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ABSTRACT. We get three basic results in algebraic dynamics: (1). We give
the first algorithm to compute the dynamical degrees to arbitrary precision.
(2). We prove that for a family of dominant rational self-maps, the dynamical
degrees are lower semi-continuous with respect to the Zariski topology. This
implies a conjecture of Call and Silverman. (3). We prove that the set of
periodic points of a cohomologically hyperbolic rational self-map is Zariski
dense.

Moreover, we prove the Kawaguchi-Silverman conjecture for a class of self-
maps of projective surfaces including all the birational ones.

In fact, for every dominant rational self-map, we find a family of recursive
inequalities of some dynamically meaningful cycles. Our proofs are based on
these inequalities.
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Let k be a field. Let X be a projective variety of dimension d over k. Let
f X --+ X be a dominant rational self-map. The aim of algebraic dynamics is
to study algebraic and dynamical properties of the iterates of f.

1.1. Dynamical degrees. The most fundamental dynamical invariants associ-
ated to an algebraic dynamical system is arguably its dynamical degrees.
Let L be a big and nef line bundle in Pic(X). Denote by I(f) the indeterminacy

locus of f. Let X’ be the graph of f in X x X i.e.
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the Zariski closure of
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{(z, f(z))| = is a closed point in X \ I(f)} and let 7y, m5 be the projection to the
first and the second factors. For ¢ = 0,...,d, the i-th degree of f is

deg; p f = ((myL)" - (w; L)),
Using the terminology from Section 2.2 and 2.1, we may write
deg; f = ((f'L)'- L)
without specifying the birational model X’. The i-th dynamical degree of f is
Ai(f) == lim (deg; , fM)Y" > 1.
n—00 ’

The existence of the above limit is non-trivial. It was proved by Russakovskii
and Shiffman [RS97] when X = PZ, and by Dinh and Sibony [DS05] when X
is projective over C. As shown in [DS04] by Dinh and Sibony, the dynamical
degrees can be defined even for meromorphisms on Kéhler manifolds. It was
proved by Truong [Tru20] and Dang [Dan20] in arbitrary characteristic. The
methods of Truong [Tru20] and Dang [Dan20] are different. Truong’s method
is based on Jong’s alterations and Roberts’ effective version of Chow’s moving
lemma. This method can be viewed as an algebraic mimic of Dinh-Sibony’s
proof using positively closed currents [DS04, DS05]. Dang’s method is based
on Siu’s inequality. The definition of \;(f) does not depend on the choice of L
[DS04, DS05, Tru20, Dan20]. Moreover, if 7 : X --+ Y is a generically finite
and dominant rational map between varieties and ¢g: Y --+ Y is a rational self-
map such that g om = mo f, then A\;(f) = \i(g) for all i. This can be shown
by combining [Dan20, Theorem 1] with the projection formula. Another way to
prove it is to apply the product formula for relative dynamical degrees directly
(c.f. [DN11], [Dan20] and [Tru20, Theorem 1.3]).

Roughly speaking, the dynamical degrees measure the algebraic complexity of
f. Tt controls the topological complexity of f. When X is a smooth projective
variety over C and f is an endomorphism, fundamental results of Gromov [Gro03]
and Yomdin [Yom87] show that

hiop(f*") = max {Xi(f)},

0<i<d
where A, (f*) is the topological entropy of the holomorphic endomorphism f* :
X (C) = X(C) induced by f. Dinh-Sibony [DS05] showed that the upper bound
(1.1) huop(f*) < max {\;(f)}

T0<i<d

still holds for arbitrary rational self-maps over C. However, (1.1) can be strict
in general [GueOba]. Recently Favre, Truong and the author proved (1.1) in the
non-archimedean case [FTX22|. In the non-archimedean case, (1.1) can be strict
even for endomorphisms [FRL10, FTX22].

When k = Q, the dynamical degrees also control the arithmetic complexity
of f, which is measured by the notion of arithmetic degree (c.f. Section 7).
Further, the Kawaguchi-Silverman conjecture (=Conjecture 7.5) asserts that for
any point z € X (k) with Zariski dense orbit, the arithmetic degree () for
(X, f,x) equals A\;(f). This conjecture has attracted a lot of attention. For the
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recent development, see [Mat23] and the references therein. See [Son23, LS23]
for the higher arithmetic degrees and their relations to the higher dynamical
degrees. In Section 7, we will prove the Kawaguchi-Silverman conjecture for a
class of self-maps of projective surfaces including all the birational ones.

When f is an endomorphism, the dynamical degrees control the action of f*
on the cohomology of X. When X is a smooth projective variety over C, Dinh
[Din05] proved that

(1.2) Ai(f) = p(f* + H*(X(C),R) — H*(X(C),R))

where H? (X (C), R) is the singular cohomology of degree 2i and p(f*) is the spec-
tral radius of the linear operator f*. In positive characteristic, Truong proposed
a conjecture saying that (1.2) still holds if one replaces the singular cohomology
by the @;-cohomology with [ # chark [Trul6]. This conjecture is wildly open.
Indeed, the case for Frobenius endomorphisms implies Deligne’s famous theo-
rem for Weil’s Riemann hypothesis [Del74]. However, it was proved by Esnault
and Srinivas [ES13] for surface automorphisms and by Truong [Trul6] for any
dominant endomorphisms of smooth projective varieties, that
max \;(f) = max p(f*: H'(X,Q) — H'(X,Q))

0<i<d 0<i<2d

with respect to any field embedding QQ; — C. Truong’s proof indeed relies on
Deligne’s theorem.

Cohomologically hyperbolic self-maps. We introduce the notion of cohomological
Lyapunov exponents as follows: For ¢« = 1,...,d, define the i-th cohomological
Lyapunov exponent of f to be

wi(f) == Xi(f)/ Aiea(f)-

Define pgy1(f) := 0 for convenience. As the sequence of dynamical degrees is
log-concave [DS05, Tru20, Dan20], the sequence p;(f),i =1...,d is decreasing.

Fori =1,...,d, we say that f is i-cohomologically hyperbolic if \;(f) is strictly
larger than other dynamical degrees i.e.

pi(f) > 1 and pipa(f) < 1.

We say that f is cohomologically hyperbolic if it is i-cohomologically hyperbolic
for some ¢ = 1,...,d, in other words, u;(f) # 1 for every j =1,...,d.

Cohomological hyperbolicity can be viewed as a cohomological version of the
important notion of hyperbolic dynamics in differentiable dynamical systems.
Indeed, when k = C, very few algebraic dynamical system could be Anosov
(which is a strong version of hyperbolicity) c.f. [Ghy95, Can04, XZ24]. However
people expect that a cohomologically hyperbolic self-map looks like a hyperbolic
map, hence shares some properties of hyperbolic maps.

1.2. Algorithm to compute the dynamical degrees. A basic problem is to
compute the dynamical degrees to any given precision. More precisely,

Question 1.1. For any given number [ € Z~, is there an algorithm (that stops
in finite time) to compute a number A such that A\;(f) € (A, A+ 5)?
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Let L be an ample (or big and nef) line bundle on X. By the definition of the
dynamical degree, for n sufficiently large, we have

Ni(f) € ((degyp [)" = o (degi S + o).

But this does not answer Question 1.1, as we do not know how large n we need.

Question 1.1 is also interesting in cryptography. See [SB21, Section 2| for
interesting discussions.

Our result. Strictly speaking, the answer to Question 1.1 depends on the input
i.e. how we represent X and f.

Example 1.2. Let X := P¢. Define f,, : X — X, n > 1 as follows: Let T,,,n > 0
be all the Turing machines. Define a,, := 0 if T}, will halt, and a,, := 1 if T}, will
not halt. Define f,,(2) := a,z?+2. As A\ (f,) = deg fn, Mi(fn) = 1 if T,, will halt,
and A\ (f,) = 2 if T,, will not halt. As the Halting problem is unsolvable, there is
no algorithm to compute \;(f,,) for all n > 0.

To describe our input, we need the notion of mized degrees: Let L be an ample
(or big and nef) line bundle on X. Let s > 1, consider two sequence of non-
negative integers: my > --- > my, > 0 and ry,...,rs > 0 with Y7 r; = d. The
mixed degree (L]} ---Ly: ) is easier to define using the terminology in Section
2.2 and 2.1. Here we define it in a more direct way. Let X’ be the graph in
Xt = X x (X*) of the morphism X — X* sending x to (f™ (z),..., f™(z)).
Let m; be the projection to the (i + 1)-th factor. Then we define

(Lo, -+ L) = (W L)™ -+ (L)) € Ziso.
We note that (X, f, L) can be defined on a finitely generated field. The follow-

ing remark shows that the mixed degrees are computable if we represent (X, f)
in a reasonable form.

Remark 1.3. Assume that k is a finitely generated field. We represent X and
f as follows: Write k as

k := Frac (Z[ty,....t]/P)

where P = (Gy,...,G,,) is a prime ideal of Z[ty, . .., t;]. Write X as the subvariety
of PY defined by a homogenous prime ideal (Hj,...,H,). The rational map

f: X --» X extends to a rational self-map F : PY --» PN sending [z : -+ - : zy]
to [Fo : -+ @ Fy] where Fy,..., F)y are homogenous polynomials of the same
degree in k[, ..., zx].

We represent X, f using the following datas as inputs:

(i) the polynomials Gy, ..., G, with integer coefficients;
(ii) the polynomials Hy, ..., Hy, Fy, ..., Fy, whose coefficients are represented
as rational functions in ¢q,...,t with integer coefficients.

In this case, we may ask L to be the restriction of Opn(1) to X. For every
mixed degree (Lj} ---Ly: ), there is an algorithm compute its exact value. So our
assumption is satisfied and we may use Theorem 1.4 to compute the dynamical
degrees of f.
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In Section 4, we affirmatively answer Question 1.1, under the assumption that
all the mixed degrees (Lj} ---Lj: ) are computable.

Theorem 1.4. For any given number | € Z~, there is an explicit algorithm to
output numbers \;,i = 0,...,d such that A\; € (N, X, + 57), using finitely many
mixed degrees.

Previous results. Here we ignore the difficulty from the computability theory as
in Example 1.2, and we assume that (X, f) is represented in a reasonable form.

There are plenty of works concerning the computation of dynamical degrees in
special cases.

If X is a smooth projective variety and f : X — X is an endomorphism, we
have that

Ai(f) = p(f" s N (X)r = N'(X)r)

where N*(X)g is the R-vector space spanned by the numerical classes of i-cocycles
of X. As N*(X)g is a finite dimensional vector space, the sequence deg; ; f",n > 0
satisfies a linear recursive equation of order < dimg N*(X)g. In particular, \;(f)
is an algebraic integer of degree < dimg N(X)g. In this case, \;(f) should be
computable for a given (X, f). On the other hand, there is a lot of interesting
works on constructing examples of endomorphisms (especially automorphisms)
having certain properties on the dynamical degrees, e.g. [Can99, McM02, McMO07,
McM11, McM16, Dol18, Ogul0, Ogul4, CO15, Ogu09, OT15, OY20, Uehl6,
Res17, Les21].

When f is merely rational, most of the previous work focus on the first dy-
namical degree A\;(f). In [Sib99], Sibony introduced the important notion of al-
gebraically stable maps. If (X, f) is algebraically stable, as in the endomorphism
case, we still have

M(f) = p(f: NY(X) = NY(X)),

and one can compute A;(f) using linear algebra. In most of the works, the
strategy to compute A1 (f) is to construct a birational model (X', f') of (X, f) for
which (X', f’) is algebraicaly stable. For certain classes of maps, such as birational
self-maps of surfaces [DF01] or endomorphism of A? [FJ07, FJ11], we can find
such birational models, after a suitable iterate. On the other hand, it was proved
by Favre [Fav03] that algebraically stable model may not exist even for monomial
self-maps on P2. However, the dynamical degrees \;(f),i = 0, ..., d are computed
for monomial self-maps on P by Favre-Wulcan and Lin [FW12, Lin12]. Dinh and
Sibony [DS] computed the dynamical degrees for automorphisms f : A™ — A™
on complex affine spaces that are regular (i.e. the indeterminacy loci of f and
its inverse f~! are disjoint on the hyperplane at infinity in P™). As far as we
know, these are the only non-trivial cases for which higher dynamical degrees
are computed. See [BK04, BK08, Ngu06, AAMV06, AAdBM99, BV99, MHV97,
DFO01, FJ11, BDJ20, DF21, BDJK23| and the reference therein for more related
works.

