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ABSTRACT. The aims of this paper are answering several conjec-
tures and questions about multiplier spectrum of rational maps
and giving new proofs of several rigidity theorems in complex dy-
namics, by combining tools from complex and non-archimedean
dynamics.

A remarkable theorem due to McMullen asserts that aside from
the flexible Lattes family, the multiplier spectrum of periodic points
determines the conjugacy class of rational maps up to finitely many
choices. The proof relies on Thurston’s rigidity theorem for post-
critically finite maps, in where Teichmiiller theory is an essential
tool. We will give a new proof of McMullen’s theorem (hence a
new proof of Thurston’s theorem) without using quasiconformal
maps or Teichmiiller theory.

We show that aside from the flexible Lattes family, the length
spectrum of periodic points determines the conjugacy class of ra-
tional maps up to finitely many choices. This generalize the afore-
mentioned McMullen’s theorem. We will also prove a rigidity the-
orem for marked length spectrum. Similar ideas also yield a simple
proof of a rigidity theorem due to Zdunik.

We show that a rational map is exceptional if and only if one of
the following holds (i) the multipliers of periodic points are con-
tained in the integer ring of an imaginary quadratic field; (ii) all
but finitely many periodic points have the same Lyapunov expo-
nent. This solves two conjectures of Milnor.
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1. INTRODUCTION

1.1. Exceptional endomorphisms. Let f : P! — P! be an endomor-
phism over C of degree at least 2. It is called Lattés if it semi-conjugates
to an endomorphism on an elliptic curve. Further it is called flexible
Lattés if it semi-conjugates to the multiplication by an integer n on an
elliptic curve for some |n| > 2. We say that f is of monomial type if
it semi-conjugates to the map z — 2" on P! for some |n| > 2. We call
f exceptional if it is Lattes or of monomial type. An endomorphism f
is exeptional if and only if some iterate f™ is exceptional. Exceptional
endomorphisms are considered as the exceptional examples in complex
dynamics.

In this paper we will prove a criterion for an endomorphism being
exceptional via the information of a homoclinic orbit of f. See Theo-
rem 2.11 for the precise statement and see Section 2 for the definition
and basic properties of homoclinic orbits. Since every f has plenty of
homoclinic orbits, the above criterion turns out to be very useful. A
direct consequence is the following characterization of exceptional en-
domorphisms by the linearity of a conformal expending repeller(CER).

Theorem 1.1. Let f : P! — P! be an endomorphism over C. Assume
that f has a linear CER which is not a finite set, then [ is exceptional.

CER is an impotent concept in complex dynamics introduced by
Sullivan | |. See Section 7.1 for its definition and basic properties.

1.2. Rigidity of stable algebraic families. For d > 1, let Raty(C)
be the space of degree d endomorphisms on P*(C). It is a smooth quasi-
projective variety of dimension 2d + 1 | ]. Let F'L4(C) C Raty(C)
be the locus of flexible Lattes maps, which is Zariski closed in Rat4(C).
The group PGL 3(C) = Aut(P!(C)) acts on Raty(C) by conjugacy. The
geometric quotient

My(C) := Raty(C)/PGL(C)

is the (coarse) moduli space of endomorphisms of degree d | |. The
moduli space M (C) = Spec (O(Ratq(C)))PL2(© is an affine variety of
dimension 2d — 2 | , Theorem 4.36(c)]. Let ¥ : Raty(C) — My4(C)

be the quotient morphism.
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An irreducible algebraic family fy (of degree d endomorphisms) is an
algebraic endomorphism fy : P} — P} over an irreducible variety A,
such that for every t € A(C), the restriction f; of fy above ¢ has degree
d. Giving an algebraic family over A is the same as giving an algebraic
morphism A — Raty. A family fy is called isotrivial if U(A) is a single
point.

For every f € Raty(C) and n > 1, f" has exactly N, := d" + 1
fixed points counted with multiplicity. Their multipliers define a point
su(f) € CN» /Sy, ', where Sy, is the symmetric group which acts on
C™» by permuting the coordinates. The multiplier spectrum of f is the
sequence $,(f),n > 1. An irreducible algebraic family is called stable
if the multiplier spectrum of f; does not depend on t € A(C).?

In 1987, McMullen | | established the following remarkable
characterization of stable irreducible algebraic families:

Theorem 1.2 (McMullen). Let fy be a non-isotrivial stable irreducible
algebraic family of degree d > 2, then f, € FL(C) for every t € A(C).

McMullen’s proof relies on the following Thurston’s rigidity theorem
for post-critically finite (PCF) maps | |, in where Teichmiiller the-
ory is essentially used. An endomorphism f of degree d > 2 is called
PCF if the critical orbits of f is a finite set.

Theorem 1.3 (Thurston). Let fy be a non-isotrivial irreducible alge-
braic family of PCF maps, then f; € FL(C) for every t € A(C).

In this paper, we will give a new proof of McMullen’s theorem with-
out using quasiconformal maps or Teichmiiller theory. Since an irre-
ducible algebraic family of PCF maps is automatically stable, this leads
to a new proof of Theorem 1.3 without using quasiconformal maps or
Teichmiiller theory. Except Theorem 2.11 whose proof relies on some
basic complex analysis, our proof of Theorem 1.2 only requires some
basic knowledges in Berkovich dynamics and hyperbolic dynamics. We
explain our strategy of the proof as follows:

Cutting by hypersurfaces, one may reduce to the case that A is a
smooth affine curve. Let W be the smooth projective compactification
of A and let B := W \ A. For every o € B, our family induces a
non-archimedean dynamical system on the Berkovich projective line
(see Section 4 for details), which encodes the asymptotic behavior of
f: when t — o. Since f, is non-isotrivial and stable, via the study of

1Via the symmetric polynomials, we have CN» /SN, =~ CNn,
2Stability has several equivalent definitions and can be defined for more general
families | , Chapter 4].
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non-archimedian dynamics, we show that there is one point o € B such
that when t — o, f; “degenerates” to a map taking form z — 2™ in
a suitable coordinate, where 2 < m < d — 1. The above degeneration
z — 2™ is called a rescaling limit of fy at o, in the sense of Kiwi
[ ], see Definition 5.4. On the central fiber, it is easy to find a
homoclinic orbit satisfying the condition in our exceptional criterion
Theorem 2.11. Using an argument in hyperbolic dynamics | | (see
Lemma 6.1), we can deform such homoclinic orbit to nearby fibers
preserving the required condition. By Theorem 2.11, f; is exceptional
for all ¢ sufficiently close to 0. We conclude the proof by the fact that
exceptional endomorphisms that are not flexible Lattes are isolated in
the moduli space M4(C).

1.3. Length spectrum as moduli. According to the noetheriality
of the Zariski topology on Rat;, McMullen’s rigidity theorem can be
reformulated as follows:

Theorem 1.4 (Multiplier spectrum as moduli=Theorem 1.2). Aside
from the flexible Lattes family, the multiplier spectrum determines the
conjugacy class of endomorphisms in Raty(C), d > 2, up to finitely
many choices.

Replace the multipliers by its norm in the definition of multiplier
spectrum, one get the definition of the length spectrum. More precisely,
for every f € Raty(C) and n > 1, we denote by L,(f) € RV /Sy the
element corresponding to the multiset {|A\1],...,|\n,|}, where A\;,i =
1,..., N, are the multipliers of all f"-fixed points. The length spectrum
of f is defined to be the sequence L,(f),n > 1. A priori, the length
spectrum contains less information than the multiplier spectrum. But
in this paper we will show that it determines the conjugacy class up to
finitely many choices, hence generalize Theorem 1.4.

Theorem 1.5 (Length spectrum as moduli). Aside from the flexible
Lattés family, the length spectrum determines the conjugacy class of
endomorphisms in Raty(C), d > 2, up to finitely many choices.

1.3.1. Strategy of the proof of Theorem 1.5: Let g € Raty(C)\ F'Ly(C).
We need to show that the image of

Z = {f € Ratq(C) \ FL4a(C)| L(f) = L(9)}
in M,4(C) is finite. For n > 0, set
Zy, :=A{f € Raty(C) \ FL4(C)| Li(f) = Li(g9),i = 1,...,n}.

It is clear that Z;,7 > 1 is a decreasing sequence of closed subsets of
Raty(C) \ FL4(C) and Z = N,>1Z,. For simplicity, we assume that
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all periodic points of g are repelling. Otherwise, instead of the length
spectrum L(g) of all periodic points, we consider the length spectrum
RL(g) of all repelling periodic points. Such a change only adds some
technical difficulties. To get a contradiction, we assume that V(Z) €
M,(C) is infinite. Our proof contains two steps.

In Step 1, we show that Z = Zy for some N > 0. We first look at
the analogue of this step for multiplier spectrum. The analogue of Z,
is

Z! = {f € Raty(C) \ FL4(C)| s;(f) = si(g9),i=1,...,n},

which is Zariski closed in Raty(C) \ F'Ly(C). Hence Z) is stable when
n large by the noetheriality. This is how Theorem 1.2 implies The-
orem 1.4. In the length spectrum case, since the n-th length map
L, : Raty(C) — RN+ /Sy, takes only real values, it is more natural
to view Raty(C) as a real algebraic variety by splitting the complex
variable to two real variables via z = z +dy. If all Z,,,n > 1 are real
algebraic, we can still conclude this step by the noetheriality. Unfor-
tunately, this is not true in general (c.f. Theorem 8.10). Since the
map L2 sending f to {|M[% ..., | N, |?} € RV /Sy, is semialgebraic,
all Z,,n > 1 are semialgebraic. The problem is that, in general closed
semialgebraic sets do not satisfy the descending chain condition. We
solve this problem by introducing a class of closed semialgebraic sets
called admissible subsets. Roughly speaking, admissible subsets are
the closed subsets which are images of algebraic subsets under étale
morphisms. See Section 8.2 for its precise definition and basic prop-
erties. We show that admissible subsets satisfy the descending chain
condition. Under the assumption that all periodic points of g are re-
pelling, we can show that all Z,, are admissible. The admissibility is
only used to prove Theorem 1.5.

Step 1 implies that Z = Z is semialgebraic. Since W(Z) is infinite,
there is an analytic curve v ~ [0, 1] contained in Z such that W(y) is
not a point. Every t € v C Rat, defines an endomorphism f;. After
shrinking v, we may assume that fy is not exceptional.

In Step 2, we show that the multiplier spectrum of f; does not depend
on t € 7. Once Step 2 is finished, we get a contradiction by Theorem
1.4. Since for every t € ~, L(fi) = L(g), all periodic points of f;
are repelling. For every repelling periodic point z of fj, there is a real
analytic map ¢, : v — P!(C) such that for every ¢t € v, ¢,(t) and x have
the same minimal period and the norms of their multipliers are same.
Using homoclinic orbits, we may construct a CER FEj of f, containing
x. It is non-linear by Theorem 1.1. By Lemma 6.1, for ¢ sufficiently
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small, Ey can be deformed to a CER E; of f; containing ¢, (). Using
Sullivan’s rigidity theorem | ] (Theorem 7.7), we show that E, and
E, are conformally conjugate. In particular, the multipliers of ¢, (t) is a
constant for ¢ sufficiently small. Since + is real analytic, the multipliers
of ¢,(t) is a constant on . Since x is arbitrary, all f;,¢ € 7 have the
same multiplier spectrum. This finishes Step 2.

1.3.2. Further discussion. It is interesting to know whether the uniform
version of Theorem 1.5 holds.

Question 1.6. Is there N > 1 depending only on d > 2, such that for
every f € Raty(C) \ FL4(C),

#V({g € Ratq(C) \ FL4(C)| Li(g) = Li(f),i=1,...,N}) < N?
For every n > 0, we set

Ry = {(fa g) € (Ratd(c) \ FLd(C))2| Lz(f) = Li(g)>i =1,... 7n}
and

R/n = {(f,9) € (Ratq(C) \ FLd((C>>2| si(f) =si(g),i=1,....,n}.
Both of them are decreasing closed subsets of (Raty(C) \ FL4(C))>2.
Since all R/, are algebraic subsets of (Raty(C)\ F'Ly(C))?, the sequence
R! is stable for n large. This implies that Theorem 1.4 for multiplier
spectrum is equivalent to its uniform version.

If one can show that the sequence R,,n > 0 is stable, for example if
one can show that R, are admissible, then Question 1.6 has a positive
answer. But at the moment, we only know that R, are semialgebraic.

1.4. Marked multiplier and length spectrum. By Theorem 1.5
and 1.4, aside from the flexible Lattes family, the length spectrum
(hence the multiplier spectrum) determines the conjugacy class of en-
domorphisms of degree d > 2 up to finitely many choices. On the other
hand, by | , Theorem 6.62], the multiplier spectrum f +— s(f)
(hence the length spectrum f +— L(f)) is far from being injective when
d large. For this reason, we consider the marked multiplier and length
spectrum. We show that both of them are rigid.

Theorem 1.7 (Marked multiplier spectrum rigidity). Let f and g be
two endomorphisms of Pt over C of degree at least 2 such that f is
not exceptional. Assume there is a homeomorphism h : J(f) — J(g)
such that ho f = goh on J(f). Then the following two conditions are
equivalent.
(i) There is a non-empty open set Q C J(f) such that for every
periodic point © €  we have df"(x) = dg"(h(z)), where n is
the period of x;
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(ii) h extends to an automorphism h : PY(C) — PY(C) such that
ho f=goh onP'C).

Let U,V C P!}(C) be two open sets. A homeomorphism h : U — V is
called conformal if h is holomorphic or antiholomorphic in every con-
nected component of U. Note that a conformal map A is holomorphic
if and only if h preserves the orientation of P'(C).

Theorem 1.8 (Marked length spectrum rigidity). Let f and g be two
endomorphisms of P' over C of degree at least 2 such that f is not
exceptional. Assume there is a homeomorphism h : J(f) — J(g) such
that ho f = go h on J(f). Then the following two conditions are
equivalent.

(i) There is a non-empty open set Q@ C J(f) such that for every
periodic point x € Q we have |df"(x)| = |dg" (h(x))|, where n is
the period of x;

(ii) h extends to a conformal map h : P*(C) — PY(C) such that
ho f=goh onPC).

Note that if h : 2 — h(Q2) is bi-Lipschitz, then it is not hard to show
that for n-periodic point = €  we have |df"(x)| = |dg™(h(z))|. So
the above theorem implies that a locally bi-Lipschitz conjugacy can be
improved to a conformal conjugacy on P*(C).

Combining Theorem 1.7 and A-Lemma | , Theorem 4.1], we
get a second proof of Theorem 1.2. This proof does not use Teichmiiller
theory, but we need to use quasiconformal maps and the highly non-
trivial Sullivan’s rigidity theorem, which is a great achievement in ther-
modynamic formalism.

