
RIGIDITY OF LYAPUNOV EXPONENTS FOR POLYNOMIALS

ZHUCHAO JI, JUNYI XIE, AND GENG-RUI ZHANG

Abstract. Let f, g ∈ Q[z] be polynomials of degree d ≥ 2 with disconnected
Julia sets. We prove that they have the same Lyapunov exponent Lf = Lg

if and only if either f and g are intertwined, or f and g are intertwined.
The analogous result for critical heights is also obtained. As an application,
we provide a new proof of the theorem stating that the multiplier spectrum
morphism on the moduli space of polynomials is generically injective.

1. Introduction

1.1. Statement of the main theorem. Let f ∈ C[z] be a polynomial of degree
d ≥ 2. The unique maximal entropy measure of f on P1(C) is denoted by µf ; see
[Lyu83, FLM83, Mañ83]. The measure µf is supported on the Julia set J(f) ⊂ C
of f , which is compact in C. The Lyapunov exponent (with respect to µf ) of f
is defined by

Lf :=

∫
C
log |f ′| dµf .

It is well-known that Lf ≥ log(d), and equality holds if and only if J(f) is
connected (cf. [Prz85]). The quantity exp(Lf ) is considered as an average of |f ′|
over J(f), which measures the average expansion rate of f along a typical orbit.

We consider the following algebraic relation between polynomials:

Definition 1.1. Let f, g ∈ C[z] be polynomials of degree ≥ 2. We say that f and
g are intertwined if there exists a (possibly reducible) algebraic curve Z ⊂ A2

over C whose projections to both axes are surjective such that Z is invariant
under the endomorphism (f, g) : A2 → A2, (x, y) 7→ (f(x), g(y)).

The polynomials f and g are intertwined if and only if there exist non-constant
polynomials R, h1, h2 ∈ C[z] \ C and n ∈ Z>0 such that

(1.1) f ◦n ◦ h1 = h1 ◦R and g◦n ◦ h2 = h2 ◦R.

(Here f ◦n denotes the n-th iterate of f .) See [FG22, Theorem 3.39]. In particular,
deg(f) = deg(g) if f and g are intertwined.

Let f ∈ C[z] be the polynomial of degree d obtained from f by applying
complex conjugation to all coefficients. Then Lf = Lf (see Lemma 2.1).

From now on, we fix an algebraic closure Q of Q in C and view all number
fields as subfields of C. All polynomials with coefficients in Q are also viewed as
polynomials with coefficients in C by the fixed embedding Q ↪→ C. Our aim is
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to study the rigidity of Lyapunov exponents for polynomials. The main theorem
of this paper asserts that for polynomials defined over Q with disconnected Julia
sets, Lyapunov exponents determine their intertwining classes:

Theorem 1.2. Let f, g ∈ Q[z] be polynomials of degree d ≥ 2. Assume that
Lf > log(d) (equivalently, J(f) is disconnected). Then Lf = Lg if and only if f
and ĝ are intertwined for some ĝ ∈ {g, g}.

Remark 1.3. Let d ≥ 2 be an integer. By considering the unicritical family
{zd + c}c∈C, it is easy to see that for every real number L0 ≥ log(d), there is
an uncountable subset Ad,L0 of C[z] consisting of polynomials of degree d with
Lyapunov exponent L0 such that for all distinct f, g ∈ Ad,L0 , f and g are not
conjugate. Combined with the result [FG22, Theorem 3.46] on the finiteness of
intertwining classes (see also [Pak25c]), we conclude that for every real number
L0 > log(d), there exist polynomials f, g ∈ C[z] of degree d satisfying:

• Lf = Lg = L0;
• f and g are not intertwined;
• f and g are not intertwined.

(In fact, the set of such polynomials can be chosen to be uncountable.) Thus, we
cannot remove the condition that f and g have Q-coefficients in Theorem 1.2.

It is also easy to see that there exist f, g ∈ Q[z] of degree d with

Lf = Lg = log(d),

but f and ĝ are not intertwined for any ĝ ∈ {g, g}. So the condition that Lf >
log(d) cannot be removed either.

Remark 1.4. Let d ≥ 2 be an integer. By [FG22, Theorems 3.51 and 3.52], a
“general” polynomial f of degree d satisfies the property that every polynomial
g of degree d which is intertwined with f must be conjugate to f . Here “general”
means the property holds for f in a Zariski open dense subset of the parameter
space Polyd.

The proof of Theorem 1.2 will be given in § 4, based on the second-named au-
thor’s result [Xie24, Theorem 1.13] on the transcendence of products of Böttcher
coordinates. In the process of argument, we can prove that for every polynomial
f ∈ Q[z] of degree d ≥ 2, either Lf = log(d) (equivalently, J(f) is connected), or

exp(Lf ) /∈ Q. See Corollary 3.3.