In the above cases, the dynamical degrees are always algebraic. Moreover, as
(X, f) can be defined on a finitely generated field, the set of all possible values of
dynamical degrees are countable [BFs00, Urel8]. However, in the breakthrough
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work [BDJ20], Bell, Diller and Jonsson give examples of rational self-maps of P4
whose first dynamical degrees are transcendental numbers. In their examples,
A1(f) is the unique positive real zero of certain transcendental power series. So
we do not expect the existence of an algorithm (stoping in finite time) computing
the exact value of A\;(f) in general.

The surface case. In [Xiel5, Key Lemma], the author proved the following result.

Theorem 1.5. Let k be a field. Let X be a projective surface over k. Let f :
X --+ X be a dominant rational self-map. Let L be a big and nef line bundle.

Then we have 1 )
M(f) > ; €811 / .
22 x 3 deg, | f

We will see, in Section 4.3, that this indeed implies a positive answer of Ques-
tion 1.1 for rational self-maps of surfaces.

The proof of Theorem 1.5 relies on the theory of hyperbolic geometry and the
natural linear action of f on a suitable hyperbolic space of infinite dimension.
This space is constructed as a set of cohomology classes in the Riemann-Zariski
space of X and was introduced by Cantat [Canll]. Unfortunately, such a space
can only be constructed in dimension two. Also the coefficient 22 x 318 is quite
large. In this paper, we give a new proof of Theorem 1.5 with a better coefficient
i.e. from 22 x 38 to 4.

Theorem 1.6. Let k be a field. Let X be a projective surface over k. Let f :
X --+ X be a dominant rational self-map. Let L be a big and nef line bundle.

Then we have 1 )
e
A (f) > gl—Lf
4 degl,L f

The proof of Theorem 1.6 does not rely on hyperbolic geometry and is much
simpler (c.f. Section 4.3).

1.3. Lower semi-continuity of dynamical degrees. Besides the the dynam-
ical degrees of a single map, we also study the behavior of the dynamical degree
in families.

Let S be an integral noetherian scheme and d € Z,. Initially, a family of
self-maps on S should be a collection of dominant rational self-maps f, : X, --»
X,,p € S on varieties p € S. So we introduce the following definition.

Definition 1.7. A family of d-dimensional dominant rational self-maps on S is
a flat and projective scheme 7 : X — S satisfying dim X' /S = d with a dominant
rational self-map f : X --» X over S such that for every p € S,

(i) the fiber X, of 7 at p is geometrically reduced and irreducible;
(iig Xp ZI(f);

(iii) the induced map f, : X, --» X, is dominant.

' [Xiel5, Key Lemmal, the result is stated only for birational self-maps. However, its proof
£

indeed works for any dominant rational self-map, replacing all f* by NYEE
2



We prove the following result in Section 5.

Theorem 1.8. Let S be an integral noetherian scheme and ©: X — S be a flat
and projective scheme over S with dim X /S = d. Let f : X --» X be a family
of d-dimensional dominant rational self-maps on S. Then for everyi=0,...,d,
the function p € S — N\(f,) is lower semi-continuous in the Zariski topology on

S.
A special case of Theorem 5.1 is the following result.

Corollary 1.9. Let f : P4 ——» P be a dominant rational self-map over Z. Then
for every i =0,...,d, we have
Ni(f®2Q) = lim  N(fp).
P prime,p— oo

Theorem 1.8 generalizes [Xiel5, Theorem 4.3] from dimension two to any di-
mension. The special case where i = 1 and X = PY of Theorem 1.8 implies Call-
Silverman’s conjecture [SC18, Conjecture 1] and its generalized version [BIJ19,
Conjecture 14.13]. Corollary 1.9 gives a positive answer to [BIJT19, Question
14.10].

In [Xiel5, Section 4.3], the author provided the following example showing that
Corollary 1.9 cannot be strengthened to the statement that \;(f ®z Q) = A\i(f)
for infinitely many prime p.

Example 1.10. Let f : P2 --» P2 be the rational self-map sending [z : y : 2] to
[zy : wy — 22% 1 yz + 32%]. Then A\ (f ®z Q) = 2, but A\(f,) < 2 for all primes p.

Strategy of the proof. There are three steps in the proof. In the first step, we get
a simple criterion for lower semi-continuity functions on noetherian schemes (c.f.
Lemma 5.2). Next we show that the mixed degrees are lower semi-continuous
(c.f. Lemma 5.5). This step can be shown using our criterion Lemma 5.2,
Raynaud-Gruson flattening theorem [RGT71, Theorem 5.2.2], and the constancy
of intersection numbers on flat families [Ful84, Proposition 10.2]. The function
p € S — X\(fp) of the i-th dynamical degree is the point-wise limit of the functions
p € S+ (deg,, f,)/™. By the second step, the later function is lower semi-
continuous. However, as shown in Remark 5.3, limit of lower semi-continuous
functions may not be lower semi-continuous. To complete the proof of Theorem
5.1, we need to show that the dynamical degrees are continuous at the generic
point of S. In this step, the main ingredient is the lower bounds of the dynamical
degrees obtained in Section 3.

1.4. Periodic points. One of the most basic problem in algebraic dynamics is
to determine when the set of periodic points is Zariski dense.

Question 1.11. Under which condition does f admit a Zariski dense set of
periodic points?

We give a positive answer to Question 1.11 for cohomologically hyperbolic self-
maps in Section 6.
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Theorem 1.12. If f is cohomologically hyperbolic i.e. there is a unique © €
{1,...,d} such that \;(f) = max;j—q,._a\;(f), then the set of periodic closed points
1s Zariski dense.

We indeed prove a stronger statement in Theorem 6.1.

When f is not cohomologically hyperbolic, the answer to Question 1.11 can be
either positive or negative. Indeed, in Section 6.4, we give examples to show that
for cohomologically non-hyperbolic maps, one can not determine whether the set
of periodic points are Zariski dense from their dynamical degrees.

Historical notes. The first fundamental result for Question 1.11 is the positive
answer for polarized endomorphisms?, which can be achieved both by analytic
and algebraic method.

Suppose that X is smooth projective over C and f is a polarized endomorphism.
Using complex analytic methods, Briend-Duval [BD01] and subsequently Dinh-
Sibony [DS10] have proved that the set of periodic points is Zariski dense in X.
By the Lefschetz principle, these results hold true whenever k has characteristic
zero. Later, Hrushovski and Fakhruddin [Fak03] gave a purely algebraic proof of
the Zariski density of periodic points over any algebraically closed field?.

The complex analytic methods alluded to above have been used to give a
positive answer to Question 1.11 for several other classes of maps. For exam-
ple, building on the work of Guedj [Gue05b], Dinh, Nguyén and Truong [TCD]
proved it when f is (dim X )-cohomologically hyperbolic. See [DS, BD05, Duj06,
DDG10, BLS93, JR18] for other cases obtained using complex analytic method.
All these cases are cohomologically hyperbolic, hence implied by our Theorem
1.12. However, when the complex analytic method works, usually it not only
proves the Zariski density of periodic points, but also show that the periodic
points equidistribute to the maximal entropy measure in the complex topology.

In [Xiel5, Theorem 1.1], the author classified the birational self-maps on sur-
faces whose periodic points are not Zariski dense by algebraic method. The
essential step of [Xiel5, Theorem 1.1], is the case where A;(f) > 1 (hence coho-
mologically hyperbolic). An advantage of the algebraic method is that it works
in arbitrary characteristic.

Strategy of the proof. We follow the original method of Hrushovski and Fakhrud-
din [Fak03] by reducing our result to the case of finite fields. This method was
also used in the proof of [Xiel5, Theorem 1.1].

For the sake of simplicity, we shall assume that X = PN and f = [fo: -+ : fn] is
a rational self-map having integral coefficients. Assume that f is cohomologically
hyperbolic. By Corollary 1.9, we can find a prime p > 2 such that the reduction
fp modulo p of f is cohomologically hyperbolic. Then the set of periodic closed

2Recall that an endomorphism f on a projective variety X is said to be polarized if there
exists an ample line bundle L on X satisfying f*L = gL for some integer ¢ > 2. In this case,
Xi(f) =¢q' for i =0,...,d. Hence polarized endomorphisms are cohomologically hyperbolic.

3Their proof indeed works for amplified endomorphisms which are more general than polar-
ized ones.
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points of f, is Zariski dense in PV (F,) by an argument of Fakhruddin based on
Hrushovski’s twisted Lang-Weil estimate c.f. Theorem 6.3. We show that most
of the f,-periodic points are “isolated” in a certain sense (c.f. Corollary 6.6). The
main ingredient of this step is a recursive inequality proved in Theorem 3.7 and
[IMW, Proposition 3.5]. By Lemma 6.4 (which generalizes [Fak03, Theorem 5.1]),
we can lift isolated periodic points from the special fiber to the generic fiber. This
concludes the proof.

1.5. Kawaguchi-Silverman conjecture. Assume that k = Q. Let X be a
projective variety over Q and let L be an ample line bundle on X. We denote by
hr : X(Q) — R a Weil height associated to L c.f. [HS00, BG06]. It is unique up
to adding a bounded function. Set A} := min{1, hy}.

Let X;(Q) be the set of points * € X(Q) whose orbit is well-defined i.e.
f™(z) € I(f) for every n > 0. In [KS16], Kawaguchi and Silverman introduced
the fundamental notion of arithmetic degree to describe the arithmetic complexity

of an orbit. For x € X(Q), the upper/ lower arithmetic degree for X, f,z are

as(x) == limsup hj (f*)/" and ap(z) = ligilgf hE (MY

n—o0

If ap(x) = a,(x), we set

(@) 1= Ty(2) = ay(w)
In this case, we say that ay(x) is well-defined and call it the arithmetic degree of
f at x.

The following conjecture was proposed by Kawaguchi and Silverman [Sill4,
KS16]. It connects the arithmetic degree with the first dynamical degree.

Conjecture 1.13 (Kawaguchi-Silverman conjecture). Let X be a projective va-
riety over Q. Let f: X --» X be a dominant rational self-map. Then for every

r € Xf(Q), ay(z) is well defined. Moreover, if O(z) is Zariski dense, then we
have ayf(z) = A (f).

The general form of the Kawaguchi-Silverman conjecture is wildly open. How-
ever many special cases are known especially when f is well-defined everywhere.
When f is a polarized endomorphism, the Kawaguchi-Silverman conjecture is
implied by the Northcott property. It was completely solved when X is a pro-
jective surface and f is a surjective endomorphism by Kawaguchi, Silverman,
Matsuzawa, Sano, Shibata, Meng and Zhang [Kaw08, KS14, MSS18, MZ22]. Ex-
cept Kawaguchi’s automorphism case, the proof heavily relies on classification (or
minimal model theory) of surfaces. In higher dimension, serval cases are proven
by minimal model theory. These results are on surjective endomorphisms on pro-
jective varieties (c.f. [MZ23]). Few results are known when f is merely rational.
The following are two remarkable cases.

(1) Conjecture 1.13 was proved for regular affine automorphisms on A" by
Kawaguchi [Kaw06, Kaw13].

(2) Conjecture 1.13 holds by Matsuzawa and Wang [Wan23, MW] when X
is a smooth projective variety, f is a 1-cohomologically hyperbolic rational
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map, and the f-orbit of x is generic i.e. for every proper subvariety Y of
X, the set {n > 0| f"(z) € Y} is finite.
The Dynamical Mordell-Lang conjecture proposed by Ghioca and Tucker asserts
that for every € X;(Q), if Oy(x) is Zariski dense, then the f-orbit of z is
generic c.f. [GT09] (see also [Xie23a, Conjecture 1.2]). So (2) implies that the
Kawaguchi-Silverman conjecture for 1-cohomologically hyperbolic self-maps as-
suming the Dynamical Mordell-Lang conjecture. For more results, see [Mat23]

and the references therein.

