive closed current with Hölder continuous potential [DS10, Lemma
1.1], hence Bif(fV , a) has positive Hausdorff dimension [Sib99, Theo-
rem 1.7.3], in particular Bif(fV , a) is an infinite set. By definition, for
every t0 ∈ Bif(fV , a) and every open neighborhood U of t0, the family
of maps hn : U → P1, t 7→ fn

t (a(t)) does not form a normal family. By
[DF08, Proposition 2.4], there exists t ∈ U such that a(t) is periodic
for ft. Apply the above construction to infinitely many disjoint open
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subsets U meeting Bif(fV , a), we get infinitely many t ∈ V (C) such
that a(t) is periodic for ft. □

For every n := {n1, . . . , n2d−3} ∈ (N∗)2d−3 of 2d − 3 tuples, let
Yn ⊂ Md(C) be the subset of all conjugacy classes [f ] such that f
has 2d − 3 distinct super-attracting cycles of respective exact periods
n1, . . . , n2d−3.

Lemma 2.5. The following statements are true:

(1) The Zariski closure of Yn is a (possibly reducible) algebraic curve
provided that it is not empty and Yn is Zariski open in its Zariski clo-
sure.

(2) The set ∪nYn is Zariski dense in Md(C).
(3) For every n such that Yn is non-empty, and for every irreducible

component Y of Yn, there are infinitely many [f ] ∈ Y such that f is a
hyperbolic PCF map of disjoint type.

Proof. We first show (1). Passing to a finite morphism ϕ : V →
Ratd(C), t 7→ ft, we can choose an algebraic family fV : V × P1 →
V × P1 such that all 2d − 2 critical points in this family can be al-
gebraically parametrized by c1, . . . , c2d−2 : V → P1. For every fixed
n := {n1, . . . , n2d−3} ∈ (N∗)2d−3, we define

Z :=
{
t ∈ V (C) : fnj

t (cj) = cj, for every 1 ≤ j ≤ 2d− 3
}
.

Then Z is a Zariski closed subset in V . Since ϕ : V → Ratd(C) is sur-
jective finite, and ϕ(Z) ⊂ Ratd(C) is invariant by PGL 2(C) conjugacy,
Ψ ◦ ϕ(Z) is Zariski closed in Md(C), where Ψ : Ratd(C) → Md(C) is
the quotient morphism. Moreover by the definition of Yn, Yn is Zariski

open in Ψ ◦ ϕ(Z). For each irreducible component Z̃ of Z, it is the
intersection of at most 2d− 3 hypersurfaces, so Z̃ has codimension at
most 2d− 3 in V . We claim that Z̃ has codimension 2d− 3 in V . As-
sume by contradiction it is not the case. Since critical orbit relations
are constant along the fibers of the projection Ψ ◦ ϕ : V → Md(C),
Ψ ◦ ϕ(Z̃) has codimension k < 2d − 3 in Md(C). In particular the
algebraic family fZ̃ (the restriction of fV on Z̃) is non-isotrivial. Apply
Lemma 2.4 to fZ̃ and the marked point c2d−2 : V → P1, there exists a
positive integer m such that the Zariski closed subset

W :=
{
t ∈ Z̃ : fm

t (c2d−2) = c2d−2

}
is non-empty. Moreover, W has codimension at most k + 1 < 2d − 2.
Then Ψ ◦ϕ(W ) has codimension at most k+1 < 2d− 2, which implies
that Ψ ◦ ϕ(W ) contains a positive dimensional hyperbolic PCF family.
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This contradicts Thurston’s rigidity theorem [DH93] which says that
the only positive dimensional PCF family in Md(C) is the flexible
Lattès family. Hence Z̃ must have codimension 2d − 3 in V . This
implies Ψ ◦ ϕ(Z) has pure dimension 1. Then (1) holds since Yn is
Zariski open in Ψ ◦ ϕ(Z).

Next we show (2). Since ∪nXn ⊂ ∪nYn, by Lemma 2.2 (2), ∪nYn is
Zariski dense.

Finally we show (3). By Lemma 2.5 (1) and by Lemma 2.4, there
exist infinitely many [f ] in Yn such that every citical point of f is pe-
riodic and f has 2d − 3 distinct super-attracting cycles of respective
exact periods n1, . . . , n2d−3. Since the set of conjugacy class [f ] such
that all critical points of f are periodic with bounded periods is finite,
there exist infinitely many [f ] in Yn such that f has a periodic criti-
cal point with exact periods N > max1≤j≤2d−3 nj, hence these [f ] are
hyperbolic PCF maps of disjoint type. This implies (3). □

3. Generic injectivity of the multiplier spectrum
morphism

3.1. Intertwined Rational maps.

Definition 3.1. Let d ≥ 2 and f, g ∈ Ratd(C). We say f and g
are intertwined if there exists a (maybe reducible) algebraic curve Z ⊂
P1×P1 whose projections to both axis are surjective, and Z is invariant
by the map f × g : P1 × P1 → P1 × P1.

Definition 3.2. A rational map f ∈ Ratd(C) is called simple if the f
has exactly 2d− 2 critical values.

Simple rational maps form a Zariski open subset of Ratd(C) for every
d ≥ 2.

The following theorem is an easy corollary of results of Pakovich
[Pak25], [Pak25]. We give a proof here for completeness.

Theorem 3.3. Let d ≥ 4. Then there exists a Zariski open subset Wd

of Ratd(C) such that :

(i) Elements in Wd are simple;
(ii) Assume that f and g are intertwined, where f ∈ Wd and g is

simple, then f and g are in the same conjugacy class.

Proof. Let d ≥ 4, by [Pak25, Theorem 1.2 and Lemma 3.7], there
exists a Zariski open set Wd ⊂ Ratd(C) such that: (1) Wd is contained
in the set of simple rational maps, (2) if f ∈ Wd and f share the
maximal entropy measure with another rational map g ∈ Ratd(C), then
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g = f . We are going to show that the set Wd satisfies Theorem 3.3
(ii). Assume that f ∈ Wd, and f is intertwined with a simple rational
map g ∈ Ratd(C). By [Pak25, Theorem 1.4], there exist m ≥ 1 and
ϕ ∈ PGL 2(C) such that (ϕgϕ−1)m = fm. This implies f and ϕgϕ−1

have the same maximal entropy measure, hence we have f = ϕgϕ−1.
Hence f and g are in the same conjugacy class. □

3.2. A DAO-type theorem. We first introduce some terminology in
complex dynamics, which are used in the proof of Theorem 1.5. See
[JX23a] for a reference.

TCE: A rational map g : P1(C) → P1(C) is called TCE(λ) for some
λ > 1 if there exists δ0 > 0 such that for each n ≥ 0 and z ∈ J (g), we
have

diamWn ≤ λ−n,

where Wn is any connected component of g−n(B(z, δ0)), and J (g) is
the Julia set of g.

CE: A rational map g : P1(C) → P1(C) is called CE(λ) for some
λ > 1, if there exists C > 0 and N > 0 such that for every critical
points c ∈ Jg and n ≥ 0,

|dgn(gN(c))| ≥ Cλn.

Here dgn is the derivative of gn. Moreover g does not have parabolic
cycles.

Let fV be an algebraic family of degree d rational maps parametrized
by a smooth quasiprojective curve V over C. Let c1, . . . , c2d−2 the
marked critical points. For every marked critical point c and n ≥ 0,
let ξc,n : V (C) → P1(C) denote the map ξc,n(t) := fn

t (c(t)).

PCE: A parameter t0 ∈ V (C) is called PCE(λ) for some λ > 1,
if there exists C > 0 such that for every marked critical point c and
n ≥ 0, ∣∣∣∣dξc,ndt

(t0)

∣∣∣∣ ≥ Cλn.

PR: A parameter t0 ∈ V (C) is called PR(s) for some s > 0, if there
exists an integer N > 0 such that for every marked critical point c,

dist (fn
t0
(c(t0)), Ct0) ≥ n−s

for every n ≥ N . Where Ct0 is the critical set of ft0 and dist (·, ·) is the
distance function.

The following theorem is similar to the main theorem in [JX23a]. In
[JX23a, Theorem 1.2], the proof is for the product map fV ×V fV on
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P1×P1, here we replace this product map by fV ×V gV on P1×P1. Indeed
the proof of Theorem 3.4 is easier since we only need to construct a
dynamical relation between fV and gV .

Theorem 3.4 (=Theorem 1.5). Let d ≥ 2 and let fV , gV be two degree
d non-isotrivial algebraic families parametrized by the same irreducible
algebraic curve V . Assume fV and gV are not flexible Lattès family.
Assume that there are infinitely many t ∈ V (C) such that ft and gt
are both PCF. Then for all but finitely many t ∈ V (C), ft and gt are
intertwined.

Proof. Our proof is a modification of the one for [JX23a, Theorem 1.3].
We first reduce Theorem 3.4 to the case such that V, fV , gV are de-

fined over Q. To show this, let Ψf ,Ψg : V → Md be the morphisms
sending t to the conjugacy classes of ft and gt respectively. Denote
by ψ : V → Md ×Md the morphism sending t to (Ψf (t),Ψg(t)) and
by Γ the Zariski closure of its image. Since there are infinitely many
t ∈ V (C) such that ft and gt are both PCF and fV , gV are not fam-
ily of flexible Lattès maps, by Thurston’s rigidity theorem for PCF
maps [DH93], Γ is defined over Q. Consider the natural morphism
Ψ × Ψ : Ratd × Ratd → Md ×Md. There is an algebraic curve V ′ in
(Ψ×Ψ)−1(Γ) defined over Q such that Ψ×Ψ(V ′) is dense in Γ. Then V ′

defines algebraic families f ′
V ′ , g′V ′ of degree d maps parametrized by V ′.

Both of them are defined over Q. To prove Theorem 3.4 for fV , gV , we
only need to prove it for f ′

V ′ , g′V ′ . So we may assume now that V, fV , gV
are defined over Q.

After replacing V by its normalization and then by some finite ram-
ification cover, we may assume that V is smooth and both fV and gV
have exactly 2d−2 marked critical points a1, . . . , a2d−2 and b1, . . . , b2d−2.
Now we follow the notations in [JX23a]. We denote by µf,ai , µg,bi the

bifucation measures on V (C) for pairs (fV , ai) and (gV , bi) respectively.
By [DF08, Theorem 2.5] (and DeMarco [DeM16]), µfV ,ai (resp. µgV ,bi)
vanishes if and only if ai (resp. bi) is preperiodic. In this case, they
are called passive. Otherwise, they are called active. Let µfV ,bif :=∑2d−2

i=1 µfV ,ai and µgV ,bif :=
∑2d−2

i=1 µgV ,bi be the bifurcation measures
for fV and gV respectively. By Thurston’s rigidity theorem for PCF
maps [DH93], both µfV ,bif and µgV ,bif are non-zero. We may assume
that a1 and b1 are active.

By [JX23a, Corollary 2.4], for every active ai (resp. bi), µfV ,ai (resp.
µgV ,bi) and µfV ,bif (resp. µgV ,bif) are proportional. Moreover the proof of
[JX23a, Corollary 2.4] implies that µfV ,bif and µgV ,bif are proportional.
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Let µ be the probability measure on V (C) which is proportional to
µfV ,bif (hence µgV ,bif).

Aside from the flexible Lattès locus, the exceptional maps 2 are iso-
lated in Md(C). As µ has continuous potential, we have the following
property:

(1) For µ-a.e. point t ∈ V (C), both ft and gt are non-exceptional.
Let Corr(P1)ft×gt

∗ be the set of ft × gt-invariant Zariski closed sub-
sets Γt ⊆ P1 × P1 of pure dimension 1 such that both π1|Γt and π2|Γt

are finite, where π1, π2 are the first and the second projections. Let
Corr♭(P1

V )
fV ×V gV
∗ be the set of fV ×V gV -invariant Zariski closed sub-

sets Γ ⊆ V × (P1 × P1) which are flat over V and whose generic fiber

is in Corr(P1
η)

fη×gη
∗ , where η is the generic point of V . In general, a

correspondence Γt ∈ Corr(P1)ft×gt
∗ may not be contained in any cor-

respondence in Corr♭(P1
V )

fV ×V gV
∗ . On the other hand, by the proof

of [JX23a, Proposition 3.11], this is the case if t is transcendental i.e.
t ∈ V (C)\V (Q) . As µ has continuous potential, µ-a.e. point t ∈ V (C)
is transcendental. We then get the following property:

(2) For µ-a.e. point t ∈ V (C), every Γt ∈ Corr(P1)ft×gt
∗ is con-

tained in some correspondence in Corr♭(P1
V )

fV ×V gV
∗ .

Next, we consider some typical non-uniformly hyperbolic conditions.
See [JX23a, Definition 4.1, 5.1 and 8.1] for the definitions of such con-
ditions. By [JX23a, Proposition 8.3], there exists λ0 > 1 such that

(3) for µ−a.e. point t, ft, gt are CE(λ0) hence TCE(λ1) for every
1 < λ1 < λ0, by Przytycki-Rohde [PR98].

By [JX23a, Theorem 4.3], which is essentially due to De Thélin-Gauthier-
Vigny [DTGV21],

(4) for µ−a.e. point t, ft, gt are PCE(λ2) for some 1 < λ2 < d1/2.

By [JX23a, Theorem 4.6],

(5) for µ−a.e. point t, ft, gt are PR(s) for some s > 0.

Let a1 (resp. b1) be an active marked critical point of fV (resp
gV ). As we have the conditions (1), (3), (4), (5), we may apply the
proof of [JX23a, Proposition 7.8] for the active marked points a1, b2
to show that, for µ-a.e. point t ∈ V (C), there is Γt ∈ Corr(P1)ft×gt

∗ .

By condition (2), Corr♭(P1
V )

fV ×V gV
∗ ̸= ∅. This implies that for all but

finitely many t ∈ V (C), ft and gt are intertwined, which concludes the
proof. □

2As in [JX23b, Section 1.1], we call g exceptional if it is a Lattès map or semi-
conjugates to a monomial map.
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3.3. Proof of the generic injectivity.

Proof of Theorem 1.3. The case d = 2 was proved by Milnor [Mil93]
(see also [Sil12, Theorem 2.45]). The case d = 3 was proved by Gotou
[Got23, Theorem 1.2] (ee also [HT13a] which is the errata for [HT13b]).

Now we assume that d ≥ 4. Assume by contradiction that τd is not
generically injective. By Theorem 3.3, there is a non-empty Zariski
open subset U of M⋆

d such that for every f ∈ Ratd(C) with [f ] ∈ U ,
f satisfies condition (i) and (ii) in Theorem 3.3. There is a Zariski
open subset W of the Zariski closure of τd(U) such that τ−1

d (W ) ⊆ U
and τd|τ−1

d (W ) : τ
−1
d (W ) → W if finite étale of degree at least 2. After

shrinking U , we may assume that U = τ−1
d (W ). We fix this Zariski

open subset U .

For an algebraic family of rational maps f , we let Ψf : V → Md be
the morphism sending t to the conjugacy class of ft. Now we construct
two non-isotrivial algebraic families fV , gV of degree d rational maps
parametrized by the same irreducible algebraic curve V such that the
following holds: There exists n := {n1, . . . , n2d−3} ∈ (N∗)2d−3 such that
we have

(3.1) Ψf (V ) ⊂ Yn ∩ U, and Ψg(V ) ⊂ U,

where Yn is the algebraic curve in Lemma 2.5, and we have

(3.2) τd ◦Ψf = τd ◦Ψg,

finally for every t ∈ V (C), we have

(3.3) Ψf (t) ̸= Ψg(t).

We now describe this construction. By Lemma 2.5 (2), there exists
n := {n1, . . . , n2d−3} ∈ (N∗)2d−3 such that Yn ∩ U ̸= ∅. We pick an
irreducible component Z of Yn meeting U. By Lemma 2.5 (1), Z is an
algebraic curve. Set Z1 := Z ∩ U. Then Z ′

1 := τd(Z1) is an algebraic
curve. Consider the fiber product X := Z1 ×Z′

1
(τd|U)−1(Z ′

1). Recall
that by the construction of U , τd|U : U → W is finite étale of degree
at least 2. This implies that there is an irreducible component Z̃ of X
which is not the diagonal. We denote by π1 : X → Z1 and π2 : X →
(τd|U)−1(Z ′

1) for the first and the second projections. Both of π1 and
π2 are finite étale. Set Z2 := π2(Z̃). For every z ∈ Z̃, π1(z) ̸= π2(z).

Pick an irreducible curve C ′
1 in Ψ−1(Z1) ⊆ Ratd(C), such that Ψ|C′

1
:

C ′
1 → Z1 is dominant, where Ψ : Ratd(C) → Md(C) is the quotient

morphism. Pick an irreducible component C1 of C
′
1×Z1 Z̃. Let ϕ1, ϕ2 be

the projection to the first and the second coordinates. We then get an
algebraic family h1 of degree d rational maps parametrized by C1 such
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that for every t ∈ C1, the map ft is the one given by ϕ1(t) ∈ Ratd(C).
Then the morphism Ψ1 : C1 → Md(C) sending t to the conjugacy class
of ft is the composition of ϕ2 : C1 → Z̃ and π1 : Z̃ → Z1 ⊆ Md(C).

Similarly, we get an algebraic family h2 of degree d rational maps
parametrized by an irreducible curve C2 and a dominant morphism
ϕ′
2 : C2 → Z2 such that Ψ2 : C2 → Md(C) sending t to the conjugacy

class of ft is the composition of ϕ′
2 : C2 → Z̃ and π2 : Z̃ → Z2 ⊆

Md(C).
Pick an irreducible component V of C1 ×Z̃ C2 and denote by βi, i =

1, 2 the projections to the first and the second coordinates. They induce
two algebraic families fV , gV of degree dmaps parametrized by the same
irreducible algebraic curve V . The image of the morphism Ψf : V →
Md(C) sending t to the conjugacy class of ft is Zariski dense in Z1

and the image of Ψg : V → Md(C) sending t to the conjugacy class of
gt is Zariski dense in Z2. Hence fV and gV are non-isotrivial. By our
construction (3.1) automatically holds. Moreover we have

τd ◦Ψf = τd ◦Ψg.

As for every z ∈ Z̃, π1(z) ̸= π2(z), for every t ∈ V (C), we have

Ψf (t) ̸= Ψg(t).

Thus we complete the construction.

We need the following lemma.

Lemma 3.5. Let d ≥ 2 and let f, g ∈ Ratd(C) have the same mul-
tiplier spectrum. If f is a hyperbolic PCF map of disjoint type n :=
{n1, . . . , n2d−2} ∈ (N∗)2d−2, then g is also a hyperbolic PCF map of
disjoint type n.

Proof. We will show that for every f ∈ Ratd(C), we can read the
number of the critical cycles and length of them from the multiplier
spectrum of f .

For n ≥ 1, we view Sn(f) as the multi-set {dfn(x)| x ∈ Fix(fn)}. It
has exactly dn + 1 elements. We denote by un the number of zeros in
Sn(f). It is clear that the sequence un is determined by the multiplier
spectrum of f . For every l ≥ 1, denote by ml the number of critical
cycles of length l. It is clear that the sequence ml, l ≥ 1 determines the
number and the length of the critical cycles. So we only need to read
the sequence ml, l ≥ 1 from un, n ≥ 1. It is clear that un =

∑
l|nml. By

Mobius inversion formula, we get mn =
∑

l|n µ(l)un/l, where µ : N∗ →
{−1, 0, 1} is the Möbius function. This concludes the proof. □
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We continue the proof of Theorem 1.3. By Lemma 2.5 (3), there
are infinitely many t ∈ V (C) such that ft is a hyperbolic PCF map of
disjoint type. By (3.2), ft and gt have the same multiplier spectrum,
hence by Lemma 3.5, for such t, gt is also a hyperbolic PCF map
of disjoint type. By Theorem 3.4, after shrinking V , ft and gt are
intertwined for every t ∈ V (C). Since (3.1) holds and ft and gt are
intertwined for all but finitely many t ∈ V (C), by Theorem 3.3, Ψf (t) =
Ψg(t) for all but finitely many t ∈ V (C). This contradicts (3.3). We
then conclude the proof. □

Proof of Theorem 1.4. The proof of Theorem 1.4 follows exactly the
same line as the proof of Theorem 1.3, with only one different point:
In the proof of Theorem 1.3, a key ingredient is Theorem 3.3 for inter-
twined rational maps due to Pakovich, which works only when d ≥ 4.
So we need to apply the results of Milnor [Mil93] and Gotou [Got23,
Theorem 1.2] to treat the d = 2, 3 cases. To prove Theorem 1.4, we
may replace Theorem 3.3 by [FG22, Theorem 23 and 24] for intertwined
polynomials, which works for every d ≥ 2. □

Remark 3.6. In the proof Theorem 1.3, instead of using Lemma 3.5,
we can use the following fact weaker than Lemma 3.5: if two rational
maps f and g have the same multiplier spectrum such that f is PCF,
then g is also PCF. This is a consequence of [JXZ23, Theorem 1.12].

Remark 3.7. There is also a way to prove Theorem 1.3 considering
all PCF maps instead of hyperbolic PCF maps of disjoint type. In
such a way, we may replace Gauthier-Okuyama-Vigny’s result [GOV19,
Theorem F] (c.f. Theorem 2.2) by the well-known fact that the PCF
parameters are Zariski dense in Md. On the other hand, Lemma 3.5 is
not sufficient for the proof and we need to use [JXZ23, Theorem 1.12]
instead. As [JXZ23, Theorem 1.12] relies on Siegel’s deep theorem for
integer points and the proof of Lemma 3.5 is elementary, we choose the
current proof.

3.4. An alternative approach. In a private communication, De-
Marco and Mavraki told us that when they preparing lectures in Har-
vard and Toronto in November 2023 [DM23], they find a simplification
of our proof of Theorem 1.3. In particular, arithmetic equidistribu-
tion is not needed. The aim of this section is to outline their different
approach.

DeMarco-Mavraki’s key observation is as follows: A key ingredient of
Theorem 1.3 is Theorem 3.4 (=Theorem 1.5) which proves more than



18 ZHUCHAO JI AND JUNYI XIE

what we need. The proof of Theorem 3.4 strongly relies on the results
and methods developed in author’s previous paper [JX23a].

First, in the proof of Theorem 1.3, we do not need Theorem 3.4
for general families. If we choose the way to prove Theorem 1.3 as
in Remark 3.7, we only need to apply Theorem 3.4 for families fV , gV
having the following additional assumptions:

(A) For every t ∈ V (C), the multiplier spectrums for ft and gt
are the same.
(B) The curve V is smooth and both fV and gV have exactly 2d−
2 marked critical points a1, . . . , a2d−2 and b1, . . . , b2d−2. More-
over all these marked critical points except a1, b1 are strictly
preperiodic at every t ∈ V (C).

Second, in Theorem 3.4, we proved that ft and gt are intertwined for all
but finitely many t ∈ V (C). However, to prove Theorem 1.3, we only
need one such t. So we may replace Theorem 3.4 with the following
weaker result.

Lemma 3.8. Let fV , gV be families as in Theorem 3.4. We further
assume (A), (B) hold. Then there is t0 ∈ V (C) such that ft0 and gt0
are intertwined.

The proof of Lemma 3.8 follows the same strategy of the proof of
Theorem 3.4. But there are two important steps become easier. After
replacing V by its normalization and then by some finite ramification
cover, we may assume that V is smooth and both fV and gV have
exactly 2d− 2 marked critical points a1, . . . , a2d−2 and b1, . . . , b2d−2.

In the first step of the proof of Theorem 3.4, we show that there is
a probability measure on V (C) which is proportional to µfV ,ai (resp.
µgV ,bi) for every active ai (resp. bi). The proof is based on Yuan-
Zhang’s deep equidistribution theorem [YZ21, Theorem 6.2.3] on quasi-
projective varieties. The corresponding step for Lemma 3.8 is much
easier. By assumption (B), a1, b1 are the only active marked points
for fV and gV respectively. Hence µfV ,a1 (resp. µgV ,b1) is proportional
to µfV ,bif (resp. µgV ,bif). By [Ber10] the Lyapunov exponent L(h) for
every rational function h on P1(C) can be computed using its mutiplier
spectrum. Then (A) implies that L(ft) = L(gt) for every t ∈ V (C). By
[DeM01, DeM03], the function t ∈ V (C) 7→ L(ft) (resp. t ∈ V (C) 7→
L(gt)) is a potential of µfV ,bif (resp. µgV ,bif). This gives a logically
easier proof of this step for Lemma 3.8.

Another crucial step to prove Theorem 3.4 is to construct similarities
between the bifurcation measure on the parameter space V (C) and the
maximal entropy measures on the phase spaces. As the conclusion
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of Theorem 3.4 is for all but finitely many parameters in V (C), we
construct such similarities for µ-a.e. t ∈ V (C). This step is essentially
done in [JX23a], which is technically difficult. We first show that for
a µ-generic parameter t, ft and gt satisfy some Collet-Eckmann-type
conditions (which can be thought as some weak hyperbolicity). We
then built the similarities under such conditions. As our hyperbolicity
assumption is very weak, we can not apply the previous methods as in
[Tan90, FG22, Gau22] to construct similarities. Actually, our proof is
based on subtle estimates of distortions for non-injective maps and a
suitable binding argument. This step becomes much easier for Lemma
3.8, as we only need to construct the similarities at a single parameter
t0. By [Duj13, Theorem 0.1], there is a dense set P of parameters
t ∈ Supp µfV ,a1 such that a1 is transversally pre-repelling at t. By (B),
for every t ∈ P , ft is PCF with no periodic critical point. By [JXZ23,
Theorem 1.12], for every t ∈ P , gt is also PCF. Moreover, the proof of
Lemma 3.5 implies that gt has no critical periodic point. In particular,
b1(t) is pre-repelling for gt. Pick any point t0 ∈ P , it is easy to get the
similarities at t0 applying the method in [FG22, Gau22].
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