
DAO FOR CURVES

ZHUCHAO JI AND JUNYI XIE

Abstract. We prove the Dynamical André-Oort (DAO) conjec-
ture proposed by Baker and DeMarco for families of rational maps
parameterized by an algebraic curve. In fact, we prove a stronger
result, which is a Bogomolov type generalization of DAO for curves.
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1. Introduction

1.1. Statement of the main results. A rational map on P1 over C
is called postcritically finite (PCF) if its critical orbits are finite. PCF
maps play a fundamental role in complex dynamics and arithmetic
dynamics, since the dynamical behavior of critical points usually reflect
the general dynamical behavior of a rational map. A consequence of
Thurston’s rigidity theorem [DH93] shows that PCF maps are defined
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over Q in the moduli space of rational maps of fixed degree, except
for the well-understood one-parameter family of flexible Lattès maps.
Moreover, PCF maps are Zariski dense [DM18, Theorem A], and form
a set of bounded Weil height after excluding the flexible Lattès family
[BIJL14, Theorem 1.1]. It was suggested by Silverman [Sil12] that PCF
points in the moduli space of rational maps play a role analogous to
that played by CM points in Shimura varieties.

One may consider PCF maps as “special points” in the moduli space.
It is natural to ask what is the distribution of these special points. This
leads to the following conjecture [DeM18, Conjecture 1.1] concerning
PCF points and critical orbit relations, which is the curve case of the
Dynamical André-Oort conjecture proposed by Baker and DeMarco in
[BDM13].

Conjecture 1.1 (Dynamical André-Oort conjecture for curves). Let
(ft)t∈Λ be a non-isotrivial algebraic family of rational maps with degree
d ≥ 2, parametrized by an algebraic curve Λ over C. Then the following
are equivalent:

(i) There are infinitely many t ∈ Λ such that ft is PCF;
(ii) The family has at most one independent critical orbit.

We need to explain the meaning of “independent critical orbit”. Set
k := C(Λ). The geometric generic fiber of the family (ft)t∈Λ is a rational
function fk : P1

k
→ P1

k
. Following DeMarco [DeM18], a pair a, b ∈ P1(k)

is called dynamically related if there is an algebraic curve V ⊆ P1
k
×P1

k

such that (a, b) ∈ V and V is preperiodic by the product map fk× fk :
P1
k
× P1

k
→ P1

k
× P1

k
. In other words, a pair of points a, b ∈ P1(k) are

dynamically related if and only if the orbit of (a, b) ∈ P1
k
× P1

k
is not

Zariski dense in P1
k
× P1

k
.

We say that a family (ft) has at most one independent critical orbit
if any pair of critical points is dynamically related.

In [BDM13], Baker and DeMarco actually proposed a more general
conjecture, considering also the higher dimensional parameter spaces,
where almost nothing is known. Conjecture 1.1 and its variations
also appear in Ghioca-Hsia-Tucker [GHT15], and in DeMarco [DeM16],
[DM18],[DeM18]. One of the motivations of Conjecture 1.1 comes from
the analogy between PCF points and CM points and the André-Oort
Conjecture in arithmetic geometry, which was recently fully solved by
Pila, Shankar and Tsimerman [PST21]. We note that Conjecture 1.1
and the André-Oort Conjecture both fit the principle of unlikely inter-
sections, however, there is no overlap between them.
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In this paper, we confirm the Dynamical André-Oort conjecture for
curves.

Theorem 1.2. Conjecture 1.1 is true.

We indeed prove a Bogomolov type generalization of Theorem 1.2
(c.f. Theorem 1.3) and get Theorem 1.2 as a simple consequence.

In a forthcoming paper [Ji23a], using a variant of Theorem 1.2, we
show that a general rational map on P1 of degree d ≥ 2 is uniquely
determined by its multiplier spectrum. This affirmatively answers a
question of Poonen [Sil12, Question 2.43].

1.2. A Bogomolov type generalization of DAO. Let Λ be an al-
gebraic curve over Q and let (ft)t∈Λ be a non-isotrivial algebraic fam-
ily of rational maps with degree d ≥ 2 over Q. The critical height
hcrit : Λ(Q)→ R is given by

t ∈ Λ(Q) 7→ ĥft(Cft),

where Cft is the critical locus of ft and ĥft is the canonical height for
ft with respect to. the line bundle O(1). It is clear that a parameter
t ∈ Λ(Q) is PCF if and only if hcrit(t) = 0.

In the following result, we prove a Bogomolov type generalization of
Theorem 1.2 in the sense that we may replace the PCF parameters to
small height parameters.

Theorem 1.3. Let Λ be an algebraic curve over Q and let (ft)t∈Λ be a
non-isotrivial algebraic family of rational maps with degree d ≥ 2 over
Q. Then the following are equivalent:

(i) There are infinitely many t ∈ Λ such that ft is PCF;
(ii) The family has at most one independent critical orbit;
(iii) For every ε > 0, the set {t ∈ Λ(Q)| hcrit(t) < ε} is infinite.

Theorem 1.2 is a direct consequence of Theorem 1.3.