In Section 7, we prove the following result (the case Ao f) = A\;(f)? was already
proved by Wang and Matsuzawa [MW, Theorem 1.17]).

Theorem 1.14. Let X be a projective surface over Q and f : X --» X be a
dominant rational self-map such that M\(f) > Xa(f) or Xa(f) = M(f)% Let

x € Xp(Q). If the orbit Oy(z) of x is Zariski dense, then ay(x) = M (f).

In particular, Theorem 1.14 implies the Kawaguchi-Silverman conjecture for
birational self-maps on projective surfaces. We first explain how to prove Theorem
1.14 assuming the Dynamical Mordell-Lang conjecture (which was done in (2)).
In the proof of (2), Matsuzawa and Wang construct some recursive inequality for
the heights h(f™(z)) when f"(x) is not contained in the base locus B of some
big line bundle. Applying the Dynamical Mordell-Lang conjecture, one can show
that the orbit meets B in at most finitely many times. So we may ignore the
base locus and assume that the recursive inequality holds for all n. This implies
our result easily. As the Dynamical Mordell-Lang conjecture is wildly open in
general, we can not ignore the base locus. This is the main difficulty of our proof.
Our idea is to construct a weaker recursive inequality when f"(x) is contained in
B. We then combine this inequality with the one when f™(z) € B to get a lower
bound of the growth of the height. We apply the Weak dynamical Mordell-Lang
[BGT15, Corollary 1.5] (see also [Fav00, Theorem 2.5.8], [Gigl4, Theorem D,
Theorem EJ,[Pet15, Theorem 2], [BHS20, Theorem 1.10], [Xie23b, Theorem 1.17]
and [Xie23a, Theorem 5.2]) to show that the density of n with f"(x) € B is zero.
Using this, one can show that we can ignore B asymptotically and conclude the
proof.

1.6. Further problems. Though our Theorem 1.4 gives an algorithm to com-
pute the dynamical degrees to any given precision, it seems that our algorithm
is not so efficient. Either theoretically, or practically, it is interesting to have a
more efficient algorithm. In a private communication with Silverman, he asked
the following more precise question:

Question 1.15. Is there an algorithm to compute the dynamical degrees A;(f)
to within 1/2! using only O(I¢) storage for some “not too large” e?

Blanc, Cantat and McMullen [McMO07, Canl11, BC16] showed that there is a gap
on the first dynamical degree for surface birational self-maps. More precisely, for
every surface birational self-map f, we have A;(f) & (1, A), where \;, ~ 1.176280
is the Lehmer number i.e. the unique root > 1 of the irreducible polynomial
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20+ 2% — 27 — 2% — 25 — 2* — 23 + £ + 1. This result relies on the existence

of algebraically stable models for surface birational self-maps proved by Diller-
Favre [DFO1]. It is interesting to ask whether such a gap exists for general rational
self-maps and for higher dynamical degrees.

Question 1.16. Is there a A > 1 dependingond > 1 and i € {1,...,d} such that
for every dominant rational self-maps f on a d-dimensional projective variety X,
we have \;(f) & (1,\)?

When i = d, Question 1.16 has positive answer by taking A = 2. Corollary 5.8
gives positive answer to Question 1.16 for self-maps coming from a given family.
In particular, Corollary 5.8 shows that for every d > 1, D > 1, there is A > 1
depending on d and D, such that for every ¢ = 0,...,d and every dominant
rational self-map f of P with deg, oy f < D, we have \; & (1, \).

The same question can be asked for the cohomological Lyapunov exponents.

Question 1.17. Is there a 4 > 1 depending on d > 1 and 7 € 1,...,d such that
for every dominant rational self-maps f on a d-dimensional projective variety X,

we have 1;(f) & (u=', 1) U (1, p).
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discussion on the Kawaguchi-Silverman conjecture. The author would like to
thank Zhiqgiang Li and Xianghui Shi for interesting discussion on computability
theory. The author would like to thank Tien Cuong Dinh, Keiji Oguiso, Mattias
Jonsson, Claude-Michel Viallet, Guolei Zhong and Fei Hu for helpful comments
on the first version of this work. The author would like to thank Joseph Silverman
for proposing Question 1.15. The author would like to thank Serge Cantat for
his careful reading of first version and his helpful comments. The author would
like to thank Matsuzawa, who found a mathematical mistake in the first version
of the paper.

2. BIRATIONAL MODELS

In this section, we introduce the terminology of cocycles on birational models.
This terminology is not completely necessary for our paper, but it naturally fits
our setting and it simplifies the notations a lot and makes the presentations
clearer.

Let k be a field. Let X be a projective variety of dimension d over k. A
birational model of X is a projective variety X, with a birational morphism
m: X, — X. For two birational models X, and X/, we say that X, dominates
X, and write X» > X, if the birational map p == 7 ton’ : Xy — X, is a
morphism.

2.1. Line bundles. Let Pic(X) and Pic(X)g be the inductive limits
Pic(X) := lim Pic(X,)

and .
Pic(X)g := limy Pic(X;)r.
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with respect to pullback arrows. In particular, IS\i::(X)R = 15\1/(3(X) ®z R. To
simplify the notations, for L € Pic(X), we still denote by L its image in Pic(X)g.

For every clement L € Pic(X) (resp. L € Pic(X)g) there is a birational model
X, of X such that L is represented by some L, € Pic(X;) (resp. L, € Pic(X,)r);
we say that L is defined on X, by (77! o #')*L,. For every X,» > X, L is also

—~

defined on X,. We say that L € Pic(X)g is big (resp. nef, effective, pseudo-
effective) if it is represented by L, € Pic(X,)r for some birational model X of
X such that L is big (resp. nef, effective, pseudo-effective). For L, M € Pic(X)g,
write L >, M if L — M is big and L > M it L — M is pseudo-effective.

For L € Pic(X) and every birational model X, of X, define the stable base
locus as follows: Pick any model my : X, — X such that L is defined on X,
Xy 1s normal and X, dominates X;. Define Bx,_ (L) := mnzoBSX,TO(nL) where
Bsx, (-) is the usual base locus, and let Bx, (L) be the image of By, (L) in X.
It is easy to check that this definition does not depend on the choice of 7. If L
is effective, then Bx_(L) # X,.

Let C be a curve in X and L € Pic(X)g. Assume that L is represented by some
L. € Pic(X,)r on some birational model X of X such that C' is not contained
in the indeterminacy locus I(7~ ") of 7! : X --» X,. Let C, ;=7 1(C \ I(771))
be the strict transform of C' by 7. We define (C'- L) to be (Cy. - L;). It is easy to
see that this definition does depend on the choice of X, L.

Let f: X --» X be a rational self-map and C' be a curve in X. Assume that
C' is not contained in I(f). Define f.(C) as follows: Pick a birational model X,
of X such that f; := fom: X, — X is a morphism and C' Z I(7~!). Such a
model exists, as we can pick X, to be the graph of f in X x X and let 7 be the
projection to the first factor. Define f,(C) := (fz)«(Cx). This definition does not
depend on the choice of X;. Let M € Pic(X)g. We pick X, as above. Then M
is defined on X. The previous paragraph shows that the intersection (f*(M)-C)
is well-defined and is equal to (C; - fXM). By projection formula, we get

(2.1) (f*(M)-C) = (M- f.(C)).
2.2. Cocycles. Fori=0,...,d, let (/]il/i(X)R be the inductive limit
E/W(X)R = liﬂCHi(Xw)R

with respect to pullback arrows, where CH'() is the Chow group of degree i
cocycles [Ful84]. In particular, CH'(X)g = Pic(X)g.

—

For Li,...,L; € Isivc(X)R and Z € CH’(X)g, we define the intersection L, - - - L;-

Z € CHY(X)g as follows: There is a birational model X, of X such that
Ly,...,L; and Z are all defined on X;. Let Lin,...,Lix € Pic(X,) and Z, €
CH’(X,)r represent L,...,L; and Z. Define Ly ---L; - Z to be the element in

CH"™ (X )g represented by Ly, -+ - L; »- Z, € CH""(X,). This definition does not
depend on the choice of the birational model X .
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For P € CT—ICI(X)R, define (P) to be the degree of P, where P, € CH(X,) for
some birational model X, of X which defines P. This does not depend on the
choice of birational model X.

Let g : Y --» X be a rational map. We define the pullback ¢* : CAPfi(X)R —

CH'(Y)g as follows: For every Z € CH'(X)g, there is a birational model X of X
and Z, € CH'(Xg) such that Z, defines Z. There is a birational model Yy of Y
such that ¢ induces a morphism ¢’ : Y, — X,;. We define f*Z to be the element

in CH'(X)g defined by (¢')*Z, € CH'(Y,)g. This definition does not depend on
the choice of X and Y.

For Z, W € CH’ (X)g, write Z >, W if for every dominant and generically
finite rational map g : Y --» X and (d — i)-tuple of nef line bundles Hy, ..., Hy_;

in Pic(Y)gr, (¢"(Z—W)-Hy---Hq_;) > 0. Write Z >,, W if for some big and nef
line bundle L € Pic(X)g, Z >, W + L.

Remark 2.1. Note that Z >, W with Z %, W does not imply Z = W.

For Z, W € ?W(X)R, with Z >, W (resp. Z >, W), and a dominant
and generically finite rational map g : Y --» X, we have ¢*Z >, W, (resp.
g Z >, g'W).

2.3. Siu’s inequalities. Siu’s inequality [Laz04, Theorem 2.2.13] for nef line
bundles is useful in our paper. For the convenience of the applications, we write

it in the following form for nef line bundles in Pic(X)g.

Theorem 2.2. Let L, M be nef line bundles in P?i/c(X)R. Assume that (M%) > 0,

then
(L . Mdfl)
L<d————+M.
- (M9
In particular, for every e € (0,1), eL <y, d(L.(AJ\%;)M'

Applying Siu’s inequality inductively, Dang proved a version of Siu’s inequality
in arbitrary codimension [Dan20, Corollary 3.4.6]. In [JL.23, Theorem 3.5], Jiang
and Li give another proof using (multipoint) Okounkov bodies and get the optimal
coefficient. For the convenience of the applications, we write [JL.23, Theorem 3.5]

in the following form for nef line bundles in Pic(X).

Theorem 2.3. Leti =0,...,d, and L, ..., L;, M be nef line bundles in lgl/C(X)R.
Then we have

d o
(Md)Ll...LZ. <, <.>(L1.,,Li_Md—z)M7,

i
i.e. for every (d — i)-tube of nef line bundles Hy,..., Hq_; in PTi/c(X)R, we have
d

(Ll"'Li'Hl"'Hd—i)<Md) < (z

)(Ll"'Li'Md_i)(Mi'Hl"'Hd—z‘)«
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In particular, for every e € (0,1),

d) (Ly--- Ly - Md*i)Mi.

oLt

3. RECURSIVE INEQUALITIES FOR DEGREE SEQUENCES

Let k be a field. Let X be a projective variety of dimension d over k. Let
J: X --» X be a dominant rational self-map. Let L be a big and nef line bundle
in Pic(X).

To simplify the notations, we write

Ai = Ni(f)s i = pa(f), deg; f* = degi,L [ and L, == (f")"L

for every n > 0.

3.1. A lemma on recursive inequalities. The following simple lemma on re-
cursive inequalities is useful.

Lemma 3.1. Let a,,n > 0 be a sequences of non-negative real numbers. Let
a, B, be real numbers with o > 0 and v > o+ . Assume that ay > [Bag and

Upyo + aBay, > Yant1

for everyn € {0, ..., N} where N € Z>oU{+o0}. Then for everyn € {0,..., N},
we have

Unt2 > Bantr and anyg > o (ay — Bag).
1/n

In particular, if N = +o00, then liminf ay, ™ > a.

n—oo
Proof. As v > a+ 8 and a,4; > 0, we have a2 + afSa, > (a + 5)a,y1. Hence
we have (a9 — Ban+1) > a(any1 — Bay), which concludes the proof. O

3.2. Mixed degrees. Let s > 1, consider two sequence of non-negative integers:
my > -+ >ms > 0and ry,...,7s > 0 with Y7 7, = d. We will compute the
mixed degree, which is defined to be

(Lo, - Lii,)-

Our computation is based on a direct application of the higher codimensional
Siu’s inequality.