Remark 1.9. In Theorem 1.8, in general h can not be extended to an
automorphism on P'(C). The complex conjugacy o : z — Z induces

a mark h := o|g)  J(f) = T(f) = T(f) preserving the length
spectrum. In general, some periodic point of f may have non-real mul-
tipliers, hence in this case h can not be extended to an automorphism

on P!(C).
Remark 1.10. Theorem 1.8 was proved by Przytycki and Urbanski

in | , Theorem 1.9] under the assumptions that both f and g
are tame and Q = J(f). See | , Definition 1.1] for the precise
definition of tameness. In | , Theorem 2], Rees showed that there

are endomorphisms having dense critical orbits, hence not tame.

The study of marked length spectrum rigidity has been investigated
in various settings in dynamics and geometry.



8 ZHUCHAO JI AND JUNYI XIE

In one-dimensional real dynamics, marked multiplier spectrum rigid-

ity was proved for expanding circle maps (see Shub-Sullivan | D,
and for some unimodal maps (see Martens-de Melo | ] and Li-
Shen [ D).

In the contexts of geodesic flows on Riemannian manifolds with
negative curvature, a long-standing conjecture stated by Burns-Katok
[ ] (and probably considered even before) asserted the rigidity of
marked length spectrum (for closed geodesics). The surface case was
proved by Otal | | and by Croke [ | independently. A Local
version of the Burns-Katok conjecture in any dimension was proved by
Guillarmou-Lefeuvre |

It was also studied in dynamical billiards. We refer the readers to
Huang-Kaloshin-Sorrentino | ], Balint-De Simoi-Kaloshin-Leguil
[ |, De Simoi-Kaloshin-Leguil | ], and the references
therein.

We prove Theorem 1.8 by combining Theorem 1.1 and Sullivan’s
rigidity theorem | ], see Theorem 7.7. More precisely, let o be a
repelling fixed point of f. We construct a family C' of CERs of f using
homoclinic orbits which covers all backward orbits of 0. By Theorem
1.1, all of them are non-linear. We show that their images under h
are CERs of g. Applying Sullivan’s rigidity theorem, we get conformal
conjugacies link the CERs in C' to their images. Two CERs in C' have
“large” intersections, hence those conformal conjugacies can be patched
together. Using this, we get a conformal extension of A to some disk
intersecting the Julia set of f. We can further extend it to a global
conformal map on P!(C).

Theorem 1.7 is a simple consequence of Theorem 1.8 and a result of
Eremenko-van Strien | , Theorem 1] about endomorphisms with
real multipliers.

1.5. Zdunik’s rigidity theorem. The following rigidity theorem was
proved by Zdunik | ].

Theorem 1.11 (Zdunik). Let f : P! — P! be an edomorphism over C
of degree at least 2. Let ju be the maximal entropy measure and let «
be the Hausdorff dimension of p. Then p is absolutely continous with
respect to the a-dimensinal Hausdorff measure A, on the Julia set if
and only if f is exceptional.

Zdunik’s proof is divided into two parts. The first part was proved in
her previous work | , Theorem 6] with Przytycki and Urbanski.
Later, she proved the second part (hence Theorem 1.11) in | |. In
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this paper we will give a simple proof of the second part using Theorem
1.1.

1.6. Milnor’s conjectures on multiplier spectrum. As applica-
tions of Theorem 2.11 and Theorem 1.1, we prove two conjectures of
Milnor proposed in | ].

Theorem 1.12. Let f : P! — P! be an endomorphism over C of degree
at least 2. Let K be an imaginary quadratic field. Let O be the ring
of integers of K. If for every n > 1 and every n-periodic point x of f,
df"(z) € Ok, then f is exceptional.

The inverse of Theorem 1.12 is also true by Milnor | , Corollary
3.9 and Lemma 5.6]. In fact, the original conjecture of Milnor concerns
the case K = Q. Since imaginary quadratic fields exist (e.g. Q(7)) and
they contain @@, Theorem 1.12 implies Milnor’s original conjecture.

Some special cases of Milnor’s conjecture for integer multipliers are
known before by Huguin:

(i) In [ ], the conjecture was proved for quadratic endomor-
phisms.
(ii) In | |, the conjecture was proved for unicritical polynomi-

als. In fact, Huguin proved a stronger statement, which only
assumes the multipliers are in QQ (instead of Z).

Remark 1.13. In the recent preprint | |, Huguin reproved and
strengthened our Theorem 1.12. In his result, the multipliers are only
assumed to be contained in an arbitrary number field. Huguin’s result
relies on an arithmetic equidistribution result for small points proved
by Autissier | ] and on a characterization of exceptional maps
proved by Zdunik | ].

The following result confirms another conjecture of Milnor in | ].

Theorem 1.14. Let f : P! — P! be an endomorphism over C of degree
at least 2. Assume there exists a > 0 such that for every but finitely
many periodic point z, f*(x) = x, we have |df™(z)| = a™. Then f is
exceptional.

Remark 1.15. Theorem 1.14 can also be deduced by a minor modifi-
cation of an argument of Zdunik | ].

Let x be a n-periodic point of f. The Lyapunov exponent of x is a
real number defined by +log|df"(z)|. We let A(f) be the closure of
the Lyapunov exponents of periodic points contained in the Julia set.
Combining Theorem 1.14 and results due to Gelfert-Przytycki-Rams-
Rivera Letelier | ], [ |, we get the following description
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of A(f) when f is non-exceptional. A closed interval in R is called
non-trivial if it is not a singleton.

Corollary 1.16. Let f : P! — P! be a non-exceptional endomorphism
over C of degree at least 2. Then A(f) is a disjoint union of a non-
trivial closed interval I and a finite set E (possibly empty). Moreover
there are at most 4 periodic points whose Lyapunov exponents are con-
tained in E, in particular |E| < 4.

1.7. Organization of the paper. In Section 2 we prove some basic
properties of homoclinic orbits and we prove the fundamental excep-
tional criterion Theorem 2.11 by using only the information of a homo-
clinic orbit. In Section 3 we prove Theorem 1.12. In Section 4 we recall
some reslts about dynamics on the Berkovich projective line. In Sec-
tion 5 we study the rescaling limit via the dynamics on the Berkovich
projective line. In Section 6 we give a new proof of McMullen’s theorem
(Theorem 1.2) by studying rescaling limits. In Section 7 we recall some
results about CER, and we prove Theorem 1.1, Theorem 1.7, Theorem
1.8, Theorem 1.14 and Corollary 1.16. Moreover we give a new proof
of Theorem 1.11 and we give another proof of Theorem 1.2. In Section
8 we prove Theorem 1.5.

Acknowledgement. The authors would like to thank Serge Cantat,
Romain Dujardin and Zhigiang Li for their comments on the first ver-
sion of the paper. We thank Huguin for informing us his beautiful
recent work | | for reproving and strengthening our Theorem
1.12. The first named author would like to thank the support and
hospitality of BICMR during the preparation of this paper. The sec-
ond named author would like to thank Thomas Gauthier and Gabriel
Vigny for interesting discussions on Thurston’s rigidity theorem and
thank the support of the project “Fatou” ANR-17-CE40-0002-01.

2. HOMOCLINIC ORBITS AND APPLICATIONS

For an endomorphism f of P! of degree at least 2, we denote by
C(f) the set of critical points of f and PC(f) := U,>1 f"(C(f)) the
posteritical set. In this section, P!(C) is endowed with the complex
topology.

Let f : P! — P! an endomorphism over C of degree at least 2. Let
o be a repelling fixed point of f. A homoclinic orbit ® of f at o is a
sequence of points o;,7 > 0 satisfying the following properties:

3This terminology was introduced by Milnor | ] in his presentation of Julia’s
proof that repelling periodic points are dense in the Julia set. The word “homoclinic
orbit” dates back to Poincaré.
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(i) 0p = 0, 01 # o and f(0;) = 0;_1 for i > 1;

(ii) lim o; = o.
71— 00

Be aware that o0;,7 > 0 is actually a backward orbit.

The main result of this Section is Theorem 2.11 which is a criterion
for an endomorphism f being exceptional via the information of a ho-
moclinic orbit. We will state and prove this theorem in the end of this
section.

2.1. Linearization domain and good return times. Define a lin-
earization domain of o to be an open neighborhood U of o such that
there is an isomorphism ¢ : U — D sending o to 0, which conjugates
flus : Up — U to the morphism 2z — Az via ¢, where Uy = f~H(U)NU
and A = df (o). We call such ¢ a linearization on U.

Define g to be the morphism U — U sending z to ¢~ (A "1é(2)). Tt
is the unique endomorphism of U satisfiying f o g = id.

Remark 2.1. By Koenigs’ theorem | , Theorem 8.2|, for every
repelling point o there is always a linearization domain U . For every
r € (0,1], ~1(D(0,r)) is also a linearization domain of o. In particular,
the linearization domains of o form a neighborhood system of of o.

Remark 2.2. Since g is injective, for every z € U, f~'(z)NU = g(x).
In particular, if o; € U for i > [, then o; = g*~!(0;) for all i > .

The following lemma shows that for every repelling fixed point o,
there are many homoclinic orbits.

Lemma 2.3. For every integer m > 0 and for every a € f~™(0), there
s a homoclinic orbit o;,© > 0 of o such that o, = a.

Proof. Let U be a linearization domain of o. Since preimages of a are
dense in the Julia set, there is | > m such that f™~!(a) N U # (). Pick
o, € f™Ya)NU and fori = 0,...,1, set o; := f=(0;). Then oy = 0 and
Om = a. For i > 1+ 1, set 0; := g"!(0;). Then o0;,7 > 0 is a homoclinic
orbit of o. O

Definition 2.4. Let U be a connected open neighborhood of o such
that U is contained in a linearization domain. For ¢ > 0 let U; be the
connected component of f~*(U) containing o;. An integer m > 1 is
called a good return time for the homoclinic orbit and U if

(i) 0; € U for every i > m;
(ii) U, cC U, and and f™ : U,, — U is an isomorphism between
U,, and U.



12 ZHUCHAO JI AND JUNYI XIE

Remark 2.5. If U itself is a linearization domain and m is a good
return time then 7 is a good return time for all © > m. Indeed, one
has U; = ¢""™(U,,) CC U and f: U; — U can be writen as f™ o g™~
which is an isomorphism.

Proposition 2.6. The following statements are equivalent:
(1) 0; & C(f) for everyi > 1;
(i) there is a linearization domain U and an integer m > 1 which
18 a good return time of U;
(iii) there is a linearization domain U such that for every connected
open neighborhood V' of o , V. C U, there is an integer m > 1
which is a good return time of V.

In particular, when o & PC(f), (i) (hence (ii) and (iii)) are satisfied.

Proof. We first show (i) is equivalent to (ii). To see (ii) implies (i), let m
be a good return time of U, then by the definition of good return time
0; € C(f) fori=1,...,m. By Remark 2.5 we conclude that o; ¢ C(f)
for every ¢ > 1. To see (i) implies (ii), first choose a linearization
domain Uy. Let g : Uy — Uy be the morphism such that f o g = id.
Since lim o; = o, there is [ > 1 such that o; € Uy for ¢ > [. Since

11— 00

o; € C(f) for every i > 1, we have d(f')(0;) # 0. So there is an
open neighborhood W of o; in Uy such that f{(W) C Uy and f!|w is
injective. Pick a linearization domain of U of o contained in f'(W).
Set U := f~1(U) N W. Since g is attracting, there is m > [ such that
g™ Y(U,) cc U. We note that U, := f~™(U)NU = g™ (U;). Hence
Upn CC U, and f™: U, — U is an isomorphism. This implies (ii).

It is clear that (iii) implies (ii). It remains to show (ii) implies (iii).
Let [ > 1 be a good return time of U. Let U; (resp. V;) be the connected
component of f~(U) (resp. f~(V)) for i > 0. We have U; CC U.
Since g is attracting, there is m > [ such that ¢™~!(U;) cC V. This
implies m is a good return time of V.

O

2.2. Adjoint sequence of periodic points. Let U be a linearization
domain and let m be a good return time of U. We construct a sequence
of periodic points ¢;,7 > m as follows: By Remark 2.5, for every ¢ > m,
[, : Uy — U is an isomorphism. Since U; CC U, the morphism
(fily.)~t : U — U, is strictly attracting with respect to the hyperbolic
metric on U. Hence it has a unique fixed point ¢; € U;. Such ¢; is the
unique i-periodic point of f which is contained in U;. Indeed, 7 is the
smallest period of ¢; and ¢; is repelling. We call such a sequence an
adjoint sequence for the homoclinic orbit 0;,7 > 0 with respect to the
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linearization domain U and the good return time m (we write (U, m) for

short). One say that a sequence of points ¢;,7 > 0 is an adjoint sequence

of the homoclinic orbit 0;,7 > 0 if ¢;,7 > m is an adjoint sequence for

0i,1 > 0 with respect to some (U, m). It is clear that for every adjoint

sequence ¢;,7 > 0 of 0;,7 > 0, lim ¢; = o. The following lemma shows
(3 o0

that the adjoint sequences are unique modulo finite terms.

Lemma 2.7. Let ¢;,i > 0 and ¢.,i > 0 be two adjoint sequence for
0i,1 > 0. Then there is 1 > 0 such that q; = ¢, for all i > 1.

Proof. We only need to prove the case where ¢;,i > [ is an adjoint
sequence with respect to (U, 1) and ¢},7 > I’ is an adjoint sequence with
respect to (U’,1’). Since there is a linearization domain U” such that
U’ C UNU', we may assume that U C U. After replacing [,I" by
max {l,1'}, we may assume that [ = I’. Then for every i > [, U C U,.
Then both ¢; and ¢} are the unique i-periodic point of f in U;. So
¢ = ¢, for i > 1. O

2.3. Poincaré’s linearization map. Set A := df (o) € C. Since o is
repelling, |A| > 1. Let (U, m) be the pair of linearization domain and
good return time for o;,7 > 0 and let ¢;,7 > 0 be an adjoint sequence.

A theorem of Poincaré | , Corollary 8.12] says that there is a
morphism ¢ : C — P*(C) such that |p gives an isomorphism between
D and U and

(2.1) fW(2)) = v(Az2)

for every z € C. In particular, w|]51 : U — D is a linearization of f on
U. Such a v is called a Poincaré map.

The following criterion for exceptional endomorphisms using the
Poincaré map 1 is due to Ritt.

Lemma 2.8. | | If the Poincaré map 1 is periodic, i.e. there is a
a € C* such that ¥ (z+a) = ¥ (z) for every z € C, then f is exceptional.

Ritt’s theorem can be easily generalized as following.

Lemma 2.9. If there is an affine automorphism h : C — C such that
h(0) # 0 and ¢ o h =1, then f is exceptional.