Remark 1.4. Keep the notations of Theorem 1.3. Indeed our proof of
Theorem 1.3 shows a stronger result. Assume further that f has exactly
2d − 2 marked critical points c1, . . . , c2d−2. Then we may replace (iii)
by the following weaker assumption:

(iii’) For every i, j ∈ {1, . . . , 2d − 2} and every ε > 0, the set

{t ∈ Λ(Q)| ĥft(ci) + ĥft(cj) < ε} is infinite.
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1.3. Previous results. In [BDM13], Baker-DeMarco proved Conjec-
ture 1.1 for families of polynomials parameterized by the affine line A1

with coefficients that were polynomial in t.
Since the fundamental work of Baker-DeMarco [BDM13], plenty of

works have been devoted to proving special cases of Conjecture 1.1 and
its variations. Most progress is made in the setting that the families
are given by polynomials. See Ghioca-Hsia-Tucker [GHT13], Ghioca-
Krieger-Nguyen [GKN16], Ghioca-Krieger-Nguyen-Ye [GKNY17], Favre-
Gauthier [FG18] [FG22], and Ghioca-Ye [GY18]. Among these results,
a remarkable work of Favre and Gauthier [FG22] confirmed Conjecture
1.1 for families of polynomials.

In the case that the family is not given by polynomials, DeMarco-
Wang-Ye [DMWY15] proved Conjecture 1.1 for some dynamical mean-
ingful algebraic curves in the moduli space of quadratic rational maps.
Ghioca-Hsia-Tucker [GHT15] proved a weak version of Conjecture 1.1
for families of rational maps given by ft(z) = g(z) + t, t ∈ C, where
g ∈ Q(z) is of deg g ≥ 3 with a super-attracting fixed point at ∞.

For the Bogomolov type generalization, as far as we know, Theorem
1.3 is the first result.

1.4. Strategy in the previous works for families of polynomials.
Before giving a sketch of our proof of Theorem 1.3 (hence Theorem 1.2),
we first recall the previous strategy for Conjecture 1.1. As mentioned
in Section 1.3, except for a few special cases, all progress is made in the
setting that the families are given by polynomials. These progresses
roughly follow the line of arguments devised in the original paper of
Baker and DeMarco [BDM13]. This strategy culminates in the proof of
Conjecture 1.1 for all one-dimensional families of polynomials by Favre
and Gauthier [FG22]. The strategy is as follows:

The direction that (ii) implies (i) is not hard. So we only need to
show that (i) implies (ii). It is easy to reduce to the case where f
is defined over some number field K and has exactly 2d − 2 marked
critical points c1, . . . , c2d−2 counted with multiplicity.

The first step is to show that the bifurcation measure µf,ci for ci, i =
1, . . . , 2d− 2 are proportional to the bifurcation measure µbif via some
arithmetic equidistribution theorems. The application of various equidis-
tribution theorems is one of the most successful ideas in arithmetic dy-
namics, which backs to the works of Ullmo [Ull98] and Zhang [Zha98],
in where they solved the Bogomolov Conjecture. It was first intro-
duced to study Conjecture 1.1 in Baker-DeMarco’s fundamental work
[BDM13].
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When the family f is given by polynomials, for i = 1, . . . , 2d − 2,
there is a canonical Green function gf,ci on Λ(C) such that gf,ci ≥
0,∆gf,ci = µf,ci and gf,ci |supp µf,ci

= 0. The second step is to show that
these Green functions gf,ci are proportional. This step is easy when
Λ = A1, but hard in general.

The third step is to construct an algebraic relation between ci and cj
via the Böttcher coordinates. One may express the Green functions gf,ci
using Böttcher coordinates. From the fact that gf,ci are proportional,
one gets an analytic relation between ci and cj. In the end, one shows
that this analytic relation is indeed algebraic. This step is highly non-
trivial. In [BDM13], it was obtained by an explicit computation using
properties of Böttcher coordinates. In [FG22], it relies further on an
algebraization theorem for adelic series proved by the second-named
author [Xie15].

In practice, the argument could be more complicated. For example,
in each step, one needs to work on all places of K, not only on one
archimedean place.

The second and the third steps strongly rely on the additional as-
sumption that the families are given by polynomials for several rea-
sons: the canonical Green functions, the Böttcher coordinates, the al-
gebraization theorem, etc.

1.5. Sketch of our proofs. Theorem 1.2 is implied by Theorem 1.3.
Indeed, by Thurston’s rigidity theorem for PCF maps [DH93], we easily
reduce to the case where the family f : Λ × P1 → Λ × P1 over Λ is
defined over Q. Then Theorem 1.2 becomes the equivalence of (i) and
(ii) in Theorem 1.3.

For Theorem 1.3, the direction that (ii) implies (i) was proved by
DeMarco [DeM16, Section 6.4] and the direction that (i) implies (iii)
is trivial. We only need to show that (iii) implies (ii). We may assume
that f has exactly 2d − 2 marked critical points c1, . . . , c2d−2 counted
with multiplicity. Assume for the sake of contradiction that c1 and c2

are not dynamically related.

Structure of the proof. There are four steps in our proof. As in the pre-
vious works, our first step is to show the equidistribution of parameters
of small height. We then get an additional condition that for every ci,
µf,ci is proportional to the bifurcation measure µbif and we only need
to get a contradiction under this additional assumption. We do this in
the next three steps using a new strategy. Our basic idea is to work on
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general points with respect to µbif , which is motivated by the previous
work [JX23b] of the authors on the local rigidity of Julia sets.