1.2. An analogue for critical heights. Let f ∈ Q[z] be a polynomial of degree

d ≥ 2. The canonical height function of f is the function ĥf : Q → R≥0 given by

ĥf (a) = lim
n→∞

1

dn
h(f ◦n(a)), a ∈ Q,

where h : Q → R≥0 is the (absolute logarithmic) height function on Q. The

zero locus ĥ−1
f (0) equals PrePer(f,Q), the set of f -preperiodic points in Q. The

multiplicative canonical height function of f is the function

Ĥf = exp(ĥf ) : Q → R≥1.
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See [CS93] and [Sil07, Chapter 3] for more details about canonical heights.
The critical (canonical) height of f is defined by

(1.2) ĥcrit(f) :=
∑

{c∈C:f ′(c)=0}

ĥf (c) ≥ 0,

where the critical points are counted with multiplicity; see [Sil12, § 6.2]. The

function is invariant under conjugacy, so it induces a function ĥcrit : MPolyd(C) →
R≥0 on the moduli space of degree d polynomials MPolyd(C) (see § 1.3). Note

that ĥcrit(f) = 0 if and only if f is post-critically finite, i.e., all critical points of

f are f -preperiodic. Ingram [Ing12] proved that ĥcrit is comparable to an ample
Weil height on MPolyd(C). The multiplicative critical (canonical) height of f is

(1.3) Ĥcrit(f) := exp
(
ĥcrit(f)

)
=

∏
{c∈C:f ′(c)=0}

Ĥf (c) ≥ 1.

The (multiplicative) canonical heights admit decompositions into local canoni-
cal heights [Sil07, Theorem 3.29]. The (multiplicative) critical height is a “global”
invariant of the system (A1, f). Considering all archimedean places, we say that
f has a disconnected Julia set after Galois conjugation if J(σ(f)) ⊂ C is discon-
nected for some σ ∈ Gal(Q/Q), where σ(f) ∈ Q[z] is the polynomial obtained
from f by applying σ to all coefficients and viewed as a polynomial over C via
the fixed embedding Q ↪→ C. We can prove that f has a disconnected Julia set
after Galois conjugation if and only if Ĥcrit(f) /∈ Q (Corollary 3.6).

Our main theorem, Theorem 1.2, deals with only one archimedean place, cor-
responding to the fixed embedding Q ↪→ C. The following theorem is a “global”
analogue of Theorem 1.2 considering all archimedean places; its proof requires
[Xie24, Proposition 1.14], a result on the transcendence of products of canonical
heights for polynomials:

Theorem 1.5. Let f, g ∈ Q[z] be polynomials of degree d ≥ 2. Assume that f

has a disconnected Julia set after Galois conjugation. Then ĥcrit(f) = ĥcrit(g) if
and only if f and σ(g) are intertwined for some σ ∈ Gal(Q/Q).

We give the proof of Theorem 1.5 in § 4, which is almost the same as the proof
of Theorem 1.2.

1.3. Application to multiplier spectra. Let d be an integer at least two. Let
Polyd be the irreducible affine (algebraic) variety of degree d polynomials, which
is isomorphic to (A1 \ {0}) × Ad. The geometric quotient MPolyd = Polyd/Aff
is the moduli space of degree d polynomials, where Aff is the group of degree
one polynomials acting on Polyd by conjugation. The moduli space MPolyd is an
irreducible affine variety defined over Q. See [JX25, § 1] and [Hug24, § 2.1]. The
Lyapunov exponent is invariant under (affine) conjugacy [Sil12, Remark 6.46].
Then we obtain a map

Lyapd : MPolyd(C) → [log(d),∞), [f ] 7→ Lf ,
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which is continuous with respect to the complex topology on MPolyd(C) (cf.
[Ber13, Theorem 86]). The map Lyapd is surjective, i.e., Lyapd(MPolyd(C)) =
[log(d),∞) (see Remark 1.3).

Let f ∈ C[z] be a polynomial of degree d. For an f -periodic point z0 ∈ P1(C)
with exact period n ∈ Z>0, the multiplier of f at z0 is defined as the differential

ρf (z0) := df ◦n(z0) ∈ C,

and the length of f at z0 is the modulus |ρf (z0)| ∈ R≥0. Note that the multiplier
of f at the superattracting fixed point ∞ is ρf (∞) = 0.
For n ∈ Z>0, let Sn(f) (resp. Ln(f)) be the multiset of multipliers (resp.

lengths) of n-periodic points of f in P1(C), whose cardinality equals dn + 1. The
multiplier spectrum (resp. length spectrum) of f is the sequence

S(f) = (Sn(f))
∞
n=1 (resp. L(f) = (Ln(f))

∞
n=1)

of multisets. Note that Sn(f), S(f), Ln(f), and L(f) depend only on the con-
jugacy class of f ; hence they induce maps on MPolyd(C), still denoted by Sn,
S, Ln, and L. The first- and second-named authors, Ji and Xie, constructed the
multiplier spectrum morphism

τ̃d : MPolyd → AM

on MPolyd, where M = M(d) ≥ 1 is an integer depending only on d. The
map τ̃d is a morphism between algebraic varieties (defined over Q) such that
τ̃d([f ]) = τ̃d([g]) if and only if S([f ]) = S([g]), for all [f ], [g] ∈ MPolyd(C). See
[JX25] for more details. The morphism τ̃d is generically injective:

Theorem 1.6 ([JX25, Theorem 1.4]). For every integer d ≥ 2, the morphism τ̃d is
generically injective: there exist a non-empty Zariski open subset U of MPolyd(C)
and a Zariski open subset W of the Zariski closure of τ̃d(U) with τ̃−1

d (W ) = U
such that τ̃d : U → W is a finite étale morphism of degree 1.