Lemma 3.2. Let 1,12 2 0 with ri +ry < d. Let A be a product of d —ry — 1y

nef line bundles in Pic(X). Let ny,ng > 0 and 0 < t < ry. If ny > ng, then we
have

_ _ d ni—mnz
(LE'LZZ'A)S(d " ””) e ]

Lrl—t . Lr2+t X A .
t degrl —t fnl_n2 ( " ),

ni

if ng > nq, then we have

(d — 71y =T+ t) degy_,, f™

L L2 A) <
( n1 no ) t degd—rl-‘rt fng—nl

(Lrl—t ) L:f;-t . A)

ni
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Proof. Up to some small pertubations of L of the form L + eH for some H ample
and positive rational € — 0, we can suppose that L is ample on X. After replacing
L by some positive multiple, we may further assume that L is very ample.

Replace X by a sufficiently large model, we may assume that L,, and L,,
are defined over X. Hence they are generated by global sections. Let V' be the
intersection of (r; —t) general sections of L,, and ry general sections of L,,,. Then
V =Lyt L in CH™ 27 (X).

By Theorem 2.3, we have

_ _ ER d—r1—r2
I | < d—ry =72+ 0\ (Ln|v)" - (Lns|v) )LZ .
' t ((Lng|v)rmr2tt) ’
Hence
t d—ri—r
LV d—ry—re+t\ (L, - L5, ™ 2-V)L21_t'L;2+t'
1 t (Lg2—7’1—7‘2+t 5 V) 1 2
Intersecting with A, we conclude the proof by the projection formula. O

Applying Lemma 3.2, we get upper and lower bounds on the mixed degrees.
Proposition 3.3. Let [, :==ry +--- 4+ r;, we have

. . 3 (d— 1\ pp deey,  (fm )
(LTrluLnszé)S(Ld)H( ll +1>H l;,L

d
=1 i=1 (L )
and
s—1 d . l —1s—1 degl (fml—mi+1>
degy(f™ ( ) : < (L LT
dl >H Tit1 zl_[1 degliﬂ(fmrmm) (L, 2
Proof. Apply the first inequality in Lemma 3.2 for L7} , L2, t = r; and A :=

Ly --- Ly, we have

d—ry\ degy (f™7"2) lo—ls_
>—(L%Q“'Lms ')

Lll . Lls_lsfl <
( mi ms ) —= ( ll (Ld)
We get the first inequality by induction.

Apply the first inequality in Lemma 3.2 for Lln?“, L?m, t = ry and A =
Lt L=t we have

(Ll - Lty

_ _ d — 1y deg, (f™ ™)
l I3—1 ls—ls— 1 l
(Lﬂil'Ln%Q“'Lms 1)§ ( ) 2 ™

ry ) degy, (frmimm2)

Hence we have
(L ... [lalr) > (d . h)_l—degll(fmlm)
m s - T2 deg;, (fmai—m2)

We get the second inequality by induction, which concludes the proof. U

lo l3—l2 ls—ls—1
(Lml ' ng o Lnsls ) )

By Proposition 3.3, we get the following corollary directly.
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Corollary 3.4. For every 0 € (0,1), there is a constant Ds > 1 such that

Dy tem H A ()T < (L, o Ly ) < Dsd™™ H Ay (),
i=1 i=1
where l; :==11 4 - +1;.
3.3. Recursive inequalities. For two functions 64,6 : Z>y — R, define 6, 2
0y if
lim sup(6/6;)"/" < 1.

n—0o0
This defines a partial ordering on the space of functions from Zx, to R-(. Define
01 ~ 0y if 01 = 65 and 6, 2 0;. This is an equivalence relation.

Theorem 3.5. For ri,r9 > 0 with r1 + 19+ 1 < d, set

tr=min{i > 1] firp14ifbey+rotii < M1 ey 41 -
Set

77T17T2 = :u’Tlth,u'r1+r2+t+1.
Then for every e € (0,1), there is me > 0, such that for every m > m.,

m d—r .
(LQm + nr17T2L) 2. Ln?b
LL?;”+1(L2m + 7777,?7T2L)d—7”2—1 . L%Jrl
In particular, we have

+1
Low - L2 40 L - L72 >, ™l L2t

m

> (d — TQ)Em.

Remark 3.6. We note that 7, ,, in Theorem 3.7 is at most 4, 41ty 4ro+1. More-
over, if f, 41 = frytrg41 OF flpytrgt1 > frytry+2, then 7, ., is strictly leas than
Moy 41 Hory 4ro+1-

Proof of Theorem 3.5. Set 1 := n,, »,. We note that i, y14+; and fi, 4,114 are
constant when i € [0,¢ — 1]. In particular pi,, 11 = ftr, 44

The decreasing of p; implies that n(d*”*j)m)\;”)\g’im,j = 0,...,d — ry takes
maximal value when j = r; +¢. By Corollary 3.4, we have
d—r2
(LQm + nmL)d—Tg ’ L71:I’2L ~ Z n(d_rg_j)m(Lém ’ L:rQL ’ Ld_j)
§=0
d—ro

~ (d=ro—j)ymymym
Nr?goxn AT AT,

(3.1) A A AT gt

By Corollary 3.4, we have
d—ro—1 '
/*LT1+1<L2m + 7)mL)dfrgfl . LﬁJrl %ﬂ:ﬂ?-fl Z n(d*T2*1*j)m<L%m . L:anrl . Ld*])
=0

d—ro—1
~ M (d—ro—1—j7)mymym
41 § n AVIRVATTE
J=0
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The maximal taken when j = r; +¢ — 1. Then we have

m m 7 \d—ro—1 ro+1 ., m (d—rog—r1—t)mym m
Nr1+1(L2m+77 L) Ly Ry an APt A 4o

:Mrmﬁt??(dirrn7t)m)‘z+t—1)‘ﬁ+t+r2
(3.2) = AT AT s
By (3.1) and (3.2), we conclude the proof by Theorem 2.2. d

For every i = 1,...,d, define U(i) := max{j = 0,...,d| p; = p;}. If we take
ry =1 — 1 and ro = 0 in Theorem 3.5, we have n,, ,, = pipy@)+1 and we get the
following special case for line bundles.

Theorem 3.7. Fori=1,...,d and every € € (0,1), there is me > 0, such that
for every m > m.,
18 big.

A weaker version of Theorem 3.7 was proved in [MW, Proposition 3.5], when

_ d .
Ai = maxj_g ;.

Remark 3.8. As y; = py(;) and jui41 > py)+1, Theorem 3.7 can be reformulated
in the following form: For i = 1,...,d and every € € (0, 1), there is m. > 0, such
that for every m > m,,

is big.
We define three families of conditions on X, f, L. which depend only on some

intersection numbers. Let a1, ..., aq € Ry be a sequence of decreasing numbers.
Let v,€ € (0,1), and m € Zx;. Set §; := [[_; au.

Definition 3.9. Fori = 1,...,d, wesay that X, f, L has condition I;(a1, ..., aq;7y; €m)
if for every j =0,...,i — 1, we have
(L2m + a;rj_la;n,ym[j)d—i—i-j—&-l . L:;j_l

m m m d—i+j . 7i=J
aj+1(L2m + afi o ym LY+ Ly,

> (d—i+j+1)em

Definition 3.10. For : = 1,...,d, define

i1 mam m m
B(Oél,...70éd;fy;€;m) ::Z <d>( d > o,y deg](f )degifl(f )

= j) \i—1)entthgm (L%)2
We say that X, f, L has condition J;(aq, ..., aq;7y; €6 m) if
B(ab s OGS € m) < €2m1ﬁlm(1 - emi)'

By Theorem 2.2, If (X, f, L) has condition I;(ay, ..., a4 7;€;m), then

i1 m m, mryi—j—1 m_ . m i—J
Lop - L7 + a0y Ly, L >, e"ajy Ly,7.
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Definition 3.11. Fori=1,...,d and N > 0, we say that X, f, L has condition
Ki(ay,...,ag v em; N) if

deg; (f" V) > Blau, ..., ag;v; e;m)e™ deg(f™Y).

Condition [;(aq, ..., aq;v;6;m) and Ji(aq, ..., aq;v;€;m) only depend on the
top intersection numbers using Loy, Ly, L. Condition K;(aq, ..., aq;v;€;m; N)
only depends on the top intersection numbers of Ly, L(n+1yms Lom, Lim, L.

Remark 3.12. If we fix X, f, L,i,mand n, [;(cq,...,aq7,6,m), Ji(aq, ..., aq7,€,m)
and K;(aq,...,aq;7,€,m;n) are open conditions on (ay, ..., aq,7,€).

Lemma 3.13. If (X, f, L) has conditions I;(aq, ..., aq7v;€6;m). Then for every
n > 0, we have

deg,(f"" ) + Be™ B deg,(f™") > €™ " deg, (f"" V),

where B := B(ay, ..., aq;7; € m). Assume further that the conditions J;(ayq, . . ., ag;y; €,m)
and Ki(aq, ..., aq;7v;€;m; N) are satisfied for some N > 0. Then for everyn > 1,
we have

degi(fm(N+n))—€_miB degi(fm(N+n—1)) > (€2miﬂgn)n—l(degi fm(N+1)_€—miB degz me)

In particular, Ki(aq,...,aqv;6m; N 4+ n) is satisfied for every n > 0 and we
have

i > €26,
Proof. As I;(aq, ..., aq;7; €;m) is satisfied, for every 7 =0,...,i — 1, we have
(33) L%:_nl ) Lir:j_l + aﬁ—la/;’nvml’%m ’ Lir:j_l L > big Gm@ﬁngmLZj,

To simplify the notations, for u,v,w > 0 with u + v + w < d, write
DU,U,w(n> = ( 1(LZJrn)m ’ Lzr)n(n+1) ’ L%n ’ Ldiu*viw)'
Apply (f™)* to (3.3) and intersect them with L?~¢ we get
Dj“’i_j_l’o(n) + ajnjrla;”’yij’i_j_l’l(n) > emoz;’jrle’i_j’O(n).
Dividing both side by eUt)mgm, we get

DiHLi=i=10(p)  gqmamDii=i=Ll(p)  Dii=i0(p)

. + . > .
6(]+1)m6ﬁ1 E(jJrl)mBJm 6]mﬂ]m
Then we get
Di,O,O(n> i—1 Ozm,yijj—j—l,l(n) '
e + ! - poo > DO’Z’O(TL).
€ ] ; e+ ﬁj

We note that
D9(n) = deg,(£+™) and D% (n) = deg ("),
By Proposition 3.3, we have

d)( d )degj(fm)degi_l(f’”)

Dii=i—11(p) <
(n) < (j i—1 (L9)?

deg; (/™).
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Then we get
degi(fm(n+2)) + Blay, ..., aq 7, 6m)e™ B deg, (f™) > ™ 3" degi(fm(”“))_
Now assume that conditions J;(cv, . .., aq;v;€;m), Ki(a, . .., aq;y; €;m; N) are

satisfied. Write
¢ =¥ B™ and ¢ := Blay, ..., aq 7 6m)e ™.
Condition J;(aq, ..., ag;y; €;m) implies that

MG > ¢+ .
Condition K;(aq,...,aq;v;€;m; N) implies that

deg; (f" V) > 1) deg,(f™).
We then conclude the proof by Lemma 3.1. Il

Lemma 3.14. Fizi=1,...,d. Assume that pu; > p;r1. Then by Remark 3.6,

forevery j =0,...,0—1, nji—j—1 < pjy1p. Pick vy € [maxé;%) "7:‘];—1];1, 1). Then

for every € € (Wi, 1) there is me > 0, such that for every m > m,, conditions
Li(pa, o pas s 6 m), Jilpa, -5 pa; v; € m) hold for (X, f, L) and moreover, for
every N >0, K;(u1, ..., pa;v;€;m; N) is satisfied.

Proof. The case ry = j,r79 =1 — j — 1 of Theorem 3.5 implies that the condition
Li(p, ...y pa;y; €, m) holds for m > 0.