In Step 2, we show a selection of conditions are satisfied for µbif-
a.e. point t ∈ Λ(C), such that for a good parameter satisfies these
conditions, we can construct the similarities in Step 3, moreover we
can finally get a contradiction in Step 4.

In Step 3, we construct similarities between the phase space and
the parameter space. Such similarities are known in some cases for
prerepelling parameters (which is a countable set). The novelty of
our result is to get the similarities at µbif-a.e. point t ∈ Λ(C). This
leads to many difficulties coming from the non-uniformly hyperbolic
phenomenon.

In Step 4, we construct local symmetries of maximal entropy mea-
sures from the similarities constructed in Step 3, and a contradiction
comes from these symmetries and an arithmetic condition that we se-
lected in Step 2.

Step 1: Equidistribution. Dujardin and Favre [DF08, Theorem 2.5]
(and DeMarco [DeM16]) showed that the bifurcation measure µf,ci for
ci is non-zero if and only if ci is not preperiodic. In this case, ci is called
active. Since c1 and c2 are not dynamically related, both of them are
active. The equidistribution theorem for small points of Yuan and
Zhang [YZ21, Theorem 6.2.3] implies that for every active ci, µf,ci is
proportional to the bifurcation measure µbif . This result is based on
their recent theory of adelic line bundles on quasi-projective varieties.
Before Yuan-Zhang’ theory, this step was usually non-trivial in the pre-
vious works as in [BDM13] and [FG22]. The quidistribution theorem
is reviewed in Section 2.

Step 2: Parameter exclusion. In this step, we show a selection of con-
ditions are satisfied for µbif-a.e. point t ∈ Λ(C), such that for a good
parameter satisfies these conditions, we can construct the similarities
in Step 3, moreover, we can finally get a contradiction in Step 4.

Since aside from the flexible Lattès locus, the exceptional maps 1 are
isolated in the moduli space, it is easy to show that

(1) Let (ft)t∈Λ be an algebraic family of rational maps over
an algebraic curve Λ, then µbif-a.e. point t ∈ Λ(C) is non-
exceptional.

Let Corr(P1)ft∗ be the set of ft×ft-invariant Zariski closed subsets Γt ⊆
P1 × P1 of pure dimension 1 such that both π1|Γt and π2|Γt are finite.

1As in [JX23a, Section 1.1], we call g exceptional if it is a Lattès map or semi-
conjugates to a monomial map.
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Let Corr[(P1
Λ)f∗ be the set of f×Λf -invariant Zariski closed subsets Γ ⊆

Λ×(P1×P1) which is flat over Λ and whose generic fiber is in Corr(P1
η)
fη
∗ ,

where η is the generic point of Λ. In general, a correspondence Γt ∈
Corr(P1)ft∗ may not be contained in any correspondence in Corr[(P1

Λ)f∗ .
On the other hand, it is the case if t is transcendental in the sense of
[XY23] (c.f. Proposition 3.11). Moreover, Corr[(P1

Λ)f∗ is countable (c.f.
Proposition 3.8). It is easy to show that

(2) Let (ft)t∈Λ be an algebraic family of rational maps over an
algebraic curve Λ, then µbif-a.e. point t ∈ Λ(C) is transcenden-
tal.

For every Γ ∈ Corr[(P1
Λ)f∗ , we introduce a condition FS(Γt) with respect

to the pair c1, c2 for every t ∈ Λ(C). Roughly speaking, this condition
means that in most of the time n ≥ 0, (fnt (c1(t)), fnt (c2(t))) is not too
close to Γ. We show that

(3) Let (ft)t∈Λ be an algebraic family of rational maps over an
algebraic curve Λ, assume moreover that (iii) in Theorem 1.3
is satisfied, then µbif-a.e. point t ∈ Λ(C) satisfies the FS(Γt)

condition for every Γ ∈ Corr[(P1
Λ)f∗ .

To prove (3), we introduce another condition AS(Γt) which implies
FS(Γt). To show that AS(Γt) is satisfied for µbif-a.e. point, we consider
integrations with respect to µbif having arithmetic meaning, and the
aim is to show that these integrations are bounded. We bound these
integrations via the arithmetic intersection theory on quasi-projecitve
varieties [YZ21]. This was done in Section 3.

Next, we consider some typical non-uniformly hyperbolic conditions.
A result of De Thélin-Gauthier-Vigny [DTGV21] shows that

(4) Let (ft)t∈Λ be an algebraic family of rational maps over an
algebraic curve Λ and let a be a marked point, then µf,a-a.e.
parameters satisfy the Parametric Collet-Eckmann and Marked
Collet-Eckmann condition.

We introduce a condition PR(s) for s > 1/2 with respect to a marked
point a. It means that the orbit of a could at most polynomially (with
power s) close to the critical locus. We show that

(5) Let (ft)t∈Λ be an algebraic family of rational maps over an
algebraic curve Λ and let a be a marked point, then for every
s > 1/2, µf,a-a.e. parameters satisfy the PR(s) condition.