Huguin [Hug24] proved Theorem 1.6 using completely different methods. The
third-named author, Zhang, provided a detailed proof of Theorem 1.6 in [Zha26],
based on the ideas of Ji-Xie [JX25] and Pakovich [Pak25a, Pak25b].

As an application of our main results, in § 4 we show that Theorem 1.2 implies
Theorem 1.6. Thus, we obtain a new proof of Theorem 1.6.

We remark that the above constructions work for rational maps f ∈ C(z) of
degree d. The analogous result [JX25, Theorem 1.3] of Theorem 1.6 for rational
maps is a generalization of a remarkable theorem of McMullen [McM87].

2. Preliminaries

In § 2.1, we recall basic properties of Lyapunov exponents and Green functions,
and deal with the “easy” direction of our main theorems. In § 2.2, we briefly
recall the notion of Böttcher coordinates for polynomials. In § 2.3, an equivalent
definition of intertwined relation for non-exceptional polynomials is considered.
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2.1. Lyapunov exponents and Green functions. Let f(z) = adz
d + · · · +

a1z + a0 ∈ C[z] be a polynomial of degree d ≥ 2.
The Green function (also called the escape rate function) of f on C is the

continuous subharmonic function gf : C → R≥0 defined by

gf (z) = lim
n→∞

1

dn
log+ |f ◦n(z)| ,

where log+ = max{0, log}. It satisfies gf (f(z)) = dgf (z) for z ∈ C. The zero
locus g−1

f (0) equals the filled Julia set

K(f) = {z ∈ C : (f ◦n(z))n≥1 is bounded}
of f , which is compact in C. Then the Lyapunov exponent Lf of f can be
computed by Przytycki’s formula:

(2.1) Lf = log(d) +
∑

{c∈C:f ′(c)=0}

gf (c),

where the critical points are counted with multiplicity; see [Prz85, Man84, Mañ88].
By (2.1) and [Mil06a, Theorem 9.5], Lf ≥ log(d) and the following statements
are equivalent:

• Lf = log(d);
• all finite critical points of f belong to the filled Julia set K(f);
• K(f) is connected;
• J(f) is connected.

The polynomial f is called exceptional if it is (affinely) conjugate to zd or
±Td(z), where Td(z) is the (normalized) Chebyshev polynomial of degree d, i.e.,
the unique monic polynomial of degree d satisfying Td(z + z−1) = zd + z−d. See
[Zha26, Definition 1.1]. If f is exceptional, then its Lyapunov exponent Lf attains
the minimum Lf = log(d) (cf. [Zdu14, § 2]).

The “if” direction of Theorem 1.2 and Theorem 1.5 follows from the following
two easy lemmas:

Lemma 2.1. Let f, g ∈ C[z] be polynomials of degree d ≥ 2. If f and ĝ are
intertwined for some ĝ ∈ {g, g}, then Lf = Lg.

Proof. By (2.1) and the definition of Green functions, it is easy to see that Lg =
Lg. Hence we may assume that f and g are intertwined, and the conclusion
follows from [FG22, Lemma 3.48]. □

Lemma 2.2. Let f, g ∈ Q[z] be polynomials of degree d ≥ 2. If f and σ(g) are

intertwined for some σ ∈ Gal(Q/Q), then ĥcrit(f) = ĥcrit(g).

Proof. By the definition of ĥcrit and the Galois invariance of the (absolute loga-

rithmic) height h, it is easy to see that ĥcrit(g) = ĥcrit(σ(g)) for all σ ∈ Gal(Q/Q).
Hence we may assume that f and g are intertwined, and the conclusion follows
from the analogue of (2.1) over any metrized field of characteristic zero (Okuyama
[Oku12, § 5]), [FG22, Lemma 3.48], and decompositions of canonical heights into
local canonical heights [Sil07, Theorem 3.29]. □
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2.2. Böttcher coordinates. A Böttcher coordinate of f (at infinity) is a Laurent
series ϕf (z) ∈ C((z−1)) satisfying

(ϕf ◦ f)(z) = (zd ◦ ϕf )(z)

and having a simple pole at infinity, i.e., it takes the form

ϕf (z) = b1z + b0 + b−1z
−1 + b−2z

−2 + · · · .
It exists and is unique up to multiplication by a (d − 1)-th root of unity in C
(see [Xie24, Proposition 4.1 and Lemma 4.4]). From now on, we use ϕf to denote
a fixed Böttcher coordinate of f . There is a constant B(f) > 0 such that ϕf

converges in the punctured neighborhood of infinity

Σ(f) := {z ∈ C : |z| > B(f)}
and f(Σ(f)) ⊆ Σ(f) (cf. [Xie24, Proposition 4.3]). We may assume that

Σ(f) ∩ K(f) = ∅ and B(f) = B(f). Then Σ(f) = Σ(f) = Σ(f). By [FG22,
Proposition 2.22] (after enlarging B(f) if necessary), the Böttcher coordinate
and Green function of f are related by

(2.2) gf (z) = log |ϕf (z)| , z ∈ Σ(f).

Note that ϕf (z) ̸= 0 for every z ∈ Σ(f). See [FG22, § 2.5] and [Xie24, § 4.1] for
a detailed treatment of Böttcher coordinates.

2.3. The intertwined relation for non-exceptional polynomials. The ar-
ticle [Xie24] involves an equivalence relation ∼ between rational maps, whose
definition is slightly different from Definition 1.1 for the polynomial case:

Definition 2.3 ([Xie24, § 3.1]). Let f, g ∈ C(z) be rational maps of degree at
least 2. We say that f and g are semi-equivalent and write f ∼ g if there exists
an irreducible algebraic curve Z ⊂ P1 × P1 over C whose projections to both
factors P1 are finite, such that Z is periodic under the endomorphism

(f, g) : P1 × P1 → P1 × P1, (x, y) 7→ (f(x), g(y)).

Remark 2.4. Let f, g ∈ C(z) be rational maps of degree ≥ 2. If f ∼ g, then
deg(f) = deg(g) (see [Xie24, Remark 3.1]). By [Xie24, § 3.1] and the Riemann-
Hurwitz formula, f ∼ g if and only if there exist non-constant rational maps
R, h1, h2 ∈ C(z) \ C and n ∈ Z>0 such that

(2.3) f ◦n ◦ h1 = h1 ◦R and g◦n ◦ h2 = h2 ◦R.

We show that ∼ coincides with the intertwined relation for non-exceptional
polynomials:

Lemma 2.5. Let f, g ∈ C[z] be non-exceptional polynomials of degree ≥ 2. Then
f ∼ g if and only if f and g are intertwined.

Proof. The “if” direction is trivial.
It suffices to prove the “only if” direction. Let f, g ∈ C[z] be non-exceptional

polynomials of degree ≥ 2 such that f ∼ g. Set d := deg(f) = deg(g) ≥ 2
(see Remark 2.4). Let Z ⊂ P1 × P1 be an irreducible complex algebraic curve
whose projections to both factors P1 are finite, such that Z is periodic under the
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endomorphism (f, g) : P1 × P1 → P1 × P1. Take an integer l ≥ 1 such that Z
is (f ◦l, g◦l)-invariant. Since f and g are non-exceptional, the iterates f ◦l and g◦l

are also non-exceptional (cf. [Zdu90]). We may assume that l = 1, i.e., Z is
(f, g)-invariant.

Let

ν : Ẑ → Z

be the normalization of the irreducible projective curve Z. The restriction of the
endomorphism (f, g) to Z lifts to Ẑ and defines a non-invertible endomorphism

F : Ẑ → Ẑ. Since deg(F ) = deg(f) = d ≥ 2, by the Riemann-Hurwitz formula,

Ẑ has genus g(Ẑ) ≤ 1.

Assume first that g(Ẑ) = 1. Then Ẑ is an elliptic curve. Since

f ◦ (π1 ◦ ν) = (π1 ◦ ν) ◦ F,

the polynomial f is a Lattès map (cf. [Mil06b]), which is a contradiction because
any Lattès map has Julia set P1(C).

Assume that g(Ẑ) = 0. Then Ẑ ∼= P1. We identify Ẑ with P1, so that F ,
h1 := π1 ◦ ν, and h2 := π2 ◦ ν are non-constant rational maps in C(z) \ C. Set

C := h−1
2 (∞) ⊂ Ẑ(C) = P1(C).

Then C is a non-empty finite set because h2 ∈ C(z) \ C. Note that C is totally
F -invariant, i.e., F−1(C) = C = F (C). By [Sil07, Theorem 1.6], we have #C ∈
{1, 2}.

If #C = 2, then [Sil07, Theorem 1.6(b)] shows that F is conjugate to z±d by
a Möbius transformation. It is well-known that f (and g) must be exceptional
polynomials (cf. [JXZ26, Remark 1.5] and [Mil06b]), a contradiction.

Thus #C = 1. By [Sil07, Theorem 1.6(a)], after conjugacy by Möbius trans-
formations, we may assume that C = {∞} and F ∈ C[z] is a polynomial. Since
h−1
2 (∞) = C = {∞}, the map h2 is also a polynomial. The polynomial F is non-

exceptional because f is non-exceptional (cf. [JXZ26, Remark 1.5] and [Mil06b]).
Let C ′ := h−1

1 (∞) ⊂ P1(C). Then C ′ is a non-empty finite set which is totally
F -invariant. Since F is a non-exceptional polynomial, by [Sil07, Theorem 1.6] we
conclude that h−1

1 (∞) = C ′ = {∞}. Thus h1 is also a polynomial. Therefore, f
and g are intertwined by (1.1). □

Remark 2.6. However, Lemma 2.5 is false for exceptional polynomials. Let d ≥ 2
be an integer. By

Td ◦
(
z +

1

z

)
=

(
z +

1

z

)
◦ zd,

we see that Td(z) ∼ zd. On the other hand, it is clear that Td(z) and zd are not
conjugate, hence they are not intertwined by [FG22, Theorem 3.39].
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3. Algebraicity of Böttcher coordinates and multiplicative
canonical heights

The second-named author studied the transcendence of products of Böttcher
coordinates in [Xie24]. The following theorem is an easy consequence of [Xie24,
Theorem 1.13]:

Theorem 3.1. Let r ∈ Z>0 and f1, . . . , fr ∈ Q[z] be non-exceptional polynomials
of degree d ≥ 2. For 1 ≤ i ≤ r, let ai ∈ Q∩Σ(fi) ⊆ C\K(fi) and let ni ∈ Z\{0}.
Assume that

r∏
i=1

ϕfi(ai)
ni ∈ Q

is algebraic. Then r ≥ 2 and there exist indices 1 ≤ i+ ̸= i− ≤ r with ni+ ≥ 1
and ni− ≤ −1 such that fi+ and fi− are intertwined.

Proof. Fix a number field K such that fi ∈ K[z] and ai ∈ K for 1 ≤ i ≤ r. We
work with the archimedean place v0 of K corresponding to the fixed embedding
K ↪→ Q ↪→ C.

By [Xie24, Theorem 1.13],
∏r

i=1 ϕfi(ai)
ni is a root of unity and we have

(3.1)
∑
s∈Jj

nsds/j = 0

for 1 ≤ j ≤ l. Here l ∈ Z>0, {1, . . . , r} = ⊔l
j=1Jj is a partition of {1, . . . , r}

(Jj ̸= ∅ for 1 ≤ j ≤ l), and ds/j is a positive integer for 1 ≤ j ≤ l and s ∈ Jj.
These data

({1, . . . , r} = ⊔l
j=1Jj, (ds/j)1≤j≤l,s∈Jj)

are purely geometric invariants of (f1, a1), . . . , (fr, ar); see [Xie24, § 4.5] for details.
Since every ds/j (1 ≤ j ≤ l, s ∈ Jj) is positive and every ns (1 ≤ s ≤ r) is

nonzero, from (3.1) we conclude that for every 1 ≤ j ≤ l, there exist sj,+, sj,− ∈ Jj
such that

nsj,+ ≥ 1 and nsj,− ≤ −1;

so #Jj ≥ 2, and therefore r ≥ 2. Set i+ = s1,+ and i− = s1,−. Then ni+ ≥ 1,
ni− ≤ −1, and i+, i− are distinct indices in J1. By Lemma 2.5 and [Xie24,
Remarks 4.12 and 4.16], fi and fi′ are intertwined if i and i′ belong to the same
Jj (1 ≤ j ≤ l). Hence fi+ and fi− are intertwined. This completes the proof. □

Remark 3.2. The product
∏r

i=1 ϕfi(ai)
ni must be a root of unity if it is algebraic

[Xie24, Theorem 1.13]. In our setting, we only need to consider the case where∏r
i=1 ϕfi(ai)

ni is a (d− 1)-th root of unity.

As a corollary, we determine all possible algebraic values of exp (Lf ) where
f ∈ C[z] is a polynomial of degree d:

Corollary 3.3. Let f ∈ Q[z] be a polynomial of degree d ≥ 2. Then either
exp (Lf ) /∈ Q, or Lf = log(d) (and exp (Lf ) = d).
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Proof. Suppose, for the sake of contradiction, that exp (Lf ) ∈ Q \ {d}. In partic-
ular, f is non-exceptional. Since Lf ≥ log(d), by (2.1), we obtain

(3.2)
∏

{c∈C : f ′(c)=0}

exp(gf (c)) ∈ Q ∩ R>1.

Let c1, . . . , cd−1 be the critical points of f in C (in fact, in Q) counted with
multiplicity. By (3.2), after renumbering, we may assume there is an integer
r ∈ {1, . . . , d− 1} such that for 1 ≤ i ≤ d− 1,

gf (ci) > 0 (equivalently, ci /∈ K(f)) if and only if 1 ≤ i ≤ r.

Fix an integer l ≥ 1 such that ai := f ◦l(ci) ∈ Σ(f) = Σ(f) for all 1 ≤ i ≤ r.
Taking the dl-th power of (3.2), by (2.2) we get

(3.3)

∣∣∣∣∣
r∏

i=1

ϕf (ai)

∣∣∣∣∣ ∈ Q ∩ R>1.

Let ϕf be the Laurent series obtained from ϕf by applying complex conjugation

to all coefficients. It is clear that ϕf is a Böttcher coordinate of f ; so

(3.4) ϕf = ζϕf

for some (d− 1)-th root of unity ζ ∈ C×. Taking the square of (3.3), by (3.4) we
see that

(3.5)
r∏

i=1

(
ϕf (ai)ϕf (ai)

)
∈ Q.

Applying Theorem 3.1 to the 2r pairs (f, a1), . . . , (f, ar), (f, a1), . . . , (f, ar) and
integers n1 = · · · = n2r = 1, we conclude that there exists an index 1 ≤ i− ≤ 2r
such that 1 = ni− ≤ −1, a contradiction. □

Let d ≥ 2 be an integer. Set

Dd := {f ∈ Q[z] : f is non-exceptional of degree d}

and

Td := {(f, a) ∈ Dd ×Q : σ(a) /∈ K(σ(f)) for some σ : Q ↪→ C}.
For multiplicative canonical heights, we obtain the following result from [Xie24,
Proposition 1.14] similarly:

Proposition 3.4. Let d ≥ 2 and r ≥ 1 be integers. Let (f1, a1), . . . , (fr, ar) be r
pairs in Td. For 1 ≤ i ≤ r, let ni ∈ Z \ {0}. Assume that

r∏
i=1

Ĥfi(ai)
ni ∈ Q

is algebraic. Then r ≥ 2 and there exist indices 1 ≤ i+ ̸= i− ≤ r with ni+ ≥ 1
and ni− ≤ −1 such that fi+ and fi− are intertwined.
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Proof. For (f, a), (g, b) ∈ Td, we write (f, a) ∼w (g, b) if

O(f,σ(g))((a, σ(b)))
Zar

̸= A2

for some σ ∈ Gal(Q/Q). Then ∼w defines an equivalence relation on Td [Xie24,
§ 4.6]. By Lemma 2.5 and [Xie24, Remark 4.12], if (f, a) ∼w (g, b) in Td, then f
and σ(g) are intertwined for some σ ∈ Gal(Q/Q).

Let {1, . . . , r} = ⊔l
j=1Jj (l ∈ Z>0) be a partition such that Jj ̸= ∅ for 1 ≤ j ≤ l

and that for all 1 ≤ i1, i2 ≤ r, (fi1 , ai1) ∼w (fi2 , ai2) if and only if i1, i2 ∈ Jj
for some 1 ≤ j ≤ l. For every 1 ≤ j ≤ l, we can associate a rational point
qj := Q((fs, as), s ∈ Jj) ∈ P#Jj−1(Q), which is a geometric invariant up to Galois
conjugation [Xie24, § 4.6]. Denote the homogeneous coordinates of P#Jj−1 by
[zs] (s ∈ Jj). By [Xie24, § 4.6 and § 4.4], the point qj admits a homogeneous
coordinate representation of the form [ms/j]s∈Jj , where ms/j ∈ Z>0 for every
s ∈ Jj.

Since
∏r

i=1 Ĥfi(ai)
ni is algebraic, by [Xie24, Proposition 1.14], we have

(3.6)
∑
s∈Jj

nsms/j = 0

for 1 ≤ j ≤ l. Since every ms/j (1 ≤ j ≤ l, s ∈ Jj) is positive and every ns

(1 ≤ s ≤ r) is nonzero, from (3.6) we conclude that for every 1 ≤ j ≤ l, there
exist sj,+, sj,− ∈ Jj such that

nsj,+ ≥ 1 and nsj,− ≤ −1;

so #Jj ≥ 2, and therefore r ≥ 2. Set i+ = s1,+ and i− = s1,−. Then ni+ ≥ 1,
ni− ≤ −1, and i+, i− are distinct indices in J1. The polynomials fi+ and fi− are
intertwined by the construction of the partition. This completes the proof. □

Remark 3.5. By [Xie24, Remark 4.26],
∏r

i=1 Ĥfi(ai)
ni is algebraic if and only if∏r

i=1 Ĥfi(ai)
ni = 1. Since we need to consider Galois conjugation in Proposi-

tion 3.4, the partition of {1, . . . , r} in Proposition 3.4 is “coarser” (it may not be
strictly coarser) than that in Theorem 3.1.

Nguyen [Ngu23, Corollary 1.6] (see also [Xie24, § 4.6]) proved that for a non-
exceptional polynomial f ∈ Q[z] of degree ≥ 2 and an algebraic point a ∈ Q,

(3.7) Ĥf (a) ∈ Q if and only if σ(a) ∈ K(σ(f)) for every σ ∈ Gal(Q/Q).

Combining (3.7) and Proposition 3.4, we obtain a characterization for f to have
a disconnected Julia set after Galois conjugation:

Corollary 3.6. For a polynomial f ∈ Q[z] of degree d ≥ 2, the following state-
ments are equivalent:

(1) f has a disconnected Julia set after Galois conjugation;

(2) Ĥcrit(f) /∈ Q.

Proof. If f is exceptional, then σ(f) is exceptional and J(σ(f)) is connected for
every σ ∈ Gal(Q/Q). Exceptional polynomials are post-critically finite, hence
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their multiplicative critical heights are equal to 1. We may assume that f is
non-exceptional.

Let c1, . . . , cd−1 be the critical points of f in C (in fact, in Q) counted with

multiplicity. By definition, we have Ĥcrit(f) =
∏d−1

i=1 Ĥf (ci). After renumbering,
we may assume that there is a (non-negative) integer r ∈ {0, 1, . . . , d − 1} such
that for 1 ≤ i ≤ d− 1,

σ(ci) /∈ K(σ(f)) for some σ ∈ Gal(Q/Q) if and only if 1 ≤ i ≤ r.

Then (1) is equivalent to: (1)′ r ≥ 1. See § 2.1.

By (3.7), for r + 1 ≤ i ≤ d − 1, we have Ĥf (ci) ∈ Q ∩ R≥1. Therefore, (2) is

equivalent to: (2)′ r ≥ 1 and
∏r

i=1 Ĥf (ci) /∈ Q.
It suffices to show that (1)′ ⇒ (2)′. Assume r ≥ 1. Suppose, for the sake

of contradiction, that
∏r

i=1 Ĥf (ci) ∈ Q. Applying Proposition 3.4 to the pairs
(f, c1), . . . , (f, cr) ∈ Td and integers n1 = · · · = nr = 1, we conclude that there
exists an index 1 ≤ i− ≤ r such that 1 = ni− ≤ −1, a contradiction. □

4. Proof of the main results

Proof of Theorem 1.2. The “if” direction follows from Lemma 2.1. It suffices to
prove the “only if” direction. Suppose that f, g ∈ Q[z] are polynomials of degree
d ≥ 2 such that

(4.1) Lf = Lg > log(d).

Let c1, . . . , cd−1 (resp. λ1, . . . , λd−1) be the critical points of f (resp. g) in C
(in fact, in Q) counted with multiplicity. By (2.1), equation (4.1) becomes

(4.2)
d−1∑
i=1

gf (ci) =
d−1∑
i=1

gg(λi) > 0.

After renumbering, we may assume that there are positive integers 1 ≤ s, t ≤ d−1
such that for 1 ≤ i ≤ d− 1, ci /∈ K(f) if and only if 1 ≤ i ≤ s, and λi /∈ K(g) if
and only if 1 ≤ i ≤ t. Then (4.2) becomes

(4.3)
s∑

i=1

gf (ci) =
t∑

i=1

gg(λi),

where all terms on both sides are strictly positive.
Take a positive integer N ≥ 1 such that

ai := f ◦N(ci) ∈ Σ(f) = Σ(f)

for 1 ≤ i ≤ s, and

bi := g◦N(λi) ∈ Σ(g) = Σ(g)

for 1 ≤ i ≤ t. Multiplying both sides of (4.3) by dN and using (2.2), we obtain

(4.4) log

∣∣∣∣∣
s∏

i=1

ϕf (ai)

∣∣∣∣∣ = log

∣∣∣∣∣
t∏

i=1

ϕg(bi)

∣∣∣∣∣ .
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Note that there are (d− 1)-th roots of unity ζ1, ζ2 ∈ C× such that

(4.5) ϕf = ζ1ϕf and ϕg = ζ2ϕg;

see (3.4). Then from (4.4) and (4.5) we obtain

(4.6)
s∏

i=1

(
ϕf (ai)ϕf (ai)

) t∏
j=1

(
ϕg(bj)

−1ϕg(bj)
−1
)
= ζ−s

1 ζt2,

which is a (d− 1)-th root of unity.
Since Lf = Lf = Lg = Lg > log(d), the polynomials f , f , g, and g are all

non-exceptional. Applying Theorem 3.1 to (4.6), we conclude that there exist

f̃ ∈ {f, f} and g̃ ∈ {g, g} such that f̃ and g̃ are intertwined. By (1.1), we see
that either f and g are intertwined, or f and g are intertwined. This completes
the proof. □

Proof of Theorem 1.5. By Lemma 2.2, it suffices to prove the “only if” direction.
As ĥcrit(f) = ĥcrit(g), by Corollary 3.6, g has a disconnected Julia set after Galois
conjugation. With the help of (3.7), the proof is completed by replacing (2.1)
and Theorem 3.1 in the proof of Theorem 1.2 with (1.2) and Proposition 3.4,
respectively, and arguing similarly. □

Proof of Theorem 1.6 using Theorem 1.2. Let d ≥ 2 be an integer.
By [Ber13, Theorem 30], Lyapunov exponents are determined by length spectra

(hence also by multiplier spectra); that is, for all f, g ∈ C[z] of degree d, if
L(f) = L(g), then Lf = Lg.

Let

Mand := {[f ] ∈ MPolyd(C) : Lf = log(d)}
be the locus of conjugacy classes of degree d polynomials with connected Julia
sets, which is compact and closed in the affine variety MPolyd(C) with respect to
the complex topology (cf. [BH88, Corolloary 3.7]).

By [FG22, Theorems 3.51 and 3.52] (see also [Zha26, Theorem 1.5 and Propo-
sition 1.7]), there exists a non-empty Zariski affine open subset U = U(d) ⊆
MPolyd(C) satisfying the following properties:

• U is invariant under complex conjugation, i.e., τ([f ]) := [f ] ∈ U for all
[f ] ∈ U ;

• for all [f ], [g] ∈ U , f and g are intertwined if and only if [f ] = [g], i.e., f
and g are (affinely) conjugate.

The complex conjugation τ on MPolyd (over Spec(C)) is the semi-linear automor-
phism induced by the involution Spec(C) → Spec(C) corresponding to the usual
complex conjugation C → C; see [Har77, Chapter II, Ex. 4.7]. Note that τ pre-
serves Q-points. Let W be a non-empty Zariski affine open subset of the Zariski
closure of τ̃d(U) such that τ̃−1

d (W ) ⊆ U and τ̃d : τ̃−1
d (W ) → W is a finite étale

morphism of degree m ≥ 1. (Observe that m = m(d) is independent of the choice
of W .) After shrinking U and W if necessary, we may assume U = τ̃−1

d (W ). Re-

call that MPolyd is defined over Q, so we could take U to be defined over Q. From
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now on, we only consider conjugacy classes in U . Let U(Q) := U ∩MPolyd(Q)
be the set of Q-points in U .

Suppose, for the sake of contradiction, that m ≥ 2. As in the proof of [JX25,
Theorem 1.3], we can find two algebraic families h1, h2 : C → MPolyd of degree
d polynomials parametrized by a geometrically integral affine curve C, defined
over Q, satisfying:

• hi is non-isotrivial (i.e., hi(C) is not a single point in MPolyd), 1 ≤ i ≤ 2;
• hi(C(C)) ⊆ U , 1 ≤ i ≤ 2;
• h1(t) ̸= h2(t), for every t ∈ C(C);
• τ̃d ◦ h1 = τ̃d ◦ h2 : C → AM , where M = M(d) ≥ 1 is as in § 1.3.

We introduce several subsets of U × U (of complex points). Let

Γ := {([f ], [f ]) : [f ] ∈ U} ⊂ U × U

be the graph of the complex conjugation map τ on U . Note that Γ is complex
closed in U × U . Let

F := {([f ], [g]) ∈ U × U : τ̃d([f ]) = τ̃d([g])} ⊆ U × U

be the locus of pairs of conjugacy classes with the same multiplier spectrum over
U , which is Zariski closed in U × U . Let ∆ ⊂ U × U be the diagonal.
Let E be the Zariski closure of (h1, h2)(C(C)) in U ×U , which is an irreducible

(algebraic) curve in U × U defined over Q. The curve E is affine because U × U
is affine. Note that we have

E ⊆ F and E ⊈ ∆

by the construction of h1 and h2. Then E ∩ ∆ is finite. After shrinking U
and W if necessary, we may assume that E ∩ ∆ = ∅ and E is smooth. Let
E(Q) := E ∩ U(Q)2 be the set of Q-points in E.

As multiplier spectra determine Lyapunov exponents, we have

E ⊆ F ⊆ Man2
d ∪ (U \Mand)

2.

In the smooth irreducible affine (complex algebraic) curve E, since E ∩Man2
d is

a complex compact subset, V := E \Man2
d is a non-empty complex open subset

of E. Because E is defined over Q, the set V (Q) := E(Q) \Man2
d of Q-points in

V is dense in V in the complex topology. By Theorem 1.2, the construction of
U , and the fact that E ∩∆ = ∅, we obtain

(4.7) V (Q) ⊆ Γ.

Taking closure in complex topology on both sides of (4.7) in U × U , we obtain
V ⊆ Γ.

The complex open subset V ⊆ E with complex structure is a complex manifold
of dimension one (it might not be connected). For 1 ≤ i ≤ 2, let πi : U ×U → U
be the projection onto the i-th factor which is an algebraic morphism over C, and
set Ei = πi(E). Then each Ei is an irreducible complex algebraic curve in U . For
1 ≤ i ≤ 2, the set

Vi := πi(V ) = Ei \Mand
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is a non-empty complex open subset of Ei. Because V is contained in the graph
Γ of τ |U , the restrictions π1|V : V → V1 and π2|V : V → V2 are bijective and
holomorphic. We see that V ∼= V1

∼= V2 as complex manifolds, and that the
restriction τ |V1 can be expressed as

(4.8) τ |V1 = π2 ◦ (π1|V )−1 : V1 → V2.

Since π1 and π2 are morphisms between C-schemes (on C-points), (4.8) implies
that the anti-holomorphic map τ |V1 must be holomorphic on the complex manifold
V1. However, a map on a complex manifoldM can be simultaneously holomorphic
and anti-holomorphic only if M has complex dimension zero. Since dimC(V1) = 1,
we obtain a contradiction. This contradiction shows that m = 1, i.e., τ̃d is
generically injective. □
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