As
i) \j—1) enurirm (L4)? en(+ \m I
Y™
Sﬁ)\i ;
we get
(3.4) B, .-, pra; v € m) S —— A

NEmd 7

Then we have

B(Hl)?ludvfy?&?m) < ( 7 )m

e2miNm (] — emi) e3d
1

Since 47 < 1, Ji(p1, - .., pa;y; €, m) holds for m > 0.

By (3.4),
deg,(f™) S Afemd (Em)m
Blay, ..., agy;em)e™ ~ Ioxm by 0T

So K;(ay, ..., aq;7;€;m;0) is holds for m > 0. Hence there is m, > 0, such that
for every m > m,, conditions I;(u1,...,pa;v;6;m), Ji(p, ..., pa;y; €;m) and
Ki(on, ..., aq;7v;¢;m;0) hold for (X, f, L). By Lemma 3.13, for every m > m,
and N >0, K;(aq,...,aq7;¢6m; N) holds. O
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4. ALGORITHM TO COMPUTE THE DYNAMICAL DEGREES

We keep the notations of Section 3. Let k be a field. Let X be a projective
variety of dimension d over k. Let f : X --+ X be a dominant rational self-map.

Let L be a big and nef line bundle in Pic(X).

The aim of this section is to give an algorithm to compute the dynamical
degrees to arbitrary precision. In other words, we will give an algorithm, such
that for any given number [ € Z~, the algorithm gives a rational number A such
that \; € (5\, A+ %) For a given precision [, the algorithm will stop in finitely
many steps and it only uses certain intersection numbers between L,,,n > 0.

4.1. Upper and lower bounds. By [JL23, Corollary 1.3] (or Theorem 2.3), for
every m,n > 0, we have

()

(4.1) degi(fm+n) < (L9) deg;(f™) deg;(f").

Then we get the following fact:

Fact 4.1. The sequence

()

((Ld) degi(fn))l/nan >0

tends to \; from above.
This controls the dynamical degrees from above.

Now we want to control the dynamical degrees from below. By Remark 3.12,

fori=1,...,d, every > 1, the following two statements are equivalent:

(i) there are decreasing numbers «aq,...,aq € Ry, with 5; = H§:1 a; >
B, v € (0,1), € € ((ﬁﬁ)%7 1) and m € Zs;, such that the conditions
Ii(ala <oy g3, € m)? Ji(ala - 0y, Eam) and Ki(alv <oy Ogy 7Y, €, 0)
are satisfied for (X, f, L); '

(ii) there are decreasing numbers ay, ..., aq € Qso, with §; := H;Zl a; > 3,
7€ (0,1)NQ, € € ((%)%, 1) NQ and m € Z>q; such that the conditions
Li(o, ... aq;7,6,m), Ji(an, ... a7y, €,m) and Koy, ..., aq; 77, €,m; 0) are

satisfied for (X, f, L);

By Lemma 3.14, Lemma 3.13, we have the following result.

Theorem 4.2. Fori = 1,...,d, every f > 1, (i) (or (ii)) above implies that
Ai > B. On the other hand, if ; > piv1, and N; > 3 then (i) (and (ii)) holds.

Combining Fact 4.1 with Theorem 4.2 and the log concavity of the dynamical
degrees, we can control \; both from above and form below. This give us an
algorithm to compute \; which only use certain intersection numbers. Now we
explain the algorithm in more details.
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4.2. Algorithm.

Proof of Theorem 1.4. For every t > 0, and i = 0,...,d, we will construct upper
bounds A (t) and lower bounds A; () for \;. First, we set A\J () = Ay (t) = 1 for
every t > 0.

We first construct the upper bounds for i = 1,...,d. For ¢t > 1, define

()

U<t) = ((Ld) degi(ft))l/t

and set
NH(E) = min{U(0), ..., U()}.
By Fact 4.1, A/ (¢) tends to \; from above.

Next, we construct the lower bounds for A; (¢),: = 1,...,d,t > 0 induc-
tively. Set A;(0) := 1,7 = 1,...,d. Let Q be the set of (ay,...,aq,7,€6,m) €

4, x((0,1)NQ)? X Z=g. This is a countable set. We may fix a (computable) ar-
rangement to write 2 = {w;, t > 1} Write w; = (au(t), ..., aa(t), v(1), €(t), m(t)).
Fori=0,...,d, set B;(t) := [[;_, a;(t). Not that §(t) = 1. Define

B (t) = ()™ Bi(t)
if the conditions ;, J; hold for (ay (%), ..., aq(t); v(t), €(t),m(t)) and the condition
K; holds for (ay(t),...,aq(t);y(t),e(t), m(t);0); and

Br(t) = 1
otherwise. To compute §; (t), we only need to compute finitely many intersection
numbers among L, Ly, ), Lam). By Theorem 4.2, we have A\; > 3, (t). Define

Xi(t) :=max{\; (t — 1), 5 (¢)}.
Then we have \; > X;(t). Define \f(t) := Xy(t). Fori =1,...,d — 1, define
AS(t) == max{X;(t), max {(Xi_u(t)”Xf+v)1/<u+“>}}.

1<u<i,1<v<d—i

As )\, i =0,...,dislog concave, we have \; > XS (t). Note that A\ (¢) is increasing
when ¢ increase. For each t > 0, to compute A\ (¢), we only need to use finitely
many mixed degrees.

Now we compute \; (t), A\ (t),7 = 0,...,d for t > 0 one by one until ¢ reach
some value T' such that
MNH(T) =\ (T) < 1/2

for every i = 0,...,d. Then we set A; := A7 (T). Once such T exists, we get
- -1
A<\ < A(T) <>\+§.
So the output X is what we need.

Now we only need to prove that there is t > 0 such that \j (¢) — A\, (¢) < 1/2!
for every i =0,...,d. As

t—00
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for every ¢ > 0, we only need to show that
(4.2) tllglo A (1) = A

Let V:={0}u{i=1,...,d| piy1 < p;}. It is clear that {0,d} C V. By Theorem
4.2, for every i € V', (4.2) holds. For every i € {0,...,d}\ S, set

a; :=max{j € V|j < i}
and
b; :=min{j € V|j > i}.
Then p; is constant when j € [a; + 1, b;]. So we have
A = ()\Zi—i)\zi—ai)l/(bi—ai)‘
The definition of A; (f) implies that
A7 (8) = (A (= 1PN, (¢ — 1))/ i)

As a;,b; € V', we get
liminf A7 (¢) > lim (A, (£ — 1)% /A, (£ — 1))V bme) = ),

t—o0 t—o00

As A, (t) < \; for every t > 0, (4.2) holds. This concludes the proof. d

4.3. Lower bounds in dimension two. By Fact 4.1, we have a direct upper
bound of dynamical degrees, but to get lower bounds we need to try many possible
parameters to see whether 6 equal to 1. This makes the algorithm in Section 4.2
far from being efficient. I suspect that a direct way to get the lower bounds should
make the algorithm more efficient. In the surface case, a such lower bound was
proved by the author [Xiel5, Key Lemmal].

Theorem 4.3 (=Theorem 1.5). Let k be a field. Let X be a projective surface
over k. Let f: X --» X be a dominant rational self-map. Let L be a big and nef
line bundle in Pic(X). Then we have

2
)\1 Z . degl f )
22 x 318deg, f

The proof relies on the theory of hyperbolic geometry and the natural linear
action of f on a suitable hyperbolic space of infinite dimension. This space is
constructed as a set of cohomology classes in the Riemann-Zariski space of X
and was introduced by Cantat [Canll]. Unfortunately, such space can be only

constructed in dimension two. Also the coefficient 22 x 38 is quite large.

In this section, we use the idea of constructing recursive inequalities to get a
better lower bound for the first dynamical degree in dimension two. This result
has the same form as Theorem 4.3, but it improves the coefficient a lot i.e. from
22 x 318 to 4. Moreover, the proof become much simpler.
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Theorem 4.4 (=Theorem 1.6). Let k be a field. Let X be a projective surface
over k. Let f : X --+ X be a dominant rational self-map. Let L be a big and nef

line bundle in PNlc(X) Then we have

degl f2
t= 4deg1f

/2

Proof. Set @ := deglf As M\ > )\ , we may assume that Q/4 > \y’". We claim

that the line bundle ,
Ly + %L — QLl

is big. For this, by Theorem 2.2, we only need to show that
(La+ %L _Q

(4.3) > <
2(Ly + 1—6L)L1 2

Indeed,
(L + £ 1) N 22 deg, f>
2(Ly + 1—6L)L1 2L+ L L)L,
2?—62 deg, f?
B 2()‘2 deg, f + 619_62 deg; f)
>2?—§ deg, f2
4?—; deg, f

Q

>
-2

Then we get (4.3). Apply (f™)* to Ly + ?—GQL — %Ll and multiply it by L, we get
that for every n > 0,
Q

deg, (f"%) + degl(f”) > = degl(f"“)
By (4.1), deg; f* < %(deg1 )2 Then we have

Q2

dog £~ 27> L) - Ly >0

We concludes the proof by Lemma 3.1. U

5. LOWER SEMI-CONTINUITY OF DYNAMICAL DEGREES

Let S be an integral noetherian scheme. Recall that A family of d-dimensional
dominant rational self-maps on S is a flat and projective scheme 7 : X — S
satisfying d := dim X'/S with a dominant rational self-map f : X --» X over S
such that the following hold:

(i) For every p € S, the fiber X, of 7 at p is geometrically reduced and
irreducible.
(ii) For every point p € S, X, Z I(f).
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(iii) The induced map f, : X, --» X, is dominant.

The aim of this section is to prove the lower semi-continuity of dynamical
degrees for a family of dominant rational maps.

Theorem 5.1 (=Theorem 1.8). Let S be an integral noetherian scheme and
m: X — S be a flat and projective scheme over S. Let f : X --+» X be a family
of d-dimensional dominant rational self-maps on S. Then for everyi=0,...,d,
the function p € S +— X\(f,) is lower semi-continuous.

5.1. Lower semi-continuity functions on noetherian schemes. The follow-
ing lemma gives a criterion for the lower semi-continuity.

Lemma 5.2. Let S be a noetherian scheme. Then a function 6 : S — R is lower
semi-continuous if and only if the followings hold:

(i) for points z,y € S with y € {x}, we have 6(zx) > O(y); o
(ii) for everyx € S and a < 0(z), there is an open subset V' of {x} containing
x such that V C 07((a, +0)).

Proof. First assume that 6 is lower semi-continuous. Then (ii) is obvious. Let
z,y € S with y € {z}. Note that §~'((—o0,6(z)]) is closed and it contains z.
Then we have y € {z} C 8~1((—o0,6(z)]). So (i) holds.

Now assume that (i) and (ii) hold. Let a € R. Let Z := 0=((—o00,a]). We
only need to show that Z = 671((—oc,a]). Otherwise, there is an irreducible
component Z’ of Z such that Z/ € 07'((—o0,a]). Let n be the generic point of
Z'. By (i), n € 071 ((—o0, a]). By (ii), there is open subset V of Z’ containing n
such that V' C 07'((a, +00)). So V € 01 ((—o0, a]). So 7' ((—o0, a]) is not dense

in Z’, which is a contradiction. U

Remark 5.3. The following example shows that the limit of lower semi-continuous
functions may not be lower semi-continuous: Let S = SpecZ. Let n be the
generic point of S. For n > 1, let D,, : S — R be the function as follows: Define
D, (n) := 1. for every prime number p, D,(p) := 0 if p < n; and D,(p) := 1
if p > n. Easy to check that D, are lower semi-continuous. KEasy to see that
D,, pointwisely converges to the function D : S — R satisfying D(n) = 1 and
D|s\{y = 0, which is not lower semi-continuous.

Constructible topology. Let S be a noetherian scheme. Denote by |S| the under-
ling set of S with the constructible topology; i.e. the topology on a S generated
by the constructible subsets (see [Gro64, Section (1.9) and in particular (1.9.13)]).
In particular every constructible subset is open and closed. This topology is finer
than the Zariski topology on S. Moreover |S| is (Hausdorff) compact.

Lemma 5.4. Let S be a noetherian scheme. Let 0 : S — R be a lower semi-
continuous function. Then 6 is continuous in the constructible topology. Assume
further that 6(S) is discrete. Then 0(S) is finite and for every a € R, 67'(a) is a
constructible subset of S.