This was done in Section 4.
The proof of Condition (6) is a combination of Condition (4), Siegel’s

linearization theorem [Mil11, Theorem 11.4] and the fact that the set
of Liouville numbers has Hausdorff dimension 0 [Mil11, Lemma C.7],
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(6) Let (ft)t∈Λ be an algebraic family of rational maps over an al-
gebraic curve Λ, assume moreover that for every active marked
critical point ci, µf,ci is proportional to the bifurcation measure
µbif , then µbif-a.e. point t ∈ Λ(C) satisfies the Collet-Eckmann
condition.

Condition (1), (2) and (6) are relatively easy to show, and Condition
(4) can be easily deduced by the work of De Thélin-Gauthier-Vigny
[DTGV21]. The major part of Step 2 is the proof of Condition (3)
and (5). The proof of Condition (5) requires pluripotential theory.
The proof of Condition (3) requires both pluripotential theory and
arithmetic intersection theory.

Step 3: Similarity between the phase space and the parameter space.
To get a contradiction, we show that the conditions (1),(2),(4),(5),(6)
imply the opposite of (3). Our idea is to get similarity between the
bifurcation measure µbif on the parameter space and the maximal en-
tropy measure µft on the phase space. This can be thought of as a
generalization of Tan’s work [Tan90], in where she got such a similar-
ity at Misiurewicz points in Mandelbrot set, and as a generalization
of Gauthier’s [Gau22, Section 3.1] and Favre-Gauthier’s works [FG22,
Section 4.1.4], in where they got such a similarity at properly prere-
pelling parameters. We show that when t ∈ Λ(C) satisfies (4),(5),(6),
for each ci active, there is a subset A ⊆ Z≥0 of large lower density and
a sequence of positive real numbers (ρn)n∈A tending to zero, such that
we can construct a family of renormalization maps hn : D→ P1, n ∈ A,
defined by first shrinking the parameter disk D to a small disk of ra-
dius ρn, then use fn to iterate the graph of ci over this small disk and
projects to the phase space P1(C). We show that this family is nor-
mal and no subsequences of hn, n ∈ A tending to a constant map (c.f.
Theorem 5.2).

Comparing with the previous results, we get similarity between phase
space and parameter space not only for prerepelling parameters (which
is a countable set) but also for parameters satisfying Topological Collet-
Eckamnn condition and Polynomial Recurrence condition (which is a
set of full µbif measure). We believe that our result has an independent
interest in complex dynamics.

In the previous works for prerepelling parameters, the key point is
that the orbits of the marked points have a uniform distance from the
critical locus for all but finitely many terms. This is not true in our
case. For this reason, we introduce the following new strategy.

Our proof is divided into two parts. In the first part, we work only
on the phase space. We select the “good time set” A ⊆ Z≥0 of large
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lower density. For each good time n ∈ A, we construct n maps from
certain fixed simply connected domain to P1(C). Roughly speaking, the
goodness of n means that the above maps have a uniformly bounded
number of critical points. Then we need to study the distortions of
such maps which are non-injective in general (c.f. Section 6). To
describe the distortion of perhaps non-injective holomorphic maps, we
introduce the concepts of upper and proper lower radius (c.f. Section
5). Comparing with the usual lower radius of the image, the advantage
of the proper one is the stability under small perturbations.

In the second part, we use a binding argument to get the renormal-
ization maps from the maps defined above and show that this family
is normal and no subsequence of hn, n ∈ A tending to a constant map
(c.f. Section 7). In particular, we decide the rescaling factors ρn, n ∈ A
in this process.

We also show that µf0 can be read from µbif via the family hn, n ∈
A (c.f. Proposition 7.1) and ρn, n ∈ A can be read from µbif up to
equivalence (c.f. Proposition 7.2). Step 3 was done in Sections 5, 6
and 7.

Step 4: Conclusion via local symmetries of maximal entropy measures.
We have constructed a family of renormalization maps hn : D→ P1, n ∈
A. Since A has a large lower density, after taking an intersection, we
may assume that the set A for c1 and c2 are the same. After suitable
adjustments of Ha := {ha,n, n ∈ A} and Hb := {hb,n, n ∈ A}, we
show that they form an asymptotic symmetry, which basically means
that every limit of ha,n×hb,n produces a symmetry of µft . Applying an
argument based on [JX23b, Theorem 1.7], we show that (3) is not true.
This concludes the proof, see Section 8. Since we may assume that ft
is Collet-Eckmann, in this last step we may replace [JX23b, Theorem
1.7] by combing [DFG22, Theorem A] with [DFG22, Corollary 3.2].
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2. Equidistribution of small parameters

2.1. Family of rational maps. For d ≥ 1, let Ratd(C) be the space
of degree d endomorphisms on P1(C). It is a smooth quasi-projective
variety of dimension 2d+ 1 [Sil12]. The group PGL 2(C) = Aut(P1(C))
acts on Ratd(C) by conjugacy. The geometric quotient

Md(C) := Ratd(C)/PGL 2(C)

is the (coarse) moduli space of endomorphisms of degree d [Sil12]. The
moduli spaceMd(C) = Spec (O(Ratd(C)))PGL 2(C) is an affine variety of
dimension 2d− 2 [Sil07, Theorem 4.36(c)]. Let Ψ : Ratd(C)→Md(C)
be the quotient morphism. One note that, Ratd(C),Md(C) and Ψ are
defined over Q.