Proof. Let G be the group of affine automorphisms g of C satisfying
1 og=1. We have h € G. It takes form h : z — az + b, a € C* and
b= h(0) € C*. For every z € C, we have

Y(AR(AT12)) = f(h(A712)) = fp(AT2) = ¥(2).
Hence the automorphism ¢ : z — A (A712) = az + \b is contained in
G. Then T:=h'og:zr z+4+a (N —1)bis contained in G. Since
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b# 0 and |A\| > 1, T is a nontrivial translation. We conclude the proof
by Lemma 2.8. U

Set P := A™|5'(0,,) and V = AN(¥|5(U,,)). For i > m, set
Qi = Y|p"(g). One has ¥(V) = U, (P) = o and ¢|y : V — U is
an isomorphism. We set T := (¢|y) ' o¢|p : D — V, then T is an
isomorphism. Similar constructions of T" appeared already in the works
of Ritt | | and Eremenko-van Strien | |. We summaries our
construction in the following figure.

We have Yo T =1 and T'(0) = P. Moreover, by our construction we
have for every i > m, V = \'(¢|p) " }(U;). In particular N'Q; € V. By
(2.1) we have

PN Qi) = F{((Q) = f(a) = 4
This implies

(2.2) T(Q:) = NQi.

Since lim ¢; = o, we have lim @; = 0 and
71— 00 1—00

(2.3) lim \'Q; = P.

1— 00
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By (2.1) we have for every ¢ > 1,

(2.4) df'((2))dib(2) = Ndyp(X'2),
and by ¥ o T =1 we have
(2.5) dip(T(2))T"(z) = dip(2).

Set z = ;. Combine (2.2), (2.4) and (2.5) we get
df*(q:)de(NQ:i)T'(Qs) = N'db(X' Q).

Since zeros of a holomorphic function are isolated, as \'Q; — P, for i

large enough we have diy(\'Q;) # 0. Hence for i large enough,

(2.6) NT'(Q:) ™ = df'(q:).

The following observation will be used in the proof of Theorem 1.12.
Lemma 2.10. Set 0 :=1/T": D — C. We have
lim (df*(g;) — A\'0(0)) = P#'(0).
1—00
Proof. By (2.3) and (2.6),we have
i (df () — X0(0))/P = lim (dF*(g:) — N'6(0))/X'Q,

= Tim (df(q0) /X' — 0(0))/Q: = lim (6(Q1) — 0(0))/Qs = 0/(0).
which concludes the proof. O

The following is the main result of this section, which characterize
exceptional endomorphisms by using the multipliers of adjoint sequence
of a homoclinic orbit.

Theorem 2.11. Let f : P! — P! be an endomorphism over C of degree
at least 2. Let o be a repelling fized point of f such that df (o) = A. Let
0,1 > 0 be a homoclinic orbit of o such that o; ¢ C(f) for everyi > 0.
Assume that there is C' € C*, such that for one (hence every) adjoint
sequence q;,i > 0 of 0,1 > 0, df'(q;) = CX for i large. Then [ is
exceptional.

Proof. We may assume that ¢;,7 > m is adjoint with respect to the
linearization domain and good return time (U, m) for o;,7 > 0, and
d(f)(q;) = CX for all i > m. By (2.6), we get T"(Q;) = C~! for i > m.
Since @); # 0 for ¢ > m and lgn Qi =0T =C!onD. It follows
that T'(z) = C~'2 + P for every z € D. Then T extends to the affine
endomorphism on C sending z to C~'z + P. One have ¢) = ¢ oT on C.

We conclude the proof by Lemma 2.9. U
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3. PROOF OF MILNOR’S CONJECTURE

In this section we prove one of Milnor’s conjectures (Theorem 1.12).
We postpone the proof of another conjecture of Milnor (Theorem 1.14)
to Section 7.

Proof of Theorem 1.12. Let f : P* — P! be an endomorphism over C
of degree at least 2. Let K an imaginary quadratic field. Assume that
for every n > 1 and every n-periodic point x of f, df"(z) € Ok.

After replacing f by a suitable positive iterate, we may assume that
f has a repelling fixed point o ¢ PC(f). Let 0;,7 > 0 be a homoclinic
orbit of 0. By Proposition 2.6, there is a linearization domain and a
good return time (U, m) for o;,i > 0. Let ¢;,i > m be the adjoint
sequence for it. Set yu; := df'(¢q;) € O for i > m. Set \ := df (o).

Lemma 3.1. There are a € K*,b € K such that u; = a\* + b for i
large.

Proof of Lemma 3.1. We view K as a subfield of C. Then O is a
discrete subgroup of (C,+). Set T := C/Okg and 7 : C — T the
quotient map. Since A € Ok, the multiplication by A on L descents to
an endomorphism [A] on T. By Lemma 2.10, we have

(3.1) lim (1 — aX) = b,

11— 00
where a = 6(0) = 1/T"(0) € C* and b = P& (0) € C (See Section 2 for
the definitions of T and 0). Since p; € Ok, i > m, we get

lim [A\]'7(a) = 7 (b).

71— 00

In particular, w(b) is fixed by [A]. Since d[A](b) = A, [)] is repelling at
7(b). Hence for i large we must have

(3.2) [Nim(a) = 7(b).

Since Og is discrete in C, by (3.1) and (3.2), we have

(3.3) i = aX' + b for i large.

There are n > | > m such that p, = a\" + b and p; = a\' + b. This
implies that a,b € K. O

After enlarging m, we may assume that p; = a\’ + b for all i > m.
Assume by contradiction that f is not exceptional. By Theorem 2.11,
we must have b # 0. For p € Spec Ok, let K, be the completion of K
with respect to p. Denote by | - |, the p-adic norm on K}, normalized
by |plp = p~! where p := char Ok /p. Let K be the valuation ring of
K,. For p € Ok, p € p if and only if |ul, < 1.



17

Lemma 3.2. For p € SpecOg and € > 0, if A\ € p, then there is
N € Zwg such that |\N* — 1|, < € for all i > 0.

Proof of Lemma 3.2. Since Ok /p is a finite field and A ¢ p, there is
[ > 1 such that \! —1 € p. Since
. pn _ 1 I pn _
ST = E A -1 =1
in the p—adic topology, there is N € Z.q, such that [\Y —1|, < e. Then
for every i > 0, [A\Vi — 1|, = AV — 1|p[1 + AV .- + AV <e. O

Let S be the finite set of prime ideals p € Spec O \ {0} dividing
A(deg f)! € Ok. For every p € Spec Ok \ (SU{0}), there is an embed-
ding of field 75 : K < C, such that |- |, is the restriction of the norm
on C, via this embedding. Recall that C, is the completion of the alge-
braic closure of Q,. Then 7x extends to an isomorphism 7 : C = C,,.

Via 7, the norm | - |, extends to a non-archimedean complete norm
on C. By | , Corollaire 4.7 and Corollaire 4.9] of Rivera-Letelier
(or [ , Corollary 1.6] of Benedetto-Ingram-Jones-Levy), for ev-

ery p € SpecOg \ (S U{0}), there are at most finitely many integers
i > m satisfying |u;|p, < 1. We claim that for every ¢ > m, we have
pi = aX' +b & p for every p € Spec O \ (SU{0}). In fact if there is
p € Spec O\ (SU{0}) such that aA\’+b € p for some i > m, by Lemma
3.2, there is N € Zg, such that for all j > 0, AN — 1|, < |a™!|/2.
Then for every j > m, we get

it njlp = [aA ™ 4 by < max{|aX’ + blp + [aN (A = 1)|p} < 1.
Thus we obtain infinitely many integers i > m satisfying |u;lp < 1,
which is a contradiction.

Set S":={p e S| Aep}and S”" =S\ Since a # 0, thereis [ > 0
such that a\ + b # 0. Set

A :=min({Ja) +b|p| p € S"}U{|blp| p € ST U{1}) > 0.

For every p € ', there is an integer M, > m such that [aA\"»|, <
|b|p. Then, for every i > My, p € S’, we have

il = Iolp = A,

For every p € S”, by Lemma 3.2, there is N, € Z-( such that for
every j > 0, |AVI — 1], < |a™!|p|a +b]p. Then for all j > m, we have
|14 Npslp = |a)‘l+ij+b|p = |(a/\l+b)+a/\i<)‘ij_1)|p = |a/\l+b|p > A
Set M := max{Mp| p € S'} and N := [] v Np. For every i > M,

by the above discussion we get |p4nilp > A for all p € S. Fix an
embedding of K in C. For every p € Spec Ox \ {0}, set np 1= [Kp : Q)
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with p = char Og/p. We have n, < 2. By product formula, we get,
since |p4nilp = 1 for all p € Spec Ok \ (S U{0}),

|| = H il ™ = H |y il p ™ < A28,
pESpec O \{0} PES

where 1 > m.
Hence 4 ni,7 > m is bounded in C. Since a # 0 and || > 1, we get
a contradiction. The proof is finished. O

4. THE BERKOVICH PROJECTIVE LINE

Let k be a complete valued field with a non-trivial non-archimedean
norm | -|. We denote by k° the valuation ring of k, k° the maximal
ideal of k° and k = k°/k® the residue field.

In this section, we collect some basic facts about Berkovich’s analyti-

fication of PL. We refer the readers to | ] for a general discussion
on Berkovich space, and to [ | for a detailed description of the
Berkovich projective line and the dynamics on it.
4.1. Analytification of the projective line. Let Py be the ana-
Iytification of P} in the sense of Berkovich, which is a compact topolog-
ical space endowed with a structural sheaf of analytic functions. Only
its topological structure will be used in this paper. We describe it
briefly below.

The analytification A™ of the affine line Al is the space of all
multiplicative semi-norms on k[z] whose restriction to k coincide with
| - |, endowed with the topology of pointwise convergence. For any
r € AY™ and P € k[z], it is customary to denote |P(z)| := |Pl,,
where | - |, is the semi-norm associated to x.

As a topological space Pi’an is the one-point compactification of Allc’an.
We write Py™ = Ap™ U {oo}. More formally it is obtained by gluing
two copies of All(’an in the usual way via the transition map z + z=* on
the punctured affine line (A} \ {0}).

The Berkovich projective line Py™ is an R-tree in the sense that
it is uniquely path connected, see | , Section 2] for the precise

definitions. In particular for x,y € ]P’i’an, there is a well-defined segment

[z, y].

For a € k and r € [0,400), we denote D(a,r) by the closed disk
D(a,r) = {z € Ay™ : |[(z—a)(x)| < r}. One may check that the norm
> im0 @iz — a)' — max{|a;|r’,7 > 0} defines a point &, , € D(a,r). One
set g 1= &1 and call it the Gauss point.
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Remark 4.1. When r = 0, &, is exactly the image of a via the
identification k = Al(k) < A

The group PGL »(k) acts on PL, hence on P,

Lemma 4.2. | . Proposition 1.4] For a point x € PY™, = €
PGL (k) - z, if and only if it takes form x = &,, for some a € k
and r € |k*|.

Remark 4.3. The stablizer of PGL (k) at z, is PGL(k®) which is

open in PGL 5(k). So for any dense subfield L of k, we have PGL (L) -
z, = PGLy(k) - z,.

4.2. Points in ]P’1 2 Let k be the completion of the algebraic clo-
sure of k. It is stlll algebralcally closed. By [ , Corollary 1.3.6],

Aut(k/k) acts on IP’lan and we have IP’E/Aut(k/k) = P}. We denote by

T P%an — P the quotient map. The points of PL*" can be classified
into 4 types:

(i) a type 1 point takes form 7(a) where a € k U{oo} = ]P’1 .

(iii) a type 3 point takes form 7 (&, ) where x € kandr € R0\ |k l;

(iv) a type 4 point takes form 7(x) where x is the pointwise limit
of &, such that the corresponding discs D(z;,7;) form a de-
creasing sequence with empty intersection.

)

(ii) a type 2 point takes form 7 (&, ,) where x €. kand 7 € |k |
)
)

See [ , Section 1.4.4] for further details when k is algebraically
closed. See also | , Proposition 2.2.7] and | , Section 2.1].
The set of type 1 (resp. type 2) points is dense in IPI o Points of type
4 exist only when k is not spherically complete. If we view IE”1 as a

metric tree, then the end points have type 1 or 4.

For every = € Pll(’an, we can define an equivalence relation on the set
Py \ {x} as follows: y ~ z if the paths (z,%] and (z, z] intersect. The
tangent space T}, at z is the set of equivalences classes of Py™ \ {z}
modulo ~. See | , Section 2.5] for details. If x is an end point (a
point of type 1 or 4), then |T,| = 1. If x is of type 3, then |T,| = 2. If
x is of type 2, then |T,| > 3. For a direction v € Ty, let U(v) be the
set of all y € P™ such that the path (x,y] presents v. Then U(v) is
an open subset such that U (v) = z.

lan

4.3. Dynamics on P,™". Let f : P, — P be an endomorphism of
degree d > 2. We still denote by f the induced endomorphism on Pllc’an.
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4.3.1. The tangent map. For z,y € PL*™" if f(x) = y, then z, y have the
same type. Moreover, f induces a tangent map 71, f : T, — T, sending
v € T, to the unique direction w € T, such that for every z € U(v),
(y, f(2)]NU(w) # 0. We note that, in general f(U(v)) may not equal to
U(w). If f(U(v)) = U(w), we say that v is a good direction. Otherwise,
it is called a bad direction. If v a bad direction, then f(U(v)) = P.™
[Ben, Theorem 7.34].

We may naturally identify T, with P!(k) as follows: Consider the
standard model PL. of P,*". There is a reduction map red : Pp™ — P
The preimage of the generic point of IP%{ is the Gauss point x4 and

for every y € P!(k), there is a unique v, € T, such that U(v,) =
red " (y). The map P'(k) — T, sending y to v, is bijective. Let h
be any endomorphism of PL such that h(zg) = zg, it extends to a
rational self-map hyo of Pl.. We denote by h: IP’%{ — IP)%( the restriction
of h to the special fiber of P}, and call it the reduction of h. Then
Tooh : Ty = P'(k) = Ty, is induced by h. We define deg T,.h to be
the degree of h. We note that degh < deg h. The equality holds if and
only if hyo is an endomorphism. In this case, we say that h has explicit
good reduction.

More generally, for every =,y € PGL (k) z¢ with f(z) = y, we may
define o
deg T, f := deg T,o(h™' fg) = degh~'fg,

where h,g € PGL3(k) with g(zg) = = and h(zg) = y. Then 1 <
deg T, f < deg f and degT, . f does not depend on the choices of g, h.

Remark 4.4. Assume that k is algebraically closed. By Lemma 4.2
the set of type 2 points in Py™ is exactly PGL o (k) - z¢.