Proof. For every a € R, 67'((a,+00)) is Zariski open in S, hence open in the
constructible topology. For every a € R, 07 ((—00,a)) = Up>10*((—00,a — 2]).
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As 071 ((—o0,a — 2]) is Zariski closed, it is open in the constructible topology.
So 871((—o0, a)) is open in the constructible topology. So 6 is continuous in the
constructible topology.

Now assume that 6(S) discrete. As 6 is continuous on |S| and |S| is compact,
6(S) is compact and discrete, hence finite. If a & 8(S), then §71(a) = 0. Assume
that a € (S). There is b < a such that (b,a) NO(S) = 0. Then

0~ (a) = 07" ((—o0,a]) \ 7' ((—o0, b)),
which is a constructible set. O

5.2. Lower semi-continuity of mixed degrees. Let £ be a m-ample line bun-
dle on X. For every p € S, denote by L, the restriction of £ to the fiber X,,.

Lemma 5.5. Let (X, f) be a family of d-dimensional dominant rational self-maps
on S. Let L be a m-ample line bundle on X. Let my,...,mq € Z>o. Then the
function

p= (") Ly (f") " Lp)
s lower semi-continuous on S. In particular, for everyi=0,...,d, the function

D= degz’,Lp o
1s lower semi-continuous on S.

Proof of Lemma 5.5. Denote by k the generic point of S. By Lemma 5.2, we only
need to show that for any (7 : X — S, f, £) satisfying our assumption, we have

() Ly -+ (f )" Lp) < ((f&) L -+ (f)" L)
on S with equality on a Zariski open subset of S.

Let T be the closure of the image of the map X, --» X? sending = to
(frm(z),..., fm(x)). Let T" be its closure in X/ds.

By [RGT71, Theorem 5.2.2], there is a blowup ¢ : 8" — S such that the strict
transformation IV — S" of ' — S by ¢ is flat. Set X’ := X x g S’ with structure
morphism 7" : X' — §" and f' = f xgid. Set ¢ :=id xg¢ : X' — X and
L' :=y*L. Then (7' : X' — S, f', L') has the same property as (7 : X — S, f, L).
Let " be the generic point of S” and I'/. be the closure of the image of the map
X'y --» X% sending z to ((f.,)™ (x),...,(f.)™(x)). Then I" is its closure in
X’?S. For every p' € S, (X}, f};, L;,) is a bass change of (X, f,, L,). Moreover
1 is an isomorphism over a Zariski dense open subset of S. So we may replace
(m: X =S, f,L) by (' : X = 5, f/, L") and assume further that the structure
morphism 7 : I' — S is flat.

For every p € S, let ') be the closure of the image of the map X --» X;f
sending z to (f™(x),..., f™(x)). Then I'] is an irreducible component of I'.
There is a Zariski dense open subset U of S such that for every p € U, I', = I'}.
Let F; : I' — X be the i-th projection. Then we have

(5.1) (") Ly (") Lyp) = (FYLlry -+ - FyLlry) < (FY Ly, -+ FiL]r,),
and the equality holds for p € U. By [Ful84, Proposition 10.2], we have
(5.2)  (F LI, - FiLlr,) = (F7Llr, - FGLJr,) = ((f) L -+ (f*)" L)

K K
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Combine (5.2) with (5.1), we concludes the proof. O

Remark 5.6. For every p € S, we have ((f)"')* Ly (f;'*)*L,) € Z. By Lemma
5.4, the set {((f)")* Ly -+~ (f)'*)*Ly)| p € S} is finite and for every subset F' C R,
{pe S| ((fy)Ly---(f"4)"L,) € F} is a constructible subset of S.

The following example shows that the map p > deg, ;(f,) is not continuous
in general.

Example 5.7. [Xiel5, Example 4.2] Consider the birational transformation
filriy:2] e vz yz + 22y 27
of P? over SpecZ. Denote by L the hyperplane line bundle on P4. Then f, is

birational for every prime p € Spec Z. We have that deg; (f,) =1 for p =2 and
deg;, (f,) = 2 for any odd prime.

The function p € S — X\;(f,) of the i-th dynamical degree is the point-wise
limit of the functions p € S~ (deg, f»)¥/™. By Lemma 5.5, the later function is
lower semi-continuous. However, as shown in Remark 5.3, this does not directly
imply the lower semi-continuity of the i-th dynamical degree. To complete the
proof of Theorem 5.1, we need to apply the lower bounds of the dynamical degrees
obtained in Section 3.

5.3. Lower semi-continuity of dynamical degrees.

Proof of Theorem 5.1. Let k be the generic point of S. By Lemma 5.2, we only
need to show that for any (7 : X — S, f) satisfying our assumption, the followings
hold:

(1) Mi(fp) S Ailf) forallp e S
(ii) for any S < A;(f.), there is a nonempty open set U of S, such that for
every point p € U, \;(f,) > B.
Let £ be a m-ample line bundle on X. For every p € S, denote by L, the
restriction of £ to the fiber X,,. By Lemma 5.5, for every integer n > 0, we have

degi,Lp(f}?) < degi,%(f:)
hence
Ai(fp) < Ailfio)-
This implies (i).
Set V:={0}U{i=1,....d| ir1(f) < pi(fs)}. It is clear that {0,d} C V. We
first prove (ii) for ¢ € V. Let 5 < A\;(f.). By Theorem 4.2, there are decreasing
numbers aq, ..., aq € Ryg, with 3; := H;Zl a;>p,7€(0,1), e ((ﬁ)%, 1) and

Bi
m € Z>1, such that the conditions [;(ay,...,aqy,€,m), Ji(oq,. .., aq7,€6,m)
and K;(aq,...,aq;7,€6,m;0) are satisfied for (X, f., L.). Note that the condi-
tions I;(av, ..., aq;v;6,m), Ji(on, ..., aq;v; 6, m) and Ki(ay, ..., aq;7; €;m; 0) for

(X,, fp, Lp) only depend on the top intersection numbers of ( fgm)*Lp, (f)")* Lp, L.
By Lemma 5.5, there is a Zariski dense open subset U of S, such that for every
p € U, all top intersection numbers of (f>™)*Ly, (f;")*Ly, L are constant. Hence
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for every p € U, the conditions I;(a, ..., aq;7v,€6,m), Ji(oq,. .., aq47,€6,m) and
Ki(ai,...,aq4;7,€,m;0) are satisfied for (X,, f,, L,). By Theorem 4.2, we get
Ai(fp) > . This implies (ii) for ¢ € V.

As in the proof of Theorem 1.4, for every i € {0,...,d}\ V, set

a; :=max{j € V|j < i}
and

b; :=min{j € V|5 > i}.
We have

Ai(fi) = ()‘ai<fﬁ)bi7i>‘bi(fﬁ)iiai)l/(biiai)'

Pick 0 € (5/Xi(fx),1). As a;,b; € V, there is a nonempty open set U of S, such
that for every point p € U,

Aai(fp) > O0Xa,(fr)
and
Av; (fp) > O, (f)-

As N(fp),1=0,...,d is log concave, we have

AZ(fP) Z (Aai(fp)bi_i)\bi(fp)i—ai)l/(bi—ai)
> H(Aaz‘(fn)bi_iAbi(fn)i_ai)l/(bi—ai)

This concludes the proof. U

Theorem 5.1 implies that for every family of dominant rational self-maps over
S, Ai(fp) can not be arbitrarily closed to 1 if it is not equal to 1.

Corollary 5.8. Let (X, f) be a family of d-dimensional dominant rational maps
on S. Foreveryi=0,...,d, the set \;((X, f)) :={\i(fp)| p € S} is well-ordered
i.e. every subset of A;((X, f)) has a minimal element. In particular, there is
A € (1,400) such that for every p € S, if \i(f,) > 1, then Ni(f,) > A

Proof. Let F C A;((X, f)). For every 8 € R, define Z3 := ;' ((—o0, 8]) which is
Zariski closed. For g € A;((X, f)), we have

(5.3) B = sup Ai(fp)

pEZB

Set b := inf F'. There is a decreasing sequence 3, € F' such that lim 3, = b.

n—oo

The noetherianity of S shows that there is N > 0 such that Zg, = Zg, for all
n > N. By (5.3), we get (3, = By for every n > N. Hence b = . This implies
that A;((X, f)) is well-ordered. As A;((X, f)) N (1, 4+00) is well-ordered, the last
statement is true. g
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5.4. Decidability. Theorem 5.1 implies that for a family of dominant rational
self-maps over S. For every > 0,7=1,...,d, and p € S, the question whether
Ni(fp) > B is decidable.

Let (X, f) be a family of d-dimensional dominant rational maps on S. Let
L be a m-ample line bundle on X. For every p € S, denote by X,, f,, L, the
specialization of X, f, L at p.

For ¢ > 0, let A (fp,t) be the lower bounds for A;(f,) as defined in the proof
of Theorem 1.4 in Section 4.2. It has the following properties:

(i) for every ¢ =0,...,d, A\, (fp,t),t > 0 is increasing;
(i) Timyso0 A7 (fp, ) = Ai(fp);
(iii) for every i,t¢, the value of A\, (f,,t) only relies on finitely many mixed
degrees for X, f,,, L.

For every ¢ > 0, by (iii) and Remark 5.6, the function p € S — X, (f,, %) is
locally constant on |S|. In particular, it only takes finitely many values.

Corollary 5.9. Let (X, f) be a family of d-dimensional dominant rational maps
on S. Let L be a m-ample line bundle on X. Then for every f € R and 1 =
0,...,d, there is T > 0 such that for every p € S, Ni(fp,) > B if and only if
A (fp T) > 8.

Proof. Set Z = {p € S| \i(f,) > B}. By Theorem 5.1, Z is Zariski open. For
every n > 1, write V; := {p € S| A\ (f,,t) > B}. By (i) and (ii) above, V; is
increasing and Z = U;>oV;. By (iiil) above and Remark 5.6, V; is constructible in

S. As |Z| is compact and |V;|,t > 0 are open in the constructible topology, there
is T' > 0 such that Z = UtT:()V} = Vp. This concludes the proof. O

6. PERIODIC POINTS OF COHOMOLOGICALLY HYPERBOLIC MAPS

Let X be a variety over a field k. Let f : X --+ X be a dominant rational
self-map. For i = 1,...,d, we say that f is i-cohomologically hyperbolic if \;(f)
is strictly larger than the other dynamical degrees i.e.

pi(f) > 1 and pipa(f) < 1.

We say that f is cohomologically hyperbolic if it is i-cohomologically hyperbolic
for some i =1,...,die. p;(f)#1forevery j=1,...,d.

Let X be the set of (scheme-theoretic) points x whose orbit is well-defined i.e.
for every n > 0, f™(z) &€ I(f). More generally, for every Zariski open subset V
of X, let V} be the set of points x € X; whose orbit Of(x) is contained in V. Let

X¢(k) == XynNX(k). For every n > 0, let Per,(f)(k) be the set of n-periodic
closed points in X (k). Set Per (f)(k) := U,>1Per,(f)(k). For every Zariski open
subset V of X, let Pery(f)(k) be the set of z € Per (f)(k) whose orbit Of(z) is

contained in V.

The aim of this section is to prove the following result, which implies Theorem
1.12.

Theorem 6.1. If f is cohomologically hyperbolic, then for every Zariski dense
open subset V' of X, Pery(f)(k) is Zariski dense in X.
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6.1. Rational self-maps over finite fields. The following result shows that,
for dominant rational self-maps over finite fields, the periodic points are always
Zariski dense. It was originally proved by Fakhruddin and Poonen [Fak03, Propo-
sition 5.5] for endomorphisms. Their proof indeed works for arbitrary dominant
rational self-maps with minor modifications. For the convenience of the readers,
we provide a proof here in the general case. Our proof is based on the proof of
[Xiel5, Proposition 5.2].

Proposition 6.2. Let p > 0 be a prime number. Let X be a variety over E. Let
J X --» X be a dominant rational self-map. Then for every Zariski dense open
subset W of X, Perw (f)(F,) is Zariski dense in X.

The key ingredient to prove Proposition 6.2 is Hrushovski’s twisted Lang-Weil
estimate.

Theorem 6.3 ([Hru, SV22|). Let g : X — Speck be an irreducible affine variety
of dimension r over an algebraically closed field k of characteristic p, and let q
be a power of p. We denote by ¢, the q-Frobenius map of k, and by X% the
same scheme as X with g replaced by g o gzﬁq_l. Let V C X x X% be an irreducible
subvariety of dimension r such that both projections

TV o X andmy: V — X%

are dominant and the second one is quasi-finite. Let ®, C X x X% be the graph
of the g-Frobenius map ¢,. Set

deg m
= 5
deginsep 2

where deg . denotes the degree of field extension K(V)/K(X) and deg,,., T is
the purely inseparable degree of the field extension K(V')/K(X).
Then there is a constant C that does not depend on q, such that

#V (@) —ug’| < Cq'72.

Hrushovski’s original proof of Theorem 6.3 relies on model theory. See [SV22]
for an algebro-geometric proof.

Proof of Proposition 6.2. After replacing X, f by W, f|lw, we may assume that

W = X. Let Z := Per (f)(F,) and assume by contradiction that Z # X. Set
Y := Z|JI(f). Then Y is a proper closed subset of X. Let ¢ = p™ be such that
X and f are defined over the subfield F, of F, having exactly ¢ elements. Let
¢4 denote the Frobenius morphism acting on X and let I'¢(resp. I',,) denote the
graph of f (resp. ¢') in X x X. Let U be an irreducible affine open subset of
X \ 'Y that is also defined over I, and such that f is an open embedding from U
to X. Set V =T;((U xU). By Theorem 6.3, there exists an integer m > 0 such
that (V(\y)(F,)#0 ie. there exists u € U(F,) such that f(u) = ¢(u) € U.
Since f is defined over Fy, it follows that f'(u) = ¢t (u) € U for all I > 0. This
contradicts the definition of ¥ and U. U
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6.2. Isolated periodic points. A periodic point x € Per (f)(k) is called isolated
if it is isolated in Per,.(f) for some period r > 1 of z. The following result shows
we can lift isolated periodic points from the special fiber to the generic fiber. This
result was originally proved by Fakhruddin and Poonen [Fak03, Theorem 5.1] for
endomorphisms. However, its proof works for arbitrary dominant rational self-
maps with minor modifications. For the convenience of the reader, we provide
a proof here in the general case. Our proof is based on the proof of [Xiel5,
Proposition 5.4].

Lemma 6.4. Let X be a quasi-projective scheme, flat over a discrete valuation
ring R with fraction field K and residue field k,. Let fr be a dominant rational
self-map X --» X over R. Let X, be the special fiber of X and X be the generic
fiber of X. Assume that X, is reduced and X,  I(fr). Let f be the restriction
of fr to X, and f, be the restriction of fr to X,. Let U, be a Zariski dense open
subset of X, such that U, N I(fgr) = 0. Let r > 1 and x, € U, be a closed point
in Pery (f,) of period r. Assume that X, is reqular at x, and x, is isolated in
Per,(f,). Then there is a closed isolated periodic point x € Per,(X) such that
z, € {z}.

Moreover, if isolated closed periodic points in Pery, (X,) are Zariski dense in
X, then the set of isolated f-periodic points is Zariski dense in X.

Proof. The set of periodic k:_p—points of f, of period n can be viewed as the set of
k,-points in A x, T rn, where Ay is the diagonal and 'y is the graph of f in
X, X X,

For any positive integer r > 1, consider the subscheme Ay (T ot X Xp X,
where Ay is the diagonal and T'yr is the graph of fi in & Xz X. Note that
(2p, 7p) C Ax(Lpr. As X xg X is regular at (zp,zp), dim(, 2,) Ax (T, > 1
As U, N I(fr) = 0, and x, € Pery,(fp), 2, & I(fi), Ax, Ty and the special
fiber of Ay (T'fy, are locally the same at (x,,z,). As , is isolated in Ay, (\T'yz,
we have dim(,, »,) Ax [\ Iyr = 1 and every irreducible component of Ax Ty
passing through (z,,x,) dominates Spec R. Pick an irreducible component V of
Ax Ty passing through (z,,z,). Let 2’ be the generic point of V. Then
¥’ C Ax (I, where Ax is the diagonal and I'g» is the graph of f in X x X.
Identify Ay with X, we get a closed isolated periodic point z € Per,(X) such
that =, € {z}.

Now assume that isolated closed periodic points in Per 1, (X)) are Zariski dense
in X,. We identify X with Ay. For any open subset U’ of X, let Z be a Cartier
divisor of X containing X \U’. Let Z be the closure of Z in X, then codim(Z) =1
and every component of Z meets Z. Every irreducible component of X, is of
codimension 1. If X, C Z, every irreducible component of X, is a component of
Z. Since X (N X, =0, we get X, € Z. Let V =X\ Z and V, = V() X,, then
VX =U"and V, # 0. Hence V,NU, # 0. As X,, is reduced, by our assumption,
there is a closed isolated periodic point x;, of period r > 1 in Pery, (X,) NV}, such
that X is regular at z,. The previous paragraph shows that there is a closed
isolated periodic point z € Per,(X) such that z, € {z}. Then z € U’, this
concludes the proof. Il
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Next we show that for cohomologically hyperbolic self-maps, periodic points
under mild conditions are isolated.

Lemma 6.5. Assume that X is projective. Let L be an ample line bundle on
X. If f s i-cohomologically hyperbolic, then for every B < u; there is an affine
Zariski open subset U of X such that for every irreducible curve C, if CNUs # ()
and dim f*(C) =1 for all n > 0, we have

lim inf(L, - C)"/™ > 3.
n—oo

Recall that the above intersections (L, - C') are well-defined as in the last
paragraph of Section 2.1.

Proof. To simplify the notations, we write

Aj =N (f), g o= py(f), and Ly, := (f")*L
for every n > 0.

We may assume that 8 > 1. Pick € € (0,1), such that p;e? > 3 and p;1¢72 < 1.
There is mg > 1 such that for every m > mg, we have

(6.1) P e e < e
By Theorem 3.7 or [MW, Proposition 3.5, there is m; > my, such that for
every m > myq,
My, = Loy + pi" iy L — € 13" Ly,
is big. Fix m > my. Set U := X \ Bx(M,,). Let C' be an irreducible curve
satisfying C' N Uy # 0. Then for every n > 0, f"(C)NU # 0. Then (M,, - f7(C))

is well-defined and non-negative. So we get
(L(2+n)m -C) + 1 i (L - C) > 6m/ﬂzn(L(n-i-l)m -C).

As dim f*(C)=1foralln >0, (L, -C)=(L-(f").C) >1 (c.f. (2.1) of Section
2.1). As pf" e *™ < 1, there is N > 0 such that

(Lm(N—H) . C) > ,Ulﬁ_le_2m(LmN . C)
By (6.1) and Lemma 3.1, we have
lim inf(L,, - C)¥™ > 3.

n—oo

This concludes the proof. Il

Corollary 6.6. Let X be a variety over k. Let f : X --+ X be a dominant
rational self-map which is cohomologically hyperbolic. Then there is a Zariski
dense open subset U of X such that for every x € Per y(f), x is isolate in Per .(f),
where r > 1 s a period of x.

Proof. If Corollary 6.6 holds for one Zariski dense open subset U, it holds for any
Zariski dense open subset U’ of U.

After replace X by a Zariski dense affine open subset X’ and f by f|x/, we may
assume that X is quasi-projective. Pick a projective compactification X" of X.
Then f extends to an dominant rational self-map f” on X”. After replace X, f
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by X”, f”, we may assume that X is projective. Let L be an ample line bundle
on X.

Let U as in Lemma 6.5. Let = € Pery(f) of period r > 1. If it is not isolated in
Per,(f) , then there is an irreducible curve C' containing x such that f"|c = id.
It follows that for every n > 0,

((f™)L-C) = (L-C),

which is a contradiction. O

6.3. Periodic points of cohomologically hyperbolic self-maps.

Proof of Theorem 6.1. As we may replace X, f by V, f|y/, we only need to prove
the case where X = V.

Assume that f is i-cohomologically hyperbolic for some ¢ > 0. After base
change by k, we may assume that k is algebraically closed. We may assume that
the transcendence degree of k over its prime field F' is finite, since we can find a
subfield of k which is finitely generated over F' such that X and f are all defined
over this subfield. We complete the proof by induction on the transcendence
degree of k over F'.

If k is the closure of a finite field, we conclude the proof by Proposition 6.2.

If k = Q, there is a regular subring R of Q which is finitely generated over Z,
such that X and f are defined over R i.e. there is a flat R-scheme 7 : X — Spec R,
a dominant rational self-map fr : X --» X such that X, f are the generic fiber of
X, fr. After shrinking Spec R, we may assume that for every point p € Spec R,
the fiber X, is reduced and irreducible, X}, Z I(fr) and f, := fg|x, is a dominant
rational map. By Theorem 5.1, there is a closed point p € Spec R such that f, is
i-cohomologically hyperbolic. Since R is regular and Frac (R) is a number field,
the localization R, of R at p is a discrete valuation ring such that Frac (R,) = Q.
So R,/pR, = R/p is a finite field. Let U, be a Zariski dense open subset of X,
with I(fr) N U, = (. By Corollary 6.6, after shrinking U,, we may assume that
every periodic point in Pery, (f,) are isolated. By Proposition 6.2, Pery, (f,) is
Zariski dense. We then conclude the proof by Lemma 6.4.

If the transcendence degree of k over F' is greater than 1, we pick an alge-
braically closed subfield K of k such that the transcendence degree of K over F
equals the transcendence degree of k over F' minus 1. Then we pick a subring R
of k which is finitely generated over K, such that X and f are all defined over R.
Since Spec R is regular on an open set, we may assume that R is regular by adding
finitely many inverses of elements in R. We may repeat the same arguments as
in the case k = Q to conclude the proof. Il

In the end, we give examples to show that for cohomologically non-hyperbolic
maps, one can not determine whether the set of periodic points are Zariski dense
from the dynamical degrees.

6.4. Examples of cohomologically non-hyperbolic maps. Let X be a pro-
jective variety over k of dimension d > 1. Let 1 =1,...,dand f: X --+ X be a
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i-cohomologically hyperbolic maps. Let g : P — PV be an automorphism over
k. Consider the rational self-map F:= f x g: X x PV ——s X x PV,

The product formula for relative dynamical degrees (c.f. [DN11], [Dan20] and
[Tru20, Theorem 1.3]) shows the following lemma.

Lemma 6.7. We have
Ai(F) = Ai(f) for j <
N(F) = N(f) fori < j <i+N;
)\j(F) = )\ij(f) fOT’j Z 7 +N

In particular, the dynamical degrees of F' does not depend on g.

We note that Per (g) is Zariski dense if and only if g is of finite order i.e.
g™ = id for some m > 1. Combining this fact with Theorem 6.1, we get the
following statement.

Lemma 6.8. The set of periodic points of I is Zariski dense if and only if g is
of finite order i.e. g™ =id for some m > 1.

7. APPLICATIONS TO THE KAWAGUCHI-SILVERMAN CONJECTURE

The aim of this section is to prove the Kawaguchi-Silverman conjecture for cer-
tain rational self-maps on projective surfaces. In particular, our result implies the
Kawaguchi-Silverman conjecture for birational self-maps on projective surfaces.
We first recall the arithmetic degree and the Kawaguchi-Silverman conjecture.

7.1. Arithmetic degree. The arithmetic degree was first defined in [KS16] over
a number field or a function field of characteristic zero. As in [Xie23b, Xie23a] and
[Mat20, Remark 1.14], this definition can be extended to characteristic positive.
Here we only recall the definition in the number fields cases.

Let X be a projective variety over Q. For every L € Pic(X), we denote by
hr : X(Q) — R a Weil height associated to L. It is unique up to adding a
bounded function.

Let f: X --» X is a dominant rational self-map and = € X (k). Asin [JSXZ21,
Xie23b, Xie23al], we will associate to (X, f,z) a subset

Ag(r) € [1, 00

as follows: Let L be an ample divisor on X, define

Ap(@) = Nmo{ (AL (f*(2)))/"] n = m} C [1, o0]

to be the limit set of the sequence (hf(f™(z)))™, n > 0, where hj(:) :=
max{hr(-),1}. Indeed we have Af(x) C [1, A\ (f)] by [KS16, Mat20, JSXZ21,
Xie23b, Son23, Xie23a|. The following lemma shows that the set Af(x) does not
depend on the choice of L.
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Lemma 7.1. [Xie23b, Lemma 2.7] Let m: X --+Y be a dominant rational map
between projective varieties. Let U be a Zariski dense open subset of X such that
mly: U = Y is well-defined. Let L be an ample divisor on X and M an ample
divisor on Y. Then there are constants C > 1 and D > 0 such that for every
x € U, we have

(7.1) hay(m(z)) < Chy(z) + D.

Moreover if V := w(U) is open in Y and 7|y : U — V' is an isomorphism, then
there are constants C' > 1 and D > 0 such that for every x € U, we have

(7.2) C~'hy(z) — D < hy(n(x)) < Chy(z) + D.

As in [KS16], define
af(z) :=sup As(z), a(z) = inf Af(z),
and call them upper/lower arithmetic degree. By Lemma 7.1, we have the follow-
ing basic properties:
Proposition 7.2. [Xie23a, Proposition 6.4] We have:
(1) Ap(z) = Ap(fY(x)), for any £ > 0.
(2) Ap(z) = UZg(Ape(fi()". In particular, aye(z) = ap(z)’, ap(z) =
¢
Qf(ff) .

The following result is the Kawaguchi-Silverman-Matsuzawa’s upper bound.
See [KS16, Mat20, JSXZ21, Xie23b, Son23, Xie23a] for its proof.

Theorem 7.3. Let h be any Weil height on X associated to some ample line
bundle. Then for any v € X;(k), we have

ap(z) < Mi(f).

If af(z) = a;(x), we set

ap(z) = ay(r) = ag(z).

In this case, we say that a(x) is well-defined and call it the arithmetic degree of
f at x.

7.2. Kawaguchi-Silverman conjecture. The following conjecture was pro-
posed by Kawaguchi and Silverman [Sil14, KS16].

Conjecture 7.4 (Kawaguchi-Silverman conjecture). Let X be a projective va-
riety over Q. Let f : X --» X be a dominant rational map. Then for every

r € X¢(Q), ay(z) is well defined. Moreover, if Of(x) is Zariski dense, then we
have

ap(r) = A(f)
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7.3. Our result. The following is the main result of this section.

Theorem 7.5 (=Theorem 1.14). Let X be a projective surface over Q and f :
X --» X be a dominant rational self-map such that M\i(f) > Aa(f) or Xa(f) =
M(f)? Let x € X;(Q). If the orbit Oy(x) of x is Zariski dense, then aj(z) =
A (f)-

In particular, Theorem 7.5 implies the Kawaguchi-Silverman conjecture for
birational self-maps on projective surfaces.

Proof. Let L be an ample line bundle on X. To simplify the notations, we write

)‘j = )‘j(f)muj = H](f)a and Ly, := (fn)*L

for every n > 0. Let i := 1 if Ay > Xy and 7 := 2 if A2 = X\y. Then we have
i =X >1and p;q < 1. If Ay =1, Theorem 7.5 trivially holds. So we assume
that Ay > 1.

We denote by h: X (k) — R a Weil height associated to L. It is unique up to

adding a bounded function. We may assume that h(y) > 1 for every y € X(Q).
Let « be a point in X;(Q) whose orbit is Zariski dense. By Theorem 7.3,
ay(r) < A;. We only need to show that for every 8 € (0, A1), ay(r) > . Pick

e € (0,1) such that

(7.3) ey > fand € Zpigg < 1.
There is my > 1 such that for every m > mg, we have
(7.4) (Epa)™ + (€ 2pap)™ < "p = 1.
Set

By = (Ezﬂi)m and Sy 1= (672Mi+1)m'
By Theorem 3.7, there is m > mg such that
My, := Loy + :u;n:uﬁlL - Emﬂszm

is big. There is a constant C' > 0 such that for every y € X(k) \ Bx(M,,), we
have

h(f*"(y)) + w1 h(y) = €™ " h(f™(y)) = C.
By the Northcott property, after replacing x by some f!(z) for some [ > 0, we

may assume that h(f"(x)) > C for every n > 0. Set h,, := h(f™"(x)). We only
need to show that

(7.5) lim inf RY/™ > g™,

n—o0

By Lemma 7.1, there is a constant D > 1 such that for every n > 0,

(7.6) hns1 < Dhy,.
If f"(z) & Bx(M,,), we have
(7.7) Py + 1 01 he 2 € hng — C = (€7 " — 1) hnga.

Hence we have
(7.8) hps2 — Bohpi1 > Bi(hns1 — Bahn).



36 JUNYI XIE

Let By be the union of irreducible components of By (M,,) of dimension 0 and
By be the union of irreducible components of Bx (M,,) of dimension 1. We have
Bx(M,,) = By U By. After replacing = by some f'(z) for some [ > 0, we may
assume that f"(x) & By for every n > 0.

Let Cj,j =1,...,s be the irreducible components of By such that C;N Xy # 0.
As f*(z) € X4(Q) for every n > 0, f*(z) € Bx(M,,) if and only if f*(x) € C; for
some j = 1,...,s. We may assume that C;,j =1,...,s” are exactly the C; such
that for every n > 0, dim(f"(C;)) = 1. After replacing x by some f!(z) for some
[ > 0, we may assume that f"(x) & Uj;s,,+10j for every n > 0. We may assume
that Cj,7 = 1,...,s are exactly the C;,7 = 1,...,s” which are not preperiodic.
As O¢(x) is Zariski dense, f"(z) € Bx(M,,) if and only if f*(x) € C; for some
7=1,...,s.

Lemma 7.6. Let C' be an irreducible curve in X with C' N Xy # 0. Assume that
dim f*(C) = 1 for every n > 0 and C' is not preperiodic. Recall that the above
intersections (L, - C') are well-defined as in the last paragraph of Section 2.1.
Then the sequence (L, - C),n >0 is not bounded.

Applying Lemma 7.6 for f™ and f(C;),j = 1,...,s, for every j = 1,...,s,
there is N; > 1 such that (L, - f(C;)) > 3D*(L - f(C))). As f(C;) is one
dimensional, there is C' > 0 such that for every j = 1,... s, for every y €
X;(k) N f(C;) we have h(fNi™(y)) > 3D3h(y) — C". By the Northcott property,
after replacing = by f!(z) for some [ > 0, we may assume that h(f"(z)) > C’
for every n > 0. Moreover, we may assume that h(f™(z)) > h(z). If f™"(z) €
f(C)),5=1,...,s, we have

(79) (SN S 3DYR(F(a)) — ' > 2Dh(F ().
By (7.6), there is ¢, € {0,..., N; — 1} such that
(O (1)) > (T () > h(f7 ().

Set N := max{N;| j = 1,...,s}. The above discussion shows the following: If
frn=1(x) € Bx(M,,), there is t,, € {0,..., N}, such that

(7.10) Pt +1 > hoas, > ha.

Set W := {n > 1| f»=V(z) € Bx(M,,)}. By the Weak dynamical Mordell-
Lang [BGT15, Corollary 1.5] (see also [Fav00, Theorem 2.5.8], [Gigl4, Theorem
D, Theorem EJ,[Pet15, Theorem 2|, [BHS20, Theorem 1.10], [Xie23b, Theorem
1.17] and [Xie23a, Theorem 5.2]), we have

(7.11) lim — =0

where w,, := #({1,...,n}NW). We define a sequence p(n) by induction. Define
p(0) = 0. Assume that p(n) is defined for n < ny. Define p(ny + 1) = p(ny) + 1 if
p(n1) € W; otherwise if ny & W, define p(ny + 1) = p(n1) + tpm,) + 1. It is clear
that p(n) is strictly increasing. As t,) < N for every n’ > 0, for every n > 0,
we have

(7.12) p(n) > n and p(n+ 1) < p(n) + N.
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For every n > 0, there is a minimal 7(n) > 0 such that n < p(r(n)). It is clear
that

(7.13) r(n) <nand p(r(n)) <n+ N.
Lemma 7.7. We have

We note that r(p(n)) = n. By Lemma 7.7, we have

(7.14) lim
The definition of p(n) shows that for n > 1,if p(n—1) € W, then hymy > hpm)—1
and hpmy > hpm—1). Moreover, we have hy; > hy. For a set I of consecutive
integers, we say that I is of type 0 if p(n) &€ W for every n € I and say that I is
of type 1 if p(n) € W for every n € I. Let n > 1, write {1,...,n}as [ LU---U I
where I; are set of consecutive integers such that
efori=1,...,s—1 max{[;} + 1 = min{/l; 1 };
e for every 1 = 1,...,s, I; are either of type 0 or of type 1;
e fort=1,...,5—1, the type of I; and I;, are different.
Write I; = {a;,a;+1...,0;}. AsO ¢ W, wehavea; = 1l and p(a;) = 1. If i < s—1,
then a;, 1 = b; + 1. If further that I; is of type 0, then p(a;y1) = p(b;) + 1.
By (7.8), if I; is of type 0, then for every j € p(a;),...,p(b;) + 1, we have

hy > B (hyas) = Bohp(a—1)-
If i = 1, we have hpq,) = hqy > ho = hp@,)—1- If i > 2, we have a; — 1 = b;_; and
I;_q is of type 1. As p(a; — 1) € W, we have hy(q,) > hp(a,)—1. Hence we have

(7-15) hp(bi)H > B?H—l—ai(l - BZ)hp(ai) = féli(l - 62)}2‘1)((11’)
and
(7-16> hp(bi) > B%i_ai(l - 62)hp(ai) - #Irl(l - 52)hp(ai)

When i < s—1, p(b;) + 1 =p(a;1).

If I; is of type 1, then for every n € I;, we have hy,41) > hpp). So we have
(7.17) hpoi41) 2 hpvie1) 2 Tip(ay)
When ¢ < s —1, p(b; + 1) = p(ait1).

Set O, := {it =1,...,s] I, isof type 0}. Set ¢ := 0 if s € O and e = 1 if
s € Op. Set I, == ..o #I;. Combining (7.15), (7.16) and (7.17), we get

(7.18) hptey 2 B0 HE (1= o) Oy 2 B (L = ) RO,
Since
#Op<n—ln= > #L < wym),
i€{1,...,51\On
by (7.11) and (7.14), we get that
(7.19) lim b =1 and #O0n = 0.

n—oo N n
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Then by (7.18), we have
(7.20) liminf 7" > B;.

n—oo

By (7.13) and (7.6), for every n > 1, we have h,, > D Vh, ). By (7.20) and
Lemma 7.7, we get that

liminf AY™ > lHm inf (D™ By ) /") > g > g™,

n—oo n—oo

Hence (7.5) holds. This concludes the proof. O

Proof of Lemma 7.6. If A > Xy, then f is cohomologically 1-hyperbolic. If \? =
A2, as Ay > 1, f is cohomologically 2-hyperbolic. By Lemma 6.5, there is a
non-empty Zariski open subset V' of X such that for every irreducible curve C”
of X, if dim f*(C"”) =1 for every n > 0 and C”" NV} # 0. Then the sequence
(L, - C"),n > 0 is not bounded.

As C is not preperiodic and dim X \ V' < 1, after replacing C by f!{(C) for
some [ > 0, we may assume that f"(C) NV # (). Hence the generic point of C'is
contained in V;. We conclude the proof by the previous paragraph. U

Proof of Lemma 7.7. For j =0,...,r(n) — 1, we have
p(j+1) —p(j) =1
if 7 ¢ W; and
p(j+1)—p(j) <N
if 7 € W. Hence we have
r(n) <n <p(r(n)) <rn)+ (N = Dwyem) < r(n) + (N — Dwpyw.
So we have

. T P A .w ... T
limsup — < 1 < liminf = + (N — 1) lim —=~ = lim inf —*.
n—soco N n—oo nN n—oo 1, n—oo N

This concludes the proof. O
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