Definition 2.1. A (one-dimensional) holomorphic family of rational
maps is a holomorphic map

f : Λ× P1(C)→ Λ× P1(C),(2.1)

(t, z) 7→ (t, ft(z)),

where Λ is a Riemann surface and ft : P1(C) → P1(C) is a rational
map of degree d ≥ 2.

A holomorphic family f is called algebraic if Λ is a smooth algebraic
curve over C and the morphism f : Λ×P1(C)→ Λ×P1(C) is algebraic.
Moreover, we say that f is an algebraic family over a subfield K of C
if both Λ and f : Λ× P1 → Λ× P1 are defined over K. In other words,
give an algebraic family f on a smooth algebraic curve Λ over C is
equivalent to give an algebraic morphism φf : t 7→ ft ∈ Ratd. Moreover
f is defined over K if Λ and φf are defined over K. We say that f is
non-isotrivial if Ψ ◦ φf is not a constant map.

Let π1 : Λ×P1(C)→ Λ and π2 : Λ×P1(C)→ P1(C) be the canonical
projections. Let ωP1 be the Fubini-Study form on P1(C), and let ωΛ

be a fixed Kähler form on Λ with
∫

Λ
ωΛ = 1. Let ω1 := π∗1(ωΛ) and

ω2 := π∗2(ωP1). The relative Green current2 of f is defined by

Tf := lim
n→+∞

d−n(fn)∗(ω2) = ω2 + ddcg,

where g is a Hölder continuous quasi-p.s.h. function [DS10, Lemma
1.19].

For every t0 ∈ Λ, we have Tf ∧ [t = t0] = µft0 , where µft0 is the
maximal entropy measure of ft0 .

2In [GV19], it is called “fibered Green current”.
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A marked point a is a holomorphic map a : Λ → P1(C). The bifur-
cation measure of the pair (f, a) is defined by

µf,a := (π1)∗(Tf ∧ [Γa]) = a∗Tf ,

where Γa is the graph of a. When the family f is algebraic, the marked
point a is said to be algebraic if the map a : Λ → P1(C) is algebraic.
When a is algebraic, µf,a has finite mass. See Gauthier-Vigny [GV19,
Proposition 13 (1)], where they proved the finiteness of the mass of bi-
furcation currents’ for general algebraic families of polarized dynamical
systems.

To simplify the notation, for an algebraic family f , a marked point
a is always assumed to be algebraic in the whole paper.

A marked point a is called active if µf,a does not vanish. Otherwise,
it is called passive.

A marked critical point c is a marked point such that c(t) is a critical
point of ft for each t ∈ Λ. Let f be an algebraic family of rational
maps as in (2.1) with marked critical points (ci)1≤i≤2d−2. We define the
bifurcation measure of f by

µbif :=
2d−2∑
i=1

µf,ci .

Since each ci is algebraic, µbif has finite mass.

The following theorem is useful.

Theorem 2.2 (DeMarco, [DeM16]). Let f be a holomorphic family of
rational maps as in (2.1) and a be a marked point. Then the following
are equivalent:

(i) a is passive;
(ii) a is stable, i.e. the family of maps {t→ fnt (a(t))}n≥1 forms a

normal family.

If moreover, f is a non-isotrivial algebraic family, then the above two
conditions are equivalent to that a is preperiodic.

When a is a marked critical point, the last statement was proved in
an earlier article [DF08, Theorem 2.5].

2.2. Equidistribution. The following deep result about equidistribu-
tion of preperiodic points is a direct consequence of Yuan-Zhang [YZ21,
Theorem 6.2.3]. Note that for an algebraic family of rational maps as
in (2.1) defined over a number field K, the canonical height of a prepe-
riodic point is equal to 0. See also Gauthier [Gau21, Theorem 3].
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Theorem 2.3. Let f be an algebraic family of rational maps as in
(2.1) and a be an active marked point, all defined over a number field
K. Let tn ∈ Λ(Q) be an infinite sequence of distinct points such that

ĥft(a(tn))→ 0 as n→ 0. Then we have

1

|Gal(tn)|
∑

t∈Gal(tn)

δt →
µf,a

µf,a(Λ)
,

when n→ +∞, where Gal(tn) is the Galois orbit of tn.

The following is an important corollary of the equidistribution of
parameters of small heights.

Corollary 2.4. Let f be an algebraic family of rational maps as in
(2.1) with marked critical points (ci)1≤i≤2d−2. Assume that f is defined
over Q and there is an infinite sequence tn, n ≥ 0 of distinct points in
Λ(Q) such that hcrit(tn)→ 0, then for ci, cj being active marked critical
points, we have

µf,ci
µf,ci(Λ)

=
µf,cj

µf,cj(Λ)
.

Proof. We may assume that f has at least two active marked critical
points. Otherwise, the statement is trivial. This implies that f is
not isotrivial and φf (Λ) is not contained in the locus of flexible Lattès
maps.

As hcrit(tn) → 0, both ĥftn (ci(tn)) and ĥftn (cj(tn)) tend to zero.