4.3.2. Periodic points. Assume that k is algebraically closed. For n >
1, a m-periodic point of f is a point z € Pi’an such that f"(z) =
x. They can be divided into three types: attracting, indifferent and
repelling. A type 1 periodic point z € P!(k) of period n > 1 is called
attracting if |d(f™)(x)| < 1; indifferent if |d(f")(z)| = 1; and repelling
if |d(f")(x)] > 1. A n-periodic point z € Py™ of type 2 is called
indifferent if degT, f = 1; repelling if degT, f > 2. Every n-periodic
point x € P of type 3 or 4 are indifferent | , Lemma 5.3, 5.4].

4.3.3. Fatou and Julia sets. Assume that k is algebraically closed.

The Julia set of f is the set J(f) of points z € P* with the
following property: for every neighborhood U of z, the union of iterates



21

Unso f™(U) omits only finitely many points of P.*. Its complement
F(f) =P\ J(f) is the Fatou set of f.

We list some basic properties of the Julia and Fatou sets of f.

Proposition 4.5. [Ben, Chapter 8 and Section 12.2]

(i) The Fatou set F(f) is open and the Julia set J(f) is closed.
(ii) All attracting periodic points of f are contained in F(f).
(iii) All repelling periodic points of f are contained in J(f).
() We have T(f) = F(T(f)) = F (T () and F(f) = F(F(f)) =
FUF).
(v) Both J(f) and F(f) are nonempty.
(vi) For every z € J(f), Unsof "™(2) is dense in J(f).
(vil) Repelling periodic points are dense in J(f).

4.3.4. Good reduction. We say f has good reduction if after some co-
ordinate change h € PGLy(k), the map h~! o f o h has explicit good
reduction.

Theorem 4.6. | , Theorem E] The endomorphism f has explicit
good reduction if and only if T (f) = xg. Moreover, if k is algebraically
closed, f has good reduction if and only if J(f) is a single point.

Remark 4.7. Assume that k is algebraically closed. If J(f) is a single
point, then by Theorem 4.6 and (vii) of Proposition 4.5, it is a type 2
repelling point.

5. RESCALING LIMITS OF HOLOMORPHIC FAMILIES

5.1. Holomorphic families. Recall that ¥ : Raty(C) — My(C) is
the quotient morphism, where M,(C) := Raty(C)/PGLy(C) is the
moduli space.

Let A be a complex manifold, we denote by O*"(A) the ring of holo-
morphic functions on A. Moreover, if A is complex algebraic variety,
we denote by O(A) the ring of algebraic functions on A.

A holomorphic (resp. meromorphic) family on A is an endomor-
phism (resp. meromorphic self-map) fy on P! x A such that 7 o
fao = ma, where my : PY(C) x A — A is the projection to A. More
concretely, one may write fa([z : y|,t) = ([P(z,y) : Qulz,y)],t)
where P(x,y), Q¢(x,y) are homogenous polynomials of same degree
d in O*(A)[x,y] without common divisor. We say that f is of degree
d. Then fy is holomorphic if there is no (¢,z,y) € A x C* x C* such
that Py(z,y) = Q«(z,y) = 0.

For t € A, we denote by f; the restriction of fy to the fiber above
t. We denote by I(fs) the indeterminacy locus of fy and B(fy) :=
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mA(I(fa)). Then I(fa) and B(fa) are proper closed analytic subspace
of P! x A and A respectively. For every t € A\B(f4), we have deg f; = d.
When A is connected, this is equivalent to say that deg f; = d for one
t € A\ B(fa). A meromorphic family is holomorphic if and only if
B(fr) = 0.

So give a degree d holomorphic family fy on A is equivalent to give
a holomorphic morphism ¢ — f; = P,/Q, from A to Rady(C). We say
that f, is algebraic if A is a complex algebraic variety and fj : P1x A —
P! x A is algebraic i.e. P, Q; € O(A)[z,y]. In other words, it means
that the induced morphism A — Rady(C) is algebraic.

For a degree d holomorphic family fy on A, let U, : A — M, be the
holomorphic morphism sending t € A to the class of f; in My(C). We
say that fy is isotrivial if Uy : A — M, is locally constant. More gen-
erally for degree d meromorphic family fx, we say that fy is isotrivial
if f|a\B(s,) 1s isotrivial.

5.2. Potentially good reduction. Assume that A is a Riemann sur-
face and fj is a meromorphic family of degree d.

For b € A, we say that f) has potentially good reduction at b if
D\ (B(fa)ufe}) © A = Mg extends to a holomorphic morphism on (A \
B(fr))U{b}. In particular, fy has potentially good reduction at every
be A\ B(fy).

Lemma 5.1. Assume that A is an irreducible smooth projective curve.
Let fo be a meromorphic family of degree d. If fx has potentially good
reduction at every point in A, then fa is isotrivial.

Proof. Since f) has potentially good reduction at every point in B(fy),
Uasi @ A\ B(fa) = Mg extends to a holomorphic morphism Wy :
A — M. Recall that M4(C) = Spec (O(Raty(C)))PCL2(©) is affine
[ , Theorem 4.36(c)]. This follows from the fact that Raty(C) is
affine and the geometric invariant theory | , Chapter 1]. Since A
is projective, W, is a constant map. This concludes the proof. O

Having potentially good reduction is a local property at b, i.e. for
every open neighborhood U of b in A, fj has potentially good reduction
at b if and only if fy := falpi(c)xv has potentially good reduction at
b. Note that there is an open neighborhood U of b which is isomorphic
to a disk D such that fi\ ) is holomorphic. So we can focus on the
case that fp is a meromorphic family which is holomorphic on D*.
We will give another characterization of potentially good reduction via
non-archimedean dynamics.
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5.3. Holomorphic family on puncture disk. Let fp be a a mero-
morphic family of degree d > 2 which is holomorphic on D*. Let ¢ be the
standard coordinate on ID. We can relate fp to some non-archimedean
dynamics on the field of Laurent’s series C((?)).

Recall that on C((t)), there is a t-adic norm | - |: Given an element
2= ) sn, @nl" # 0, where ng € Z, a, € C and a,, # 0, the t-adic

norm of z is |z| := e, This norm is non-archimedean and C((#)) is
complete for | - |. Set L := C(()).
Write

f([l’ : y]7t) - ([Pt([)’i,y) : Qt(xayﬂ?t)
where Py(z,y),Q:(z,y) are homogenous polynomials of degree d in
O*(D)[1/t][z, y] without common divisors. Since O**(ID)[1/t] C C((t)),
fo defines an endomorphism fo(qy) ¢ [@,y] = [Pi(z,y) : Qi(x,y)] on
]P)(IC((t)) of degree d. Set fi := fc(u)®c()L : Pl — PL.

Recall that
(5.1) C((1) = Unz1C((t"™).

To get endomorphisms over C((t'/™)), we introduce some base changes
of fp as follows. Consider the morphism ¢, : U, := D — D sending
t to t". There is u, € O*(U,) such that u' = ¢*t. Then u, is a
coordinate on U, and we may identify C[u,] with C[t'/"] (hence we
may identify C((u,)) with C((t'/™))). Let o € U,, be the point defined

an

by u,, = 0. The endomorphism on Rlc’((un)) induced by fu, 1S fe () =
Jeq@n®cuC((E™)).

Lemma 5.2. If fi has good reduction then fp has potentially good
reduction at 0.

Remark 5.3. The inverse statement of Lemma 5.2 is also true. How-
ever, we do not need that direction in this paper. So we leave it to
readers.

Proof of Lemma 5.2. By Theorem 4.6, there is h € PGL 5(LL) such that
J(fL) = {h(zg)}. Then h™' o fi o h has explicit good reduction. By
(5.1) and Remark 4.3, we may assume that h € PGLo(C((t'/™))) for
some n > 1. Since C(uy,) is dense in C((u,)) = C((t'/")), by Remark
4.3 again, we may assume that h € PGLo(C(u,)). There is an open
neighborhood V' of o such that i and h~! are holomorphic on V' \ {0}
i.e. they define holomorphic families iy (o} and h"/{ (o} We may assume

further that V' ~ . Consider the family fi := h‘_/lofUn|Vth. Observe
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that
(52) \Il]D)* (@) ¢|V\{o} p— \va\{o}.

Then fy induces an endomorphism fo(w)) = fc((t))@)(c((t))(C((u)) on
]P’(lc’?(r;)), which has good reduction. So fy is an endomorphism on P! x V.
So Wy (o} extends to a holomorphic morphism Wy : V- — M. By (5.2),
Up- is bounded in some neighborhood of 0. So ¥p- extends to a holo-
morphic morphism on D, which means that fp has potentially good
reduction at 0. U

The following definition was introduced by Kiwi.

Definition 5.4. | ] Let fp be a meromorphic family of degree
d > 2 which is holomorphic on D*. We say an endomorphism g is a
rescaling limit of fp (or fp+) (via (¢, Mp)) if there is an integer ¢ > 1,
a finite set S C P'(C) and a meromorphic family My, of degree 1, such
that Mp and My ! are holomorphic on D* and

M; "o fil o My(z) — g(2)
when ¢ — 0 , uniformly on compact subsets of P*(C) \ S.
The following result was proved by Kiwi.

Proposition 5.5. | , Proposition 3.4] Let fp be a meromorphic
family of degree d > 2 which is holomorphic on D*. Let Mp be a mero-
morphic family of degree 1 , such that My and My are holomorphic
on D*. Then for all ¢ > 1, the following are equivalent:

(i) There exist an endomorphism g on P' and a finite set S C

PY(C) satisfy
Mo fio My(2) — g(2)
when t — 0, uniformly on compact subsets of P*(C)\ S.

(ii) The point x = My (zq) is fived by fi and My ' o fi o My = g.
In the case (i) and (ii) hold, T,f? : T, — T, can be identified with
g after identify T, to T,, = PY(C) via Ty My, : Ty, — T.. Under
this identification, S is a finite subset of T, which contains all the bad
directions of T, f1.

Remark 5.6. One may rewrite Definition 5.4 in the following more
geometric way: Let hp be the meromorphic family hp := My o fio My
on P1(C) x D, then hy = g. Moreover, S can be any finite subset
containing Sy where I(hp) = Sy x {0} C P(C) x D.
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Corollary 5.7. Let © € P.™ be a type 2 fized point of fu. Assume
that T, f1. conjugates to some endomorphism g : P(C) — P*(C). Then
there is n > 1, such that g is a rescaling limit of fu, |y where fy, is the
base change of fp by the morphism U, =D — D sending t to t" as in
Section 5.3 and V' is an open neighborhood of o € U, isomorphic to D.

Proof. There is My, € PGL (L) such that x = My (z¢), by (5.1) and
Remark 4.3, we may assume that My, € PGL 2(@((1&}/”))) for some n >
1. Let fy, be the base change of fp by the morphism ¢,, : U, :=D — D
sending ¢ to t" and pick u, with u” = ¢, () as in Section 5.3. Since
C(u,) is dense in C((u,)) = C((t'/™)), by Remark 4.3 again, we may
assume that My, € PGLo(C(uy,)). There is an open neighborhood V' of
o such that Mj, and M; ' are holomorphic on V' \ {0} i.e. they define
holomorphic families My (o) and M;\l{o}. Then we conclude the proof
by Proposition 5.5. U

5.4. Endomorphisms without repelling type I periodic points.
In general the Julia set of an endomorphism f, on Pi’an is a complicated
object. The following theorem due to Favre-Rivera Letelier | | and
independently by Luo | , Proposition 11.4] classifies the case when
f1 has no repelling type I periodic points.

Theorem 5.8. Let fi, : Py™ — PU™ be an endomorphism. Assume
fL has no type 1 repelling periodic points. Then the Julia set of fi is
contained in a segment.

By (v) of Proposition 4.5, J(fL) # 0. In the above theorem, if fi,
does not have good reduction, then the segment can not be a point.
As a corollary, we get the following lemma.

Lemma 5.9. Let fi, : Pp™ — P™ be an endomorphism of degree d >
2, which does not have good reduction. Assume that J(f1) is contained
in a minimal segment [a,b]. Let x be a repelling type 2 periodic point
in (a,b) with period ¢ > 1. Then the tangent map T, f? conjugates to
z > 2™ for some |m| = deg T, f? > 2. Moreover every bad direction of
T.f9 is presented by (x,a] or (z,b] and under the above conjugacy, it
15 identified to 0 or oo.

Proof. Since [a,b] is the minimal segment that contains J(f), a and b
are contained in the Julia set. Since deg fi, > 2 and f1, does not have
good reduction, the Julia set is not a single point. Hence a # b. Let v,
(resp. vg) be the direction in T, represented by the segment (z, a] (resp.
(x,0]). Since J(fu) C [a,0], {v € To[ U(v) N T(fi) # 0} = {v1, v2}.
Since J(fL) is totally invariant, for v € T,, if f4(U(v)) N J(fL) # 0,
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then U(v) N J(fL) # 0. Hence v € {vy,vy}. This implies (i) {v1, v} is
totally invariant by T, f9. Actually let w € (T, f9) " (v;) for some i =
1,2. Then we have U(v;) C f9(U(w)). This implies f4(U(w))NT (fL) #
(). Thus w = v;. (ii) Bad directions of T, f? are contained in {vy, vo}.
Actually if w is a bad direction, then we have f9(U(w)) = P;"™, hence
FUU(w))NT(fL) # 0, which implies w = v; or vy.

Finally, an endomorphism of degree deg T}, f? on P*(C) has a totally
invariant set with two elements must conjugates to z + 2™ for some
|m| = deg T, f9. This conjugacy maps {v1,v2} to {0,00}, which con-
cludes the proof. O

The following Theorem is the main result of this section.

Theorem 5.10. Let fp be a meromorphic family of degree d > 2 which
1s holomorphic on D*. Assume that fp does not have potentially good
reduction at 0. For every n > 1, assume that the multipliers of the
n-periodic points of f; are uniformly bounded in t. Then there is n >
1,m > 2, such that g : z — 2™ is a rescaling limit of fy, |y where fu,
1s the base change of fp by the morphism U, =D — D sending t to t"
as in Section 5.3 and V' is an open neighborhood of o € U, isomorphic
to D. Moreover, we may ask the finite set S in Definition 5.4 to be
contained in {0,00}.

Proof. Let fi : Py™ — PP™ be the endomorphism induced by fp.
The multipliers of the n-periodic points of f; are uniformly bounded
in t implies fi has no repelling type 1 periodic points. By Theorem
5.8, J(fL) is contained in a minimal segment [a,b]. Since fp does
not have potentially good reduction at 0, by Lemma 5.2, fi does not
have good reduction. By a result of Rivera-Letelier | , Theorem
10.88], there are infinitely many repelling type 2 periodic points. By
(iii) of Proposition 4.5, they are necessarily contained in J(fr). Pick a
repelling type II periodic point x that are contained in (a, b) of period
g > 1. By Lemma 5.9, replace ¢ by 2q if necessary, the tangent map
T, f? is conjugate to z +— 2™ for some m > 2. Moreover the bad
directions of T, f9 can be identified with a subset of {0,00} by the
conjugacy. The proof is finished by using Corollary 5.7. O

6. A NEW PROOF OF MCMULLEN’S THEOREM

We can now give a new proof of Theorem 1.2.

Proof of Theorem 1.2. Let fp be a non-isotrivial stable irreducible al-
gebraic family of endomorphisms of degree d > 2. Since A is covered
by affine open subsets, we may assume that A itself is affine. Cutting
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A by hyperplanes and removing the singular points, we can reduce to
the case that A is a connected Riemann surface of finite type. Since
the only non-isotrivial family of exceptional endomorphisms of degree
d is the flexible Lattes family, we only need to show that there is a
nonempty open subset W of A such that for t € W, f; is exceptional.

Write A = M \ B, where M is a compact Riemann surface and B
is a finite subset. Since fy is algebraic, it extends to a meromorphic
family of degree d. We have B(fy;) € B. Since fj is not isotrivial,
by Lemma 5.1, there is b € B such that f;; does not have potentially
good reduction at b. Reparametrize our family near b € M, we get a
meromorphic family fp of degree d > 2, which is holomorphic on D*
and presevres multiplier spectrum.

By Theorem 5.10, after replacing fp by the family fi, in Theorem
5.10, we may assume that z — z™ for some m > 2 is a rescaling limit
of fp with S = {0, 00}. Using the reformulation of the rescaling limit
in Remark 5.6, there is an integer ¢ > 1 and a meromorphic family
My of degree 1, such that Mp and My I are holomorphic on D*, and
ho is z — 2™ where hp = My' o f§ o Mp on P}(C) x D. Moreover
I(hp) C {0,00} x {0} C P(C) x D. We may replace fp by hp and
assume that fy: 2z — 2™ and I(fp) C {0,00} x {0} C P(C) x D.

The Julia set of fy is the unit circle S*, and fy is expanding on
S1. We need the following classical lemma of holomorphic motions of
expanding sets. A proof can be found (without using quasiconformal
maps) in Jonsson | |, which is also valid in higher dimension. Let
K C PY(C) be a compact set. We say f: K — K is expanding if there
exists C' > 0 and p > 1 such that |df"(x)| > Cp" for every n > 0 and
r e K.

Lemma 6.1. Let (f;)iep be a family of endomorphisms on P1(C). Sup-
pose fo has an expanding set K, f(K) = K. Assume (f;) is a holo-
morphic family in a neighborhood of K, i.e. there exists an open set
V, K CV such that for every z € V., t — fi(z) is holomorphic in D.
Then there exists v > 0 and a continuous map h : D, x K — P'(C)
such that for each t € D,.:

(i) K; := h(t, K) is an expanding set of f;.

(ii) the map hy := h(t, ) : K — K; is a homeomorphism and f; o

hy = hg o fo.

We set fy : 2z — 2™ and K := S! in the above lemma. The endo-
morphism fy has the following properties:

(1) fo "(K) = fo(K) = K;
(2) all periodic points outside the exceptional set {0,00} are
contained in K;
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(3) for every n-periodic point z € K, we have df{'(z) = m".

Since the family (f;);ep+ has the same multiplier spectrum, the mul-
tiplier of the periodic point h(z) of f; does not change in the family
t € Df. Hence for every t € D, we have df;*(h:(z)) = m™. We choose
a homoclinic orbit o;, i > 0 of fy with og = 1. By (1), all 0;,7 > 1
are contained in K. Hence hy(0;), ¢ > 0 is a homoclinic orbit of f; at
z = hy(1), for t € D,.. Let g;, i > 0 be an adjoint sequence of o;, i > 0.
For every t € Df, we need to show h(g;), i > 0 is an adjoint sequence
of hy(0;), © > 0. In fact let U; be a linearization domain of f; at hy(1).
Let Uy; be the connected component of f;*(U;) containing h4(0;). Let
[ be a good return time of U,. For every n > [, f' : U;,, — U, is an
isomorphism, with a unique fixed point p,. Let V' be the connected
component of h; (U, N K,;) containing 1. It is an open arc in S'. Let
V,, be the connected component of f; (V') containing o,. Since K is
totally invariant by fo and V' contains some linearization domain at 1,
after enlarging [ if necessary, for every n > [ we have ¢, € V,, N K.
Hence hi(q,) € Uy, N Ky, which is fixed by f* : Uy, — Up. By the
uniqueness of p,, we have p, = hy(q,,). Hence h(g;), ¢ > 0 is an adjoint
sequence of h(o;), i > 0.

For every t € D7, we consider the dynamics of f;. The fixed point
h:(1) has multiplier m and the adjoint sequence h(g;), i > 0 of the
homoclinic orbit h(0;), i > 0 has multiplier m® when 7 large enough.
By Theorem 2.11, f; is exceptional, which concludes the proof. U

7. CONFORMAL EXPANDING REPELLERS AND APPLICATIONS

7.1. Definition, examples and rigidity of CER. The following
definition was introduced by Sullivan | ).

Definition 7.1. Let f : P! — P! be an edomorphism over C. An
compact set K C P}(C) is called a CER of f if
(i) There exists m > 1 and a neighborhood V of K such that
fm(K) =K and K = ﬂnzgfimn(‘/).
(ii) f™: K — K is expanding.
(iii) f™ : K — K is topologically exact, i.e. for every open set
U C K there exists n > 0 such that f™"(U) = K.

Remark 7.2. Condition (i)+(ii) is equivalent to f™ is expanding on
K and f™: K — K is an open map | , Lemma 6.1.2].

Remark 7.3. Our definition of CER is slightly stronger than the def-
inition in | |, where f™ need not to be topologically exact on K.
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However by the classical spectral decomposition theorem | , The-
orem 4.3.8], the non-wandering set of a CER in the sense of [ | is
a finite disjoint union of CERs in the sense of Definition 7.1.

The following is an important class of examples of CER.

Example 7.4. Assume V;UZ-, 1 < i < k are connected open sets in
P!(C), k > 2 such that U; C V, and there exists m > 1 such that

f™:U; — V is an isomorphism. Then we call
k
f™(z) € U U; for every n > 0}

k
K = {Z € UUl
=1 =1

a horseshoe of f. We check that K satisfies the three conditions in
Definition 7.1. Let V{ := UleUZ-.
Condition (i): It follows from the definition of K;
Condition (ii): f™ : Vj — V strictly expands the hyperbolic
metric of V| this implies f™ : K — K is expanding;
Condition (iii): Again using f™ : Vj — V strictly expands the
hyperbolic metric of V', the maximal diameter of the connected
components of f~"™(Vy) NV, shrinks to 0 when n — oco. For
each open set W C K, there exist integer n > 0 and a connected
component B of f~"" (V) NV, such that BN K C W. Since
fOorUm(BNK) = K, we have f"*U™(1W) = K. Hence f™ :
K — K is topologically exact.

Moreover K is a Cantor set, in particular K is not a finite set.

When f has degree at least 2, there are plenty of horseshoes. Follow-
ing the terminology in section 2, we can construct a horseshoe associ-
ated to finite numbers of homoclinic orbits at 0. We prove the following
lemma which will be used in the proof of Theorem 1.8.

Lemma 7.5. Let o be a repelling fixed point. Let k > 1 be an integer.
Assume for each fized 1 < j < k, 0{, t > 0 s a homoclinic orbit
of o such that o} ¢ C(f). Then there exists an integer m > 1 and
a horseshoe f™ : K — K such that ofm. € K for every i > 0 and
1 <j <k. Moreover for each 0 < q<m —1, f1(K) is a CER.

Proof. By Lemma 2.6, there exists a linearization domain U of o and
an integer m such that for every 1 < j < k, m is a common good return
time of U for the homoclinic orbits o}, i > 0. Let UZ, be the connected
component of f~™(U) containing o . Let

Vo = (O U&) ug™U).
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Then the set
K :={z¢e W f™(2) € V forn >0}

is a horseshoe of f. Clearly we have o/, € K for every i > 0 and
1<j<k

For each 0 < ¢ < m —1 let K, := f9(K). We know that f9 :
Ui, — U},_, is an isomorphism, and f7 : ¢"™(U) — g™ 4(U) is an
isomorphism. This implies f? : Vo — f9(V4) is a finite holomorphic
covering (the image of f¢ of two components of V may coincide). We
let ¢, denote this map. Then we have

G0 [l = fm’fq(Vo) 0 g

on f~™(Vy) N Vp, which implies that f™ : K — K and f™ : K, —
K, are holomorphically semi-conjugated by ¢, on the corresponding
neighborhoods of K and K,. We check that K, satisfies the three
conditions in Definition 7.1. Since ¢, is a covering and ™ : K — K is
an open map, f™ : K, — K, is an open map. Since f™ : K — K is
expanding and |d¢,| > ¢ on K for some constant ¢ > 0, [ : K, — K,
is expanding. By Remark 7.2, conditions (i) and (ii) hold. Since f™ :
K — K is topologically exact and ¢, : K — K, is a semi-conjugacy,
f™: K, - K, is topologically exact. This implies Condition (iii).
Hence K, = f4(K) is a CER. O

The following definition of linear CER was introduced by Sullivan
[Suls6].

Definition 7.6. Let f : P! — P! be an edomorphism over C. Let K
be a CER of f. f(K) = K. We call K linear if one of the following
conditions holds.

(i) The function log |df| is cohomologous to a locally constant func-
tion on K, i.e. there exists a continuous function u on K such
that log |df| — (uo f — u) is locally constant on K.

(ii) There exists an atlas {¢;},.,., that is a family of holomorphic
injections ¢; : V; — C such that K C UY_|V; and all the maps
@; o gbj_l and ¢; o f o gb]—l are affine.

A proof that these two conditions are acutually equivalent can be
found in Przytycki-Urbanski | , section 10.1].

The following Sullivan’s rigidity theorem | | will be used in the
proof of Theorem 1.5 and Theorem 1.8. A proof can be found in | )
section 10.2].
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Theorem 7.7 (Sullivan). Let (f, Ky), (g, K,) be two CERs such that
Ky is non-linear, f(Ky) = Ky, g(K,) = K,. Let h : Ky — K, be a
homeomorphism such that ho f = goh on Ky. Then the following two
conditions are equivalent
(i) for every periodic point x € Ky we have |df™(x)| = |dg"(h(x))],
where n is the period of x;
(ii) there ezist a neighborhood U of Ky and a neighborhood V' of K,
such that h extends to a conformal map h : U — V.

Here as in Theorem 1.8, a conformal map may change the orientation

of P(C).

7.2. Having a linear CER implies exceptional. Now we give a
proof of Theorem 1.1.

Proof of Theorem 1.1. Let K be a linear CER of f, which is not a finite
set. By | , Proposition 4.3.6], there exists a repelling periodic point
o € K of f. Passing to an iterate of f we may assume f(K) = K and
f(o) = o. Topological exactness of f on K implies for every a € K,
the preimages of f|x are dense in K. Let U be a linearization domain
U of f at o. Since K # {0}, there exists [ > 1 and a point p; € K such
that p; # o, f'(p;) = o. Then there exists a (unique) homoclinic orbit
0;, © > 0 such that o, = p; and o; € U for every ¢ > [. Clearly o; € K
when ¢ < [. By the definition of CER, there exists a neighborhood V'
of K such that K = N,>of "(V). Shrink U if necessary we assume
U c V. Hence for every i > [ we have o; € V. This implies for every
fixed ¢ > 0, for every n > 0 we have f"(o;) € V. Hence o; € K for
every ¢ > (.

Let {Vj},.;<; be an affine atlas in Definition 7.6. Shrink the lin-
earization domain U if necessary we may assume for every i > 0, U;
(the connected component of f~*(U) containing o;) is contained in some
affine chart, say Vj(;. In particular U C V) and U; C V(g for every
i > 1. Let {¢;}, i > 0 be the adjoint sequence of o;, i > 0. For every
large enough integer n we have ¢, € U,. For such fixed n, for every
1 <i<nwehave f"7(q,) € U; C Vju). Let A; € C* be the derivatives
of the affine map ¢;;41)0 f o gbj_(}), where 0 < ¢ <[ —1. Let A € C*
be the derivatives of the affine map ¢;) o f o (bj’(é). Then we have
df (o) = A, and for every n large enough we have

A (gn) = (H &-) A

By Theorem 2.11, f is exceptional. The proof is finished. O
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7.3. Marked length spectrum rigidity. We now prove Theorem
1.8 by using Theorem 1.1 and Lemma 7.5.

Proof of Theorem 1.8. 1t is clear that (ii) implies (i). We need to show
(i) implies (ii). Assume that h preserves the marked length spectrum
on Q. If h extends to a global conformal map P!(C) — P!(C), since
hof=gohon J(f), the same equality holds on P!(C). So we may
replace f by its iterate. Passing to an iterate of f, we assume f has
a repelling fixed point 0 € Q and o ¢ PC(f). A result of Eremenko-
van Strien [ | says that if a non-Lattes endomorphism f has the
property that all the multipliers are real for periodic points contained
in a non-empty open set of J(f), then J(f) is contained in a circle.
By this result there are two cases:

(i) we can further choose o such that df (o) ¢ R;
(ii) J(f) is contained in a circle C.

By our choice of o, h(0) is a repelling fixed point of g. Moreover we
have h(o) ¢ PC(g) since h presevre critical points in the Julia set. This
can be proved using the total invariance of the Julia sets and the fact
that critical means locally not injective. Let o; ¢ > 0 be a homoclinic
orbit of 0. Then h(o;), @ > 0 is a homoclinic orbit of k(o). Let U
be a linearization domain of o such that U N J(f) C Q. Let W be
a connected open neighborhood of h(o) such that (U N J(f)) C W
and W N J(g) C h(Q). By Lemma 2.6, shrink U and W if necessary
there exists m > 1 such that m is a good return time of U (resp.
W) for o;,1 > 0 (resp. h(o;),i > 0 ). By Lemma 7.5, there exist
two horseshoes, f™ : Ky — Kj (resp. ¢ : X, — X,) such that
Oim € Kp, 1 > 0 (resp. h(oim) € X,, @ > 0). We let K, := h(Ky).
By our construction we have h : Ky — K, is a homeomorphism and
hof™ = g™oh on K¢. Moreover K, C X,. We check that K, is
a CER of g: ¢" : K, — K, is open and topologically exact since
fm Ky = Kyis; g™« Ky — K, is expanding since K, is contained in
an expanding set X,. Hence K, is a CER of g. Passing to an iterate we
may assume f(K;) = Ky and g(K,) = K,. To simplify the notation,
for i > 0 we let o; be the unique point in f~*(0) which is contained in
the previous homoclinic orbit.

Since f is not exceptional, Ky is a non-linear CER by Theorem 1.1.
Moreover by our construction we have Ky C €. Hence for every n-
periodic point x € Ky, we have |df"(x)| = |d¢g"(h(x))|. By Theorem
7.7, h can be extended conformally to a neighborhood V' of K such
that VNJ(f) € Q. We denote this extension by k. In case (i), we can
further assume that £ is in fact holomorphic: if & is antiholomorphic on
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some connected component B of V', let ¢ be a non-identity conformal
map (necessarily antiholomorphic) on P!(C) such that ¢ fixes every
point in C, then on B, we may replace h by ho@, which is holomorphic.
We have h = h on K. Since hof=gohon Ky and Ky is a perfect
set, by the conformality of h we have ho f = go honV.

Next we show that h = h on UyN J(f), where Uy C V is a lineariza-
tion domain of 0. Let E be the set of all f-preimages of 0. For every
a € ENUy, fi(a) = o, there exists a homoclinic orbit 0, of o such that
a = oy, and o] € Uy for every i > q.

Choose m' > ¢, by similar construction as in first paragraph, we
get two CERs, f™ : K{ — K§ (resp. g K — K]) such that
oiy € KY and o), € K} (resp. h(oyn) € K and h(0},,) € KJ) for
i > 0. Moreover, K7 is a horseshoe and K7 is contained in a horseshoe
X;. By Lelmma 7.5, K} = fm'_q(K}’) and fm/_q(X]’c’) are CERs. Since
K, = fm"7I(K]) € fmUXY), g™« K, — K, is expending. Since
h: K} — K is a homeomorphism and h o fm™ = ¢g™ oh on K3, gm
K, — K, is open and topologically exact. By Remark 7.2, K| is a CER.
Moreover, we have 0g i € K} and o) ;.. € K} (resp. h(0g4im') € K|,
and h(o; ) € K;) for i > 0. Since f is not exceptional, K} is a
non-linear CER by Theorem 1.1. Moreover every periodic point x of
™ K} — K} has the form x = f™=4(y), where y is a periodic point
z of fm™ . K{ — Kj. Since Kf C €, we get that the f-orbit of =
has non empty intersection with 2. This implies for every n-periodic
point z of f™ : K — K} we have |d mn(g)| = |dg™™(h(z))|. By
Theorem 7.7, h can be extended conformally to a neighborhood V' of
K. Denote this extension by . In case (ii) we further assume that 7’
is holomorphic. We have 1/ (Ogtim’) = fl(oqﬂ-m/) = h(0g+im’), ? > 0. The
set {0g4ims,@ > 0} is a set with accumulation point o. We claim that
W = h on Vj, where Vj is the connected component of VNV’ containing
0. In case (i), since df (o) ¢ R, b’ and h are both holomorphic or both
antiholomorphic on Vj, hence ' = h on Vj. In case (ii), by our choices
W' and h are both holomorphic, hence k' = h on V.

There exists b € Vo N K} such that ferm(b) = a for some n > 0
and {b, f(b), -, 7" (b)} C Uy. We also have h(b) = h(b) = h(b).
Since ho f = goh on Uy we have

h(a) = h(fi(b)) = g*(h(b)) = g*(h(b)) = h(f(b)) = h(a).

This implies h =hon ENU,. Since E is dense in J(f) we get that
h=honUyNJ(f).
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To summary we have shown that the homeomorphism h : J(f) —
J(g) conjugates f to g can be extended conformally to a disk intersect-

ing J(f). By a lemma due to Przytycki-Urbanski | , Proposition
5.4, Lemma 5.5], h extends to a conformal map h : P}(C) — P!(C)
such that ho f = go h on P}(C). O
7.4. Marked multiplier spectrum rigidity. Combining Theorem
1.8 and Eremenko-van Strien’s theorem | ], we now prove Theo-
rem 1.7.

Proof of Theorem 1.7. 1t is clear that (ii) implies (i). We need to show
that (i) implies (ii). Assume h preserves the marked multiplier spec-
trum on €. By Theorem 1.8, h can be extended to a conformal map
on P!(C). If h is holomorphic then we are done. If h is antiholomor-
phic, then the multipliers of all periodic points in 2 are real. By the
main theorem in | |, J(f) is contained in a circle C. Let ¢ be a
non-identity conformal map on P!(C) such that ¢ fixes every point in
C. Let h := ho ¢, then h € PGL(C), and we have ho f = go h on
P!(C), this finishes the proof. O

7.5. Another proof of McMullen’s theorem. Now we can give
another proof of Theorem 1.2 using A\-Lemma and Theorem 1.7.

Proof of Theorem 1.2. By using A-Lemma | , Theorem 4.1}, it is
well known that two endomorphisms in a stable family are quasicon-
formally conjugate on thier Julia sets. Assume by contradiction the
conclusion is not true. Since exceptional endomorphisms that are not
flexible Lattes are isolated in the moduli space Mg, there is at least
one f in the familly that is not exceptional. Let g be another endo-
morphism in the family. Let h : J(f) — J(g) be the quasicoformal
conjugacy. Since multiplier spectrum is preserved in this family and
the conjugacy h moves continuously in the family, for every n-periodic
point z of f we have df"(x) = dg"(h(z)). By Theorem 1.7, h extends
to an automorphism on P!(C). This contradicts to the assumption that
the family is non-isotrivial. U

7.6. Milnor’s conjecture on Lyapunov exponent. We now prove
Theorem 1.14 using Theorem 1.1.

Proof of Theorem 1.1/. Let S be the finite exceptional set of periodic
points in the assumption of Theorem 1.14. Passing to an iterate of f
there exists a repelling fixed point o of f such that o ¢ S. Choose a
linearization domain U of o such that U NS = (). By the discussion in
Lemma 7.5, there exists a horseshoe K C U. Passing to an iterate of f,
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we assume that f(K) = K. For every n-periodic point z € K, we have
|df™(x)| = b™ for some b > 0. Consider the function ¢ := log|df|. We
have shown that for every n-periodic point z € K, S0 o(fi(z)) =
nlogb. Recall the following classical Livsic Theorem | ]

Lemma 7.8. Let K be a CER of f, f(K) = K. Let ¢ be a Hélder
continuous function on K. Assume there exits a constant C' such that
for every n-periodic point x € K of [ we have

—_

n—

¢(f'(x)) = nC,

7

Il
=)

then there exists a continuous function u on K such that ¢ — C =
uo f—u.

Apply the above theorem to ¢ := log |df|, we get that ¢ is cohomolo-
gous to a constant function on K in the sense of Definition 7.6. Hence
K is a linear CER, which is not a finite set. By Theorem 1.1, f is
exceptional. The proof is finished. O

Next we prove Corollary 1.16. Let f : P! — P! be an endomorphism
over C of degree at least 2. By Gelfert-Przytycki-Rams | |, there
is a forward invariant finite set ¥ C J(f) with cardinality at most
4 (possibly empty), such that for every finite set F' C J(f) \ %, we
have f~Y(F)\ C(f) # F. Let A'(f) be the closure of the Lyapunov
exponents of periodic points contained in J(f) \ £. The following
Theorem was proved by Gelfert-Przytycki-Rams-Rivera Letelier. Be
aware that the definition of “exceptional” in | | and | ]
has different meaning with ours.

Theorem 7.9. | , Theorem 2|, | , Theorem 1, Propo-
sition 10]. Let f : P* — P! be an endomorphism over C of degree at
least 2. Then A'(f) is a closed interval (possibly a singleton).

Proof of Corollary 1.16. If A’(f) is not a singleton we are done by The-
orem 7.9. If A’(f) is a singleton, then by Theorem 1.14, f is excep-
tional, contradics to our assumption. This finishes the proof. 0

7.7. A simple proof of Zdunik’s theorem. Next we give a simple
proof of Theorem 1.11, using Theorem 1.1.

Proof of Theorem 1.11. It is easy to observe that if f is exceptional
then p is absolutely continuous with respect to A,. We only need to
show the converse is true.



36 ZHUCHAO JI AND JUNYI XIE

Let ¢ := alog|df|. Following Zdunik | ], we say ¢ is coho-
mologous to logd if there exists a function u € L*(J(f), u) such that
¢ —logd = uo f —wu holds for almost every point, where J(f) is the
Julia set. By a result of Przytycki-Urbanski-Zdunik | , Theorem
6], ¢ is not cohomologous to logd implies p is singular with respect
to A,. So we only need to show that ¢ is cohomologous to logd im-
plies f is exceptional. Now we assume ¢ — logd = u o f — u for some
uwe L*J(f),n). By alemma due to Zdunik | , Lemma 2], for
every p ¢ PC(f), there exists a neighborhood U of p such that u
equals to a continuous function almost everywhere. We observe that if
¢r = alog|df| satisfy ¢y —logd = uwo f —u then ¢sm = alog|df”|
satisfies

(7.1) ¢ —nlogd =uo f" —u.

Passing to an iterate of f there exists a repelling fixed point o ¢
PC(f). Let U be a linearization domain of o such that u is continous
on U. Let K be a horseshoe of f contained in U. Passing to an iterate
of f, we may assume f(K) = K. Since u is continuous on K, by (7.1)
the function log |df | is cohomologous to a constant on K in the sense of
Definition 7.6. This implies K is a linear CER. Since K is not a finite
set, by Theorem 1.1, f is exceptional. The proof is finished. O

8. LENGTH SPECTRUM AS MODULI

For N > 1, the symmetric group Sy acts on CV (resp. RY) by
permuting the coordinates. Using symmetric polynomials, one can
show that CV/Sy ~ CV. For every element (\q,...,\y) € CV (resp.
RY), we denote by {\1,...,Ax} its image in CV /Sy (resp. RY/Sy).
We may view the elements in CV /Sy as multisets.*

For d > 2, let frai, : Ratq x P! be the endomorphism sending (¢, 2)
to (t, fi(z)) where f; is the endomorphism associated to ¢ € Rat,. For
t € Raty, f" has N,, := d" + 1 fixed points counted with multiplicities.
Let A1, ..., Agny1 be the multipliers of such fixed points. Define s,,(t) =
Su(ft) == {1, ., Aany1 ) € AN /Sy the n-th multiplier spectrum of
fr. Similarly, define Ly, (t) = Ln(f:) == {|Ml,...,[Aana|} € RN /Sy,
the n-th length spectrum of f;. Both s,(f;) and L,(f;) only depend on
the conjugacy class of f;.

4A multiset is a set except allowing multiple instances for each of its elements.
The number of the instances of an element is called the multiplicity. For example:
{a,a,b,c,c,c} is a multiset of cardinality 6, the multiplicities for a, b, c are 2,1,3.
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For every n > 1, let Per ,,(frat,) be the closed subvariety of Raty x P
of the n-periodic points of frat,. Let ¢, : Per,(frat,) — Ratq be
the first projection. It is a finite map of degree d" + 1. Let A, :
Per,(frat,) — A! be the algebraic morphism (f;,z) — dff(z) € AL
Let |A,] : Per,(frat,())(C) = [0, +00) be the composition of A, to the
norm map z € C — |z| € [0,400). A fixed point x of f;* has multiplic-
ity > 1 if and only if dfj*(x) = 1. This shows that the map ¢, is étale
at every point x € Per,,(frar,) \ A, (1).

We may view Per,,(frat,) as the moduli space of endomorphisms of
degree d with a marked n-periodic point. So we may also denote it by

Raty[n] or Rat}[n]. More generally, for every s = 1,...,d"+1, one may
construct the moduli space Rat]j[n] of endomorphisms of degree d with
s marked n-periodic point as follows: For s = 2,...,d" + 1, consider

the fiber product (Rata[n])jg,,, of s copies of Ratq[n] over Ratq. For
i#je{l,...,d" + 1}, let m; : (Rata[n])ig,,, — (Rata[n])7g,,, be the
projection to the 4, j coordinates. The diagonal A C (Ratd[n])iRatd is
an irreducible component of (Ratd[n])fRatd. One define Rat)[n] to be
the Zariski closure of

in (Rata[n])jg,,- Denote by ¢;, : Ratj[n] — Raty the morphism induced
by ¢,. Let A2 : Ratj[n] — A® the morphism defined by (¢, x1, ..., z5) —
(df™(z1),...,df"(xzs)) and |A3| : Rat)[n|(C) — R® the map defined
by (t,x1,...,xs) = (|df"(x1)], ..., |df"(xs)]). Since ¢, is étale at ev-
ery point z € Per,(frat,) \ A, (1), @5 is étale at every point z €

(A THAT\{1h)).

To prove Theorem 1.5, we need to study the subsets taking form
An(a) := L;'(a) where a € RN /Sy . Since L, is not holomorphic
(hence not algebraic), in general, the above set is not algebraic. To get
some algebricity of A, (a), one can view Raty(C) as an real algebraic
variety by splitting a complex variable z into two real variety x,y via
2z = x+1iy. A more theoretic way to do this is using the notion of Weil
restriction. See Section 8.1.1 for a brief introduction. However, even
when we view Raty(C) as a real algebraic variety, A,(a) is not real
algebraic in general (c.f. Theorem 8.10). Here real algebraic means
Zariski closed when viewing Rat,(C) as a real algebraic variety. See
Section 8.1.1 for the precise definition. This is one of the main difficulty
in the proof of Theorem 1.5. To solve this problem, we introduce a class
of closed subsets of Rat,(C) that are images of algebraic subsets under
étale morphisms. We will study such subsets in Section 8.2.
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8.1. An example of non-algebraic length level set. The main
result of this section is Theorem 8.10, in which we give an example to
show that the subsets A,(a) may not be real algebraic in Raty(C)”.

Except Definition 8.1, in which we give a precise definition of the
notion real algebraic using Weil restriction, this section will not be
used in the rest of the paper.

8.1.1. Weil restriction. We briefly recall the notion of Weil restriction.
See | , Section 4.6] and | , Section 7.6] for more information.

Denote by Varc (resp. Var g) the category of varieties over C (resp.
R). For every variety X over C, there is a unique variety R(X) over R
represents the functor Varg — Sets sending V' € Var g to Hom(V ®g
C, X). It is called the Weil restriction of X. The functor X — R(X)
is called the Weil restriction. One has the canonical morphism 7x :
X(C) - R(X)(R), which is a real analytic diffeomorphism. One may
view X (C) as a real algebraic variety via 7.

Definition 8.1. The real Zariski topology on X (C) is the restriction
of the Zariski topology on R(X) via 7x. A subset Y of X(C) is real
algebraic if it is closed in the real Zariski topology.

By (iii) of Proposition 8.3 below, the real Zariski topology is stronger
than the Zariski topology on X (C).

Roughly speaking, the Weil restriction is just constructed by splitting
a complex variable z into two real variables x,y via z = x + iy. For
the convenience of the reader, in the following example, we show the
concrete construction of R(X) when X is affine.

Example 8.2. First assume that X = AY. Then R(X) = AZ". The
map
x : AY(C) =CN — AV (R) = RN
sends (21,...,2n) to (1,1, %2, Yo, - .., TN, Yn) Where z; = x; + 1y;.
Consider the algebra B := C[I]/(I? + 1) ~ C @ IC. Every f €
Clz1,. .., 2n] defines an element
F = f(x14+ Iy,...,on + Lyn) € B[z, y1,. .., 2N, YN

Since

B[mlayla"wajN?yN] = C[xlaylw"vaayN] @IC[xlaylw"vaayN]a

F can be uniquely decomposed to F' = r(f) + Ii(f) where r(f),i(f) €
C[l’l,yh ..., IN, yN]

In our example, we will take d = 2 and n = 1.
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If X is the closed subvariety of AY = SpecC|zy, ..., 2] defined by
the ideal (fy,...,fs), then R(X) is the closed subvariety of R(AY) =
AZN = SpecR[z1,v1,. .., 2N, yn] defined by the ideal generated by

r(f1),i(f1), -, r(fs), il fs)-

We list some basic properties of Weil restriction without proof.

Proposition 8.3. Let X,Y € Var,c, then we have the following prop-
erties:
(i) if X s irreducible, then R(X) is irreducible;
(ii) dim R(X) = 2dim X;
(iii) of f:Y — X is a closed (resp. open) immersion, then the in-
duced morphism R(f) : R(Y) — R(X) is a closed (resp. open)

1MMersion.
Then we get the following easy consequence.

Lemma 8.4. Let Y € Varc and X be a closed subset Y. Then R(X)
is the Zariski closure of X(C) = R(X)(R) in R(Y).
Proof. We may assume that X and Y are irreducible. It is clear that

T <~ ,—zar

R(X)(R) C R(X). So R(X)(R)™ C R(X). Since

dimg R(X)(R)" > dimp R(X)(R) = 2dim X = dim R(X)

and R(X) is irreducible, we get R(X)(R) = R(X). O

We denote by 0 € Gal(C/R) the complex conjugation z — Z. For
every complex variety X, one denote by X7 the base change of X by
the field extension o : C — C. This induces a morphism of schemes

(over Z) o : X7 — X. It is not a morphism of schemes over C. It is
clear that (X7)7 = X.

Example 8.5. If X is the subvariety of A(]CV = SpecClzy, ..., zy]| de-
fined by the equations Y ,a;72' = 0,4 = 1,...,s Then X7 is the
subvariety of AY defined by >, @;72' = 0,i =1,...,s. The map o :
X = (X7)7 — X7 sends a point (z1,...,2x) € X(C) to (z1,...,2Zn) €
X7(C).

The following result due to Weil is useful for computing the Weil
restriction.

Proposition 8.6. | , Exercise 4.7] We have a canonical isomor-
phism
R(X)®r C~ X x X7,
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Under this isomorphism,
R(X)(R) = {(z1,22) € X(C) x X?(C)| 22 = o(z1)}
and Tx sends z € X(C) to (z,0(2)) € R(X)(R).
8.1.2. The norm map. For N > 1, let vy : CV/Sy — RY /Sy be the

real analytic map sending {z1,...,2x} to {|z1]% ..., |zn[*}. We view
CN /Sy as a real algebraic variety via the identification

CY/Sy = (AL /Sn)(C) = R(AZ /Sn)(R) € R(AZ/SN)(C).
The following result is the aim of this section. We postpone its proof

to the end of this section.

Proposition 8.7. For a := {ay,...,ay} € RY,/Sy, vy'(a) is real
Zariski closed if and only if N =1 or N =2 and a; # as.

Set X := R(AY/Sy)®rC = (A¥/Sy) x (AY /Sy). (Since AY /Sy is
defined over R we have AY /Sy = (AY/Sy)°.) Consider the quotient
morphisms ¢; : AY — AY/Sy defined by

(z1,...,2nv) = {21, ..., 2N}
and qo : AY x AY — X defined by
(ug,...,un;v1,...,on) = ({ug,...;un}, {vr, ..., on}).

Consider the morphism puy : AY x AY — AY defined by

(U1, UN; VL, -, ON) (U - UNUN).
Let T, be the graph of puy in (AY x A¥) x AY. Set Ty = (g2 x
q1)(Ty) € X x (AY/Sy). Since o X ¢ is finite, I'y is an irreducible
closed subvariety of X x (AY/Sy). We view it as a correspondence
between X and AY/Sy.

Let m : X x (AY/Sy) — X and my : X x (AY/Sy) — (AY/Sy)
be the first and the second projection. Then m|r, is a finite mor-
phism of degree N!. For every x € X, the image of x under I'y is
In(z) := m(Ty Ny (x)). For a general x € X(C), I'y(x) has N!
points. Similarly, for every y € AY /Sy, the preimage of y under I'y is
Iy (y) == m Ty Nyt (y).

Lemma 8.8. For every a = {ay,...,an} € (A¥/Sy)(C) with a; #
0,i=1,...,N, I'y'(a) is irreducible and of dimension N.
Proof. Consider the actions of g € Sy on AY x AY by
g'(ula <o UNS UL, - aUN) = (ug(l)7 <oy Ug(NY; Ug(1)y - - - 7Ug(N))
and on AY by g.(z1,...,28) = (241): - - - » Zg()). Then we have

1(g9.7) = @1 (), g2(g.7) = g2().
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Since
Iy (a) = g2(uy' (¢ ({aa, . an})))
and
i ({a,...,an}) = {g.(ar,...,an)| g € Sy},
we get I'y'(a) = q(uy ((ay,...,an))). Since uy'((ay,...,ay)) is de-
fined by u;v; = a;,4 = 1,..., N, it is isomorphic to (A'\{0})", which is
irreducible. Since g, is finite, I'y'(a) is irreducible of dimension N. [

For a = {ai,...,an} € RY;/Sx C (AY/Sy)(R), we have
PR (@) (R) = Ty () N X (R) = Upesy Vivg(0)
where
Vivg(a) = @({(ur,...,uns@m, ... Tw) € CN| uillygy = a;, 1 <0 < N})

= {({ua,...,un} {@m, ..., u5}) € REX)(R)| wityg = a5, 1 < i < N}

We note that, if g1, go € Sy are conjugate, then Vi g4 (a) = Vi g,(a).
For every g € Sy, it can be uniquely written as a product of disjoint
cycles, i.e. there is a partition {1,...,N} = U{_,I; such that g =
o1+ 05 Where o; acts trivially outside I; and transitively on I;. Set

ZN7g(a) = {(ul,. .. ,UN;'LL_l,. .. ,W) S CzN| UsUg(5) = (Ii,i = 1,. .. ,N},
then Vy ,(a) = ¢2(Zn4(a)).

For i = 1,...,s, set m; := #I; and write I; = {ji,...,jm,} With
0(jn) = Jjni1, here the index n is viewed in Z/m;Z. We define Z;,1 =
1,..., s as follows:

(Ep) : If m; is even and Y, (—1)"loga;, # 0, Z; := 0.
(Ey) : If m; is even and Y " (—1)"loga;, = 0, then Z; is the
set of points taking forms (U,U) € Cl x C% where

o —1. b -1 —1 i
,Qoay T € ar;-€ev)

(e 0 =1 A
U= (rje”,airy e ey Qg Oy - AT

for some 7;, € Ry and 6 € R. Hence Z; ~ R. o x (R/Z).
(O) : If m; is odd, then Z; is the set of points taking forms
(U,U) € Cli x C% where

m;—1 1/2
_ i0 i0 _ (=1)!
U= (rje”,....rj, €)1, = (H a; .,

=0

for some 6 € R. Hence Z; ~ R/Z.
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Easy to show that
Zng(a) =[]
i=1

Let eg(g), e1(g) and o(g) be the number of 7 fall into the cases (Ey), (E1)
and (O) respectively. Then Zy 4(a) = 0 if e(g) > 0, otherwise

Zng(0) = RS x (RZ) 4200,

Lemma 8.9. We have Vy,a(a) = vy'(a) and it is Zariski dense in
'y (a).

Proof. Tt is clear that Viyja(a) = vy'(a). By Lemma 8.8, T'y'(a) is
irreducible and of dimension N. Since Zyiq(a) ~ (R/Z)N, Vi,a(a) =
q2(Zna(a)) is of dimension N. Then it is Zariski dense in 'y (a). O

Proof of Proposition 8.7. By Lemma 8.9, vy'(a) = Vya(a) is Zariski
closed if and only if Vv 4(a) C Vyia(a) for every g € Sy.

The case N =1 is trivial. If N = 2 and a; # as, then eg(g) > 0 for
g € 99\ {id}. Hence Viyiq(a) is Zariski closed. If there is i # j with
a; = aj, let g := (i,7) € SN. Then

Zng(a) ~Rog x (R/Z)N !

which is not compact. Since go is finite, ¢2(Zn4(a)) is closed but not
compact. Hence it does not contained in Vy;q(a).

Now we may assume that N > 3 and a; # a; for every ¢ # j. We
may assume that a; > ay > a3 and a; = max{a;,i = 1,..., N}. Then
for every ({uy,...,un}, {ur,...,un}) € Via(a) We have

max{|u;[,i=1,...,N} = a}/Z.

Pick ¢ = (1,2,3) € Sy. Then Zy;a(a) # 0 and for every point
(W1, ..., uN; 01, ..., uN) € Zng(a), we have

max{|u|,i =1,...,N} > |ug| = (ayaza3")"/* > a)?.
Since Viia(a) = ¢2(Znia(a)), Vv g(a) N Vyia(a) = 0. Hence Viya(a) is

not Zariski closed. O

8.1.3. The example. In this section, we focus on the first length spec-
trum map L; : Raty(C) — R2/S;. We view Raty(C) as a real algebraic
variety via identifying Raty(C) with R(Raty)(R)

Theorem 8.10. For a € (1,v/2), L7'({a,a,a}) is not real algebraic
in Raty(C).
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Proof. We follows the notations in Section 8.1.2.

Recall the first multiplier spectrum map s; : Raty(C) — (A3/S3)(C).
Then L '({a,a,a}) = s7* (v3 ({a?, a?,a?})). Set b := {a?,a? a®}. Since
sp factors through the moduli space My(C), there is a morphism
[s1] : M5(C) — (A3/S5)(C) such that [s;] o Uy = s;. It was proved
by Milnor| ] that [s1] is an isomorphism to its image M (see
also | , Theorem 2.4.5]). Moreover, by | , Theorem 2.4.5 and
Lemma 2.4.6], M = ¢,(Yy) and R(M) = g2(R(Yy)), where

}/0 = {(21, 22,23) - C?)’ Z1R9%3 = Zl+22—|—23 —2, 21292 7é 1}U{(1, 1, Zg)}

Set YV = {(21,22,23) € (C3| 212923 = 21 + 29 + 23 — 2} which is
the Zariski closure of Yj. The Zariski closure of R(M) in R(A2/S3) is
G2 (R(Y)).

Lemma 8.11. The intersection gx(R(Y)) NT3%(b) is irreducible of di-
mension 1.

Proof. Observe that (g2(R(Y)) NT5' (b)) @ C = ¢2(Z) where Z is the
closed subset of R(A}) ®r C = AL x A% = Spec Cluy, ug, us, v1, va, 3]
defined by the following equations:
(1) U1U2U3 = U =+ U9 + Uus — 2
) V1U2V3 —’U1+?)2+U3—2
i) wv; = a;
(iv) ugvy = a;
(V) ugvs = a.
Using symmetric polynomials, one may write

(A%/Sg) ®RC A /SgXA(C/Sg

as
A% x Ag = SpecClz,y, z,2',y/, 7]

and in this coordinate, go is given by x — uy + us + us, y +— uus +

ULU3 + UgUs, Z > UiUaUsz, X'+ V1 + Uy + 3, Y > V109 + VU3 + Vov3 and

2" +— vivovs. One may compute that ¢o(Z) is defined by the following

equations:

(1) 2 # 0;

Then it is irreducible of dimension 1 since it is parametrized by a single
variable z. 0
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Then R(M)NI'5(b) is irreducible, and if this intersection is nonempty,
it is of dimension 1. We note that

vy 1(b) = M N qz(Zs5a(b)).
Let g = (1,2) € S3. We have
M N (g2(Z3,a(b) U q2(Z34(0))) S (R(M) N T35 (b)) (R).

Lemma 8.12. Both M N q2(Z3;4(b)) and M N qa(Zs4(b)) are infinite
and M N QQ(Zgyg(b)) g MnN QQ(Zgyid(b)).

Proof. Since ¢ is finite, we only need to show that Yy N Z5;4(b) and
Yn Z37g(b> are infinite and M N QQ(Zgyg(b)) g MnN QQ(Zgyid(b)).

Since @ > 1, one may compute that Yy N Z3;4(b) = Y N Z5;4(b) and it
is the set of points (uy, us, u3) € C3 satisfying the following equations:

(8.1) Utz = Uy + us + uz — 2 and |uy| = |ug| = |us| = a.
Consider the function F : [0, 7] — [0, +00) given by

a(eiel + ew?) -2
a36i(91+92) —a '

F (91,92) —

Since a > 1, it is well-defined and continuous. We have

F(0,0) = |(2a — 2)/(a® — a)| = ﬁ <1
and )
F(r,7) = |(—2a—2)/(a® —a)| = ala=1) > 1.

There is 5 € (0,7/2) such that for every a € [0, 5], we have
F(0,a) <1land F(m — a,7) > 1.
Hence for every a € [0, 5], there is §(«) € [0, — «] such that
FO(a),0(a) +a) =1.
One may check that

a(ew(a) =+ ei@(a)+a) —9

_ ,i0(a)+a
ae Bei20(a)+a) _ ¢

Uy :aeie(a)7u2 yUs = a € [07/8]

are infinitely many distinct solutions of (8.1). So YN Z3;4(b) is infinite.

Since a > 1, one may compute that Yo N Z; 4(b) =Y N Z;3 4(b) and it
is the set of points (uy,us,u3) € C? satisfying the following equations:

(8.2) Utz = Uy + ug + ug — 2 and ui g = |us)|? = a’.
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Consider the function G : R x [0, 7] — [0, +00) given by

a(r+1/r)e? —2
Be2il _ g :

G:(r,0)—

Since a > 1, it is well-defined and continuous. We note that G(1,0) =
F(0,0) for 6 € [0,7]. So G(1,0) < 1 and G(1,7) > 1. There is R > 1
such that for every r € [1, R|, G(r,0) < 1 and G(r,7) > 1. Then for
every r € [1, R], there is 6, € [0, 7] such that G(r,0,) =1
One may check that
a(r +1/r)e —2

ui(r) = are™ us(r) = ar e’ us(r) = a P T 1, R]

are infinitely many distinct solutions of (8.1). So Yy N Z3,4(b) is infi-
nite. Moreover, if r > 1, then max{|uy(r)|, |ua(r)|, |us(r)|} = ar > a,
so {u(r), us(r), us(r)} € (M N ¢a(Z3,4(0))) \ (M N g2(Z33a(b))). This
concludes the proof. 0

Since M N qo(Z344(b)) is infinite and dim R(M) N T3 (b) = 1, the
Zariski closure of M N qo(Z334(b)) in R(M) is R(M) N T3*(b) but
M O g Zysa(®) € (ROM) (T3 (B)(R). So i ({a,0,a}) = 5 (M N
q2(Z334(b))) is Zariski dense in R(s;)"*(R(M)NT5' (b)), where R(s;) :
(Ratg) R(M) is induced by s;. Since M N q2(Z34a(b)) € (R(M) N

( ))(R) and M is the image of s1, L' ({a,a,a}) € R(s1) Y R(M)N
F3 (b)). This concludes the proof. O

8.2. Images of algebraic subsets under étale morphisms. Let X
be a variety over R. A closed subset V' of X (R) is called admissible if
there is a morphism f : Y — X of real algebraic varieties and a Zariski
closed subset V! C Y such that V = f(V'(R)) and f is étale at every
point in V'(R).

Every algebraic subset of X (R) is admissible.

Remark 8.13. Denote by J the non-étale locus for f in V. We have
JNV(R) = (. Since we may replace V' by V'\ J, in the above definition
we may further assume that f is étale.

Remark 8.14. Let Y be a Zariski closed subset of X. Since étale
morphisms are preserved under base changes, if V' is admissible as a
subset of X (R), it is admissible as a subset of Y'(R).

Remark 8.15. An admissible subset is semialgebraic. So it has finitely
many connected components.

Proposition 8.16. Let Vi, Vs, be two admissible closed subsets of X (R).
Then Vi NV, is admissible.
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Proof. There is a morphism f; : Y; — X7 = 1,2 of algebraic varieties
and a Zariski closed subset V; CY; such that V; = f(V/(R)) and f; is
étale. Then the fiber product f :Y; xx Yo — X is étale. Since

VinVy = fi(V{(R)) N fo(V3(R)) = (V] xx V3)(R)),
Vi NV, is admissible. O

The key result in this section is the following, which shows that
admissible subsets satisfy the descending chain condition.

Theorem 8.17. Let V,,,n > 0 be a sequence of decreasing admissible
subsets of X(R). Then there is N > 0 such that V,, = Vi for alln > N.

We need the following lemma.

Lemma 8.18. Let V' be an admissible closed subset of X(R). Assume
that X and Vzi are smooth. Then V is a finite union of connected
components of V. (R).

Proof. Since V™ is smooth, different irreducible components of v
do not meet. So we may assume that V" is irreducible of dimension
d. Hence V" (R) is smooth, it is of dimension d everywhere.

There is a morphism f : Y — X of algebraic varieties and a Zariski
closed subset V' C Y such that V = f(V’'(R)) and f is étale at every
point in V/(R). After replacing V' by V’ (R)Zar, we may assume that
V'(R) is Zariski dense in V.

For z € V, there is y € V/(R) such that V'(R) has dimension d
at y. Since f is étale, f~H(V""(R)) is smooth and of dimension d.
Hence V' coincides with f~'(V"™") in some Zariski open neighborhood
of y. So V'(R) is smooth at y. It follows that f maps some Euclidean
neighborhood of y in V/(R) to some Euclidean neighborhood of z in

V" (R). This shows that V' is open in V™ (R). Then V is a finite union
of connected components of V' (R). O

Proof of Theorem §.17. We do the proof by induction on dim X. When
dim X = 0, Theorem &8.17 is trivial.

There is N > 0 such that Vnzar are the same for n > N. After remov-
ing V,,,n=1,..., N, we may assume that V,,",n > 0 are the same va-
riety. After replacing X by this variety, we may assume that V,, = X
for all n > 0. Let X, X7 be the smooth and singular part of X. We
only need to show that both V,, N1 Xo(R),n > 0 and V,, N X;(R),n > 0
are stable for n large. Since dim X; < dim X, V, N X;(R),n > 0 is
stable for n large by the induction hypothesis. Since X is smooth, by
Lemma 8.18, every V,, is a union of connected components of X(R).
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Since Xo(R) has at most finitely many connected components, we con-
clude the proof. O

Remark 8.19. Theorem 8.17 does not hold for general semialgebraic
subsets. The following example shows that it does not hold even for
images of algebraic subsets under finite morphisms. For n > 0, set
Zy = [n,00) € AY(R). They are the images of A'(R) under the finite
morphisms z — 22 +n,n > 0. We have Z,,.1 C Z, but Ny>0Z, = 0.
Let d > 2. We now view Raty(C) as a real variety and study the
locus in it with given length spectrum. For n > 1, s =1,..., N, and
a € R*/Sq, let A (a) be the subset of t € Raty(C) such that a C L, (t)
i.e. f' has a subset of fixed points counting with multiplicity, such that

the set of norms of multipliers of these fixed points equals to a. It is a
closed subset in Rat,(C).

Remark 8.20. This notion generalizes the notion A,(a). When s =
N, we get A, (a) = As(a).

Pick (ay,...,as) € R® representing a € [0, +00)%/Ss, we have
An(a) = ¢n (1A (an, - - ay)).
Even though |A?| is not real algebraic, its square |A7|® is real al-

gebraic. So |A3|7Hay, ..., as) = (JA12) 7 (a?,. .., a?) is real algebraic.

)’ s

Hence A?(a) is semialgebraic. Moreover, if a; # 1 for everyi =1,...,s,

A ans - as) © () THAT\ L)

So ¢¢ is étale along |A\%|~!(aq, ..., a,). This shows the following fact.

Proposition 8.21. For a € ([0,400) \ {1})°/Ss, AZ(a) is admissible.

| 2

8.3. Length spectrum. Let f be an endomorphism of P!(C) of degree
d > 2. Recall that the length spectrum L(f) = {L(f)n,n > 1} of f is
a sequence of finite multisets, where L(f), := L,(f) is the multiset of
norms of multipliers of all fixed points of f". In particular, L(f) is a
multiset of positive real numbers of cardinality d"+1. For every n > 0,
let RL(f), be the sub-multiset of L(f), consisting of all elements > 1.
We call RL(f) := {RL(f)n,n > 1} the repelling length spectrum of f
and RL*(f) := {RL*(f)n := RL(f)m,n > 1} the main repelling length
spectrum of f. We have d* + 1 > |RL(f),| > d* + 1 — M for some
M > 0. It is clear that the difference d™ + 1 — |RL*(f),| is increasing
and bounded.

Let €2 be the set of sequences A,,,n > 0 of multisets consisting of real
numbers of norm strictly larger than 1 satisfying |A,| < d™ + 1 and
for every a € A, with multiplicity m, a"™* € A, 1 with multiplicity at
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least m. For A, B € Q, we write A C B if A, C B, for every n > 0.
An element A = (4,) € Q is called big if d* + 1 — |A,]| is bounded.
For every endomorphism f of P!(C) of degree d, we have RL*(f) €
and it is big.

For A C RL*(f), by induction, we can show that there is a sequence
of sub-multisets P, C Fix,(f),n > 1 (here we view Fix,,(f) as a mul-
tiset of cardinal d™ + 1) such that P, C P,,; and A, = {|df"(z)|| = €
P,}. Such P := (P,) is called a realization of A, which may not be
unique. Further assume that A is big, then for every realization of A,
|Fix,u(f) \ P,| is bounded. It follows that Per (f) \ (U,>oP,) is finite.

Let A € Q. Define A(A4) := ﬂnzlAlAnl(An), which is the locus of

n!
t € Rat, satisfying A C RL*(f;). It is clear that Alﬁ"l(An),n > 11is
decreasing, and by Proposition 8.21, each of them is admissible. Hence
by Theorem 8.17 we get the following result.

Proposition 8.22. There is N(A) > 0 such that
AN ()l
A(A) = Ayl (Av),
which is admissible.

Let v =~ [0,1] be a real analytic curve in Raty(C), we view v x P1(C)
as a subset of Raty(C) x P}(C). Let f, be the restriction of frat,(c) to
v x P1(C). For every n-periodic point x = (t,y) € v x P}(C), let 4" be
the connected component of

(v x PY(C)) N Ratq(C)[n] = ¢, (7)
containing x.

Remark 8.23. If x is repelling for f;, then ¢, is étale at (¢,x), hence
it induces an isomorphism from some neighborhood of (z,t) in 72 to
its image in 7.

Moreover, if [A,|(72) C (1,400), then ¢, is étale along 77, in par-
ticular ¢,|,» : 72 — 7 is a covering map. Since 7y is simply connected,
Gnlyn vy — v is an isomorphism. If n|m, then 77 € ~2*. On the other
hand, for every (u,y) € 2, the multiplicity of y in Fix(f") is 1. So 7
coincide with 7' in a neighborhood of y. Hence 7" = ~2. This implies
that every y € 7, has the same minimal period and for every period [

of y, v, = 1.

Lemma 8.24. Fiz A € Q. Assume that for everyt € v, A C RL*(f}).
Then there is a realization P of A for fq, such that the following holds:
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(1) For every x € Up>oFy, Y0 does not depend on the choice of
period m of x. We denote by Yz = V(0.) for some (then every)
period m of x. Then ¢py, : ¥o — 7 is a homeomorphism and
it 1s étale along ~v,. In particular, for different points x, v, are
disjoint.

(ii) For every x € Uy>oP,, with a period m, |\,| is a constant on
Yo

Proof. For every n > 1, let B,, be the subset of Fix(f{) such that |\,
is a constant > 1 on 7f ). If x € B, for some n > 1, by Remark 8.23,
xr € B, for every period m of x and ~, := Y(0.2) does not depend on
the choice of period m. Moreover, ¢,,|,, : 7, — 7 is a homeomorphism
and it is étale along ~,. In particular for for different points x, -, are
disjoint.

It is clear that B = (B,,) realize an element C' € Q. We only need
to show that A C C. Let a be an element in A,, of multiplicity [ > 1.
Then for every t € 7, since |a] > 1, [Au|7(a) N ¢,,'(t) contains at
least [ distinct points. Let xq,...,zs be the elements in x € B, with
Ani((0,2)) = a. We only need to show that s > . For every 1=1,..., ,
., is a connected component of ¢! (7). Set Z := ¢ ' (7) \ Ui, 7,

s < I, then for every t € v, Z N |Ay|7'(a) N ¢, (t) has at least one
point. So there is y € Z such that v N |\,|7(a) is infinite. Since
both 4™ and |\.|~!(a) are real analytic in v x PY(C), 4™ C |\l (a).
By Remark 8.23, 4 meets ¢! (0) at some point (0, z) for some z € B,,.
So 4™ = ~,, which is a contradiction. U

8.4. Length spectrum as moduli. Let ¥ : Raty(C) — My(C) =
Raty(C)/PGL5(C) be the quotient map. Let FL;(C) C Raty(C) be
the locus of Lattes maps, which is Zariski closed in Raty(C). We now
prove Theorem 1.5 via proving the following stronger statement.

Theorem 8.25. If A € Q s big, then ®(A(A) \ FLy(C)) C My is
finite.

Proof. By Proposition 8.22, A(A) is admissible in Raty(C). Hence
A(A)\ FLy(C) is admissible in Raty(C)\ F'Ly(C). In particular, A(A)\
FL4(C) and ®(A(A) \ FLy4(C)) are semialgebraic.

To get a contradiction, assume that ®(A(A) \ FLy(C)) is not finite.
By Nash Curve Selection Lemma | , Proposition 8.1.13], there is
a real analytic curve v ~ [0, 1] in A(A)\ F'L4(C) whose image in M, is
not a point. Since non-flexible Lattes exceptional endomorphisms are
isolated in the moduli space M, there is at least one f; that is not
exceptional. Without loss of generality we assume f is not exceptional.
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We now apply Lemma 8.24 for v and A, and follows the notation there.
Set @ := Up>oF,. Then S := Per (fy) \ Q is finite.

Pick any zg € @. By the discussion in Example 7.4, there exists a
horseshoe K of fy containing zp and K NS = (). There is m > 0
such that fi"(K) = K and f{"(20) = 2. By Lemma 6.1, there exits
e > 0 and a continuous map h : [0,&] x K — P!(C) such that for each
t €[0,¢el:

(i) K;:= h(t, K) is an expanding set of f;".
(ii) the map h; := h(t,-) : K — K; is a homeomorphism and f;” o
hy = hy o fg".

For every t € [0,¢] and for every wy € K satisfying f" (wo) = wy,
we have f/""(hi(wg)) = hi(wp). It follows that hy(wy) = Yu,(t). Since
| Anm| 1S a constant on ~,,, we get |dff™(wo)| = |df{™" (he(wp))|. We
claim that K; is a CER of f;. We check (f;, K;) satisfies Definition
7.1: since K, is expanding by Lemma 6.1, (ii) holds; since topological
exactness and openness preserved by topological conjugacy, by Remark
7.2), (i) and (iii) hold.

Since fj is not exceptional, by Theorem 1.1, K is a non-linear CER
for fo. By Theorem 7.7, for every fixed t € [0, €], the conjugacy h; can
be extended to a conformal map h; : U — V where U is a neighbor-
hood of K and V' is a neighborhood of K;. This implies dfJ*(zy) =
df" (72 (1)) (= dfy" (he(20))) or dfg"(20) = df" (75 (t)). Since dfy™ (74 (t))
depends continuously on ¢, we must have dfJ*(zo) = df{" (7., (t)) when
t € [0,e]. Since ,, is real analytic, the map t — df{"(7,,(t)) is real
analytic on 7 = [0, 1]. It is a constant on [0, €], hence it is a constant on
7. Let n be any period of 2, the above argument shows that (A,
is a constant, hence \,|,. is a constant.

REN) )m

Since our choice of zy € @) is arbitrary, for every zo € @, of period
n, the map t — df*(¢(t)) is a constant on [0, 1]. Since S is finite, all
fi have the same multiplier spectrum for periodic points of sufficiently
high period.

The set of all endomorphisms in Raty(C) with the same multiplier
spectrum of fy for periodic points with period at least N > 1 is an
algebraic variety. We denote it by V. There exists N > 1 such that
~v C V. Further more there exists an irreducible component X of Vi
which contains «y. The irreducible variety X forms a stable family (see
[ , Chapter 4]), since the period of attracting cycles are bounded
in Vy. The variety X is not isotrivial since ¥(7) is not a point. By
Theorem 1.2, v C X is contained in the flexible Lattes family, which
is a contradiction. 0
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