By Theorem 2.3, both
µf,ci

µf,ci (Λ)
and

µf,cj
µf,cj (Λ)

equal to 1
|Gal(tn)|

∑
t∈Gal(tn) δt,

which concludes the proof. �

3. Frequently separated parameters

3.1. Frequently separated condition. Let (M,d) be a metric space
and g : M →M be a self-map.

Definition 3.1. Let A be a subset of Z≥0. The asymptotic lower/upper
density of A is defined by

d(A) := lim inf
n→∞

|A ∩ [0, n− 1]|/n,

and
d(A) := lim sup

n→∞
|A ∩ [0, n− 1]|/n.

If d(A) = d(A), we set d(A) := d(A) = d(A) and call it the asymptotic
density of A.
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We still denote by d the distance in on M ×M by

d((x1, y1), (x2, y2)) = max{d(x1, x2), (y1, y2)}.

Let Σ be a non-empty subset of M ×M .

Remark 3.2. We view Σ as a correspondence on M. The most typical
example is the diagonal. For x ∈M , we denote by Σ(x) := π2(π−1

1 (x)),
where π1, π2 are the first and the second projections. When π−1(x) 6= ∅,
for every y ∈M , we have d((x, y),Σ) ≥ d(y,Σ(x)).

Definition 3.3. A pair of points x, y ∈M is called

(i) Frequently separated FS(Σ) for Σ, if for every ε > 0, there is
δ > 0 such that

d({n ≥ 0| d((gn(x), gn(y)),Σ) ≥ δ}) > 1− ε.

(ii) Average separated AS(Σ) for Σ, if

lim inf
n→∞

1

n

n−1∑
i=0

max{− log d((gn(x), gn(y)),Σ), 0} < +∞.

The above conditions depend only on the equivalence class of dis-
tance functions on M and M × M. It is clear that if Σ ⊆ Σ′, then
AS(Σ′) (resp. FS(Σ′)) implies AS(Σ) (resp. FS(Σ)).

Remark 3.4. When Σ is the diagonal ∆, the FS(∆) condition means
that in most of the time n ≥ 0, the orbits of x and y are δ-separated
for some small δ > 0. The proportion of such time could tend to 1
when δ tends to 0.

Lemma 3.5. The AS(Σ) condition implies the FS(Σ) condition.

Proof. Assume that the AS(Σ) condition holds. Set

φn := max{− log d((gn(x), gn(y)),Σ), 0}

and

sn :=
1

n

n−1∑
i=0

φn.

The AS(Σ) condition shows that there is A ≥ 0 and a sequence
nj, j ≥ 0 tending to +∞ such that sn ≤ A. For ε > 0, we have

#{i = 0, . . . , nj − 1| φi ≥ A/ε}
nj

≤ ε.
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Set δ := e−A/ε, we get

#{i = 0, . . . , nj − 1| d((gi(x), gi(y)),Σ) ≥ δ}
nj

≥ 1− ε,

which concludes the proof. �

3.2. Correspondences for rational maps. Let k be a field. Let
g : P1

k → P1
k be an endomorphism of degree d ≥ 2.

A correspondence of P1
k is a non-empty Zariski closed subset of P1

k×
P1
k. We denote by Corr(P1

k)g the set of correspondences of P1
k × P1

k

which are invariant under g× g and Corr(P1
k)g∗ the subset of Corr(P1

k)g

consisting of those Γ which are of pure dimension 1 and such that both
π1|Γ and π2|Γ are finite.

Lemma 3.6. Let K be a subfield of k such that g is defined over K.
Then for every Γ ∈ Corr(P1

k)g∗, there is ΓK ∈ Corr(P1
K)g∗ such that

Γ ⊆ ΓK ⊗K k.

Proof. When k = K, we may define ΓK to be the image of Γ under the
natural morphism (P1×P1)k → (P1×P1)K . Now we may assume that
both k and K are algebraically closed. Then every preperiodic point
is defined over K.

For every Γ ∈ Corr(P1
k)g∗, we have

PΓ := Γ∩π−1(Preper (g)) = Γ∩π−1
2 (Preper (g)) ⊆ Preper (g)×Preper (g),

where π1, π2 are the first and the second projections. Since Preper (g)
is Zariski dense in P1

k and π1|Γ is surjective, PΓ is Zariski dense in Γ.
Since every points in PΓ are defined over K, Γ is defined over K, which
concludes the proof. �

Lemma 3.7. The set Corr(P1
k)g is countable.

Proof. We may assume that k is algebraically closed. There is an alge-
braically closed subfield K of k, such that K has finite transcendence
degree and g is defined over K. Since Corr(P1

K)g∗ is countable, we con-
clude the proof by Lemma 3.6 and the fact that Corr(P1

k)g \Corr(P1
k)g∗

is countable. �

Let f : Λ× P1 → Λ× P1 be an algebraic family of rational maps as
in (2.1). A flat family of correspondences over Λ is a closed subset Γ ⊆
(P1×P1)×Λ which is flat over Λ. Let η be the generic point of Λ. The
map Γ 7→ Γη gives a bijection between flat family of correspondences
over Λ and correspondences of the generic fiber P1

η.Moreover Γ is f×Λf -
invariant if and only if Γη is fη × fη-invariant. Hence, by Lemma 3.7,
we get the following result.
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Corollary 3.8. The set Corr[(P1
Λ)f of f ×Λ f -invariant flat family of

correspondences over Λ is countable.

Denote by Corr[(P1
Λ)f∗ the set of Γ ∈ Corr[(P1

Λ)f whose generic fiber

is in Corr[(P1
η)
fη
∗ .

Transcendental points. The notion of transcendental points was intro-
duced in [XY23]. Let ai, i = 1, . . . .m be marked points. Let L be an
algebraically closed subfield of C such that Λ, f and ai, i = 1, . . . ,m
are defined over L. Then there is a variety Λ0 over L, a morphism
F : Λ0×P1 → P1 and marked points a′1, . . . , a

′
m such that Λ = Λ0⊗LC,

f = F ⊗L C and ai = a′i ⊗L C. A point b ∈ Λ(C) = Λ0(C) is called a
transcendental point for Λ0/L if the image of b : SpecC → Λ0 is the
generic point of Λ0. In other words, b ∈ Λ(C) = Λ0(C) is transcenden-
tal if and only if it is not in Λ0(L).

Remark 3.9. We can always assume L to have a finite transcendence
degree. In this case, L is countable, hence Λ0(L) is countable. So all
but countably many points in Λ(C) are transcendental for Λ0/L. In
particular, if f is defined over Q, and ai are marked critical points, we
can take L to be Q.

Remark 3.10. Since µf,ai has continuous potential, it does not have
atoms. So if L have finite transcendence degree, the for µf,ai-a.e. t ∈
Λ(C), t is transcendental with respect to Λ0/L.

Proposition 3.11. Let b ∈ Λ(C) be a transcendental point with respect

to Λ0/L. Then for every Γb ∈ Corr(P1)fb∗ , there is Γ′ ∈ Corr[(P1
Λ)f∗ such

that Γ′b := Γ′∩π−1
1 (b) contains Γb. Moreover, for every n ≥ 0 and i, j ∈

{1, . . . ,m}, if (fnb (ai(b)), f
n
b (aj(b))) ∈ Γb, then (fn(ai), f

n(aj)) ∈ Γ′.

Proof. Since the image of b : SpecC→ Λ0 is the generic point of Λ0, fb
and (ai)b, i = 1, . . . ,m are the base change of FK , (a

′
i)K , i = 1, . . . ,m

via the natural morphism

K := L(Λ0) ↪→ C

defined by b. By Lemma 3.6, for every Γb ∈ Corr(P1)fb∗ , there is Γ′K ∈
Corr(P1

K)FK∗ such that Γb ⊆ Γ′K ⊗K C. Via the natural bijection be-

tween Corr(P1
K)FK∗ and Corr[(P1

Λ0
)F∗ , Γ′K is the generic fiber of Γ′L ∈

Corr[(P1
Λ0

)F∗ . Set Γ′ := Γ′L⊗LC ∈ Corr[(P1
Λ)f∗ . Then we get Γ′K ⊗K C =

Γ′b. For every n ≥ 0 and i, j ∈ {1, . . . ,m}, if (fnb (ai(b)), f
n
b (aj(b))) ∈ Γb,

then (F n
K((a′i)K), F n

K((a′j)K)) ∈ Γ′K , hence (fn(ai), f
n(aj)) ∈ Γ′. This

concludes the proof. �
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3.3. The AS(Σ) condition for families of rational maps.

Theorem 3.12. Let f be an algebraic family of rational maps as in
(2.1). Let a, b be active marked points. Let V be a Zariski closed subset
of Λ × (P1 × P1). Assume that f , a, b and V are defined over Q; for
every n ≥ 0, the image Γn of pn := (fn(a), fn(b)) : Λ→ Λ× (P1 × P1)
is not contained in V ; and there is a sequence of distinct points ti ∈
Λ(C), i ≥ 0 such that both ĥfti (a(ti)) and ĥfti (b(ti)) tend to zero as
i → ∞. Then for µf,a-a.e. t in Λ(C), the pair a(t), b(t) satisfies the
AS(Vt) condition for ft.

Remark 3.13. By Theorem 2.2 and [GV19, Proposition 13], µf,a and
µf,b are of finite non-zero mass. Moreover, by Theorem 2.3, µf,a and
µf,b are proportional.

Combing Corollary 3.8, Remark 3.9, Remark 3.10 with Proposition
3.11, we get the following result.

Corollary 3.14. Let f, a, b as in Theorem 3.12. Assume further that
a, b are not dynamically related. Then for µf,a-a.e. t in Λ(C), we have
that for every Γt ∈ Corr(P1)ft∗ , the pair a(t), b(t) satisfies the AS(Γt)
condition for ft.

Proof of Theorem 3.12. Let Pi : Λ× (P1×P1)→ Λ×P1, i = 1, 2 be the
morphism defined by (t, x1, x2) 7→ (t, xi). Let π1 := Λ× (P1 × P1)→ Λ
be the first projection. Let T := P ∗1 Tf + P ∗2 Tf . Set g := f ×Λ f. Since
µf,a does not have atomic point, we may assume that V is of dimension
2 and is flat over Λ. Let B be a smooth projective curve containing Λ
as an open subset. Then W := V is a Cartier divisor of B× (P1×P1).

Let gW be a Green function on for W i.e. gW is a continuous function
on B × (P1 × P1)(C) such that for every point y ∈ W (C), there is an
open neighborhood U of y such that gW = − log |h| + O(1) where W
is defined by h = 0 in U. We may assume that gW ≥ 0. The following
lemma is the key to the proof.

Lemma 3.15. There is C > 0 such that for every n ≥ 0,∫
gW T ∧ [Γn] ≤ Cdn.

Since the proof of Lemma 3.15 is based on the arithmetic intersection
theory, we postpone it to the end of this section. We indeed prove a
more general result which implies Lemma 3.15 as a direct consequence.
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For every t ∈ Λ(C), gWt := gW |π−1
1 (t) is a Green function of Wt = Vt.

Then we have

Cdn ≥
∫
gW P ∗1 T ∧ Γn = dn

∫
gWt(pn(t)))µf,a.

Hence
∫
gWt(pn(t)))µf,a ≤ C. Set φn(t) := max{− log d(pn(t), V ), 0}.

There is C1 ≥ 1 such that

max{− log d(pn(t), V ), 0} ≤ C1(gWt(pn(t))) + 1).

So there is C2 > 0 such that for every n ≥ 0,
∫
φn(t)µf,a ≤ C2. Set

sn := 1
n

∑n−1
i=0 φn, we have

∫
snµf,a ≤ C2. According to Fatou’s lemma,∫

(lim inf
n→∞

sn)µf,a ≤ lim inf
n→∞

∫
snµf,a ≤ C2.

So for µf,a−a.e. t ∈ Λ(C), we have lim inf
n→∞

sn(t) < +∞ which concludes

the proof. �

Chern-Levine-Nirenberg inequality. Recall the Chern-Levine-Nirenberg
inequality from pluripotential theory, see [DS10, Theorem A.31], [CLN69]
and [Dem, (3.3)].

Theorem 3.16. Let (X,ω) be a Hermitian manifold. Let S be a pos-
itive closed current of bi-dimension (1, 1) on X. Let u be a locally
bounded p.s.h. function on X and K a compact subset of X. Then
there is a constant c = c(X,K) > 0 such that if v is p.s.h. on X, then∫

K

|v| ddcu ∧ S ≤ c

(∫
X

|v| S ∧ ω
)
‖u‖L∞(X).

Recall that a function v is called quasi-p.s.h. if there is C > 0 such
that Cω + ddcv ≥ 0. Then we have the following two variants of the
Chern-Levine-Nirenberg inequality.

Corollary 3.17. Let (X,ω) be a Kähler manifold. Let S be a positive
closed current of bi-dimension (1, 1) on X. Let v be a quasi-p.s.h.
function on X. Then there is a constant c′′ = c′′(X,K, v) > 0 such
that if u be a locally bounded p.s.h. function on X, then∫

K

|v| ddcu ∧ S ≤ c′‖u‖L∞(X).

Proof. Assume that Cω+ddcv ≥ 0. For every x ∈ K, there is a compact
neighborhood Zx of x and an open neighborhood Ux of Zx such that
ω|Ux = ddcwx where wx is a bounded continuous p.s.h. functions.
There is a constant Bx ≥ 0, such that −Bx ≤ wx ≤ Bx on Ux. There
is a finite set F ⊆ K such that K ⊆ ∪x∈FZx. Set v′x := v + Cwx + Bx
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and v′′x := v+Cwx−Bx. Both v′x and vx are locally bounded p.s.h. on
Ux and v′x ≤ v ≤ v′′x. By Theorem 3.16, we have∫

K

|v| ddcu ∧ S ≤
∑
x∈F

∫
K∩Zx

|v| ddcu ∧ S

≤
∑
x∈F

∫
K∩Zx

(|v′x|+ |v′′x|) ddcu ∧ S

≤

(∑
x∈F

cK∩Zx,Ux

∫
Ux

(|v′x|+ |v′′x|) ω ∧ S

)
‖u‖L∞(X),

which concludes the proof. �

Since every closed positive (1, 1)-current having continuous potential
locally takes form ddcu for some continuous p.s.h. function u, the proof
of the following result is similar to the proof of Corollary 3.17.

Corollary 3.18. Let (X,ω) be a Hermitian manifold. Let S be a posi-
tive closed current of bi-dimension (1, 1) on X. Let T be a closed posi-
tive (1, 1)-current having continuous potential. Then there is a constant
c′ = c′(X,K, T ) > 0 such that if v is a p.s.h. on X, then∫

K

|v| T ∧ S ≤ c′
(∫

X

|v| S ∧ ω
)
.

Integrations via arithmetic intersection theory. This section is based
on the theory of adelic line bundles on quasi-projective varieties de-
veloped by Yuan and Zhang in [YZ21]. We follow their notations and
terminologies.

Let S be a smooth curve over a number field K. Let S ′ be a smooth
projective curve containing S as an open subset. Let π′ : X ′ → S ′ be
a projective model of π : X → S. Set DS := S ′ \S and DS = (DS, gDs)
be an ample arithmetic divisor associated with DS, where gDs is a
continuous Green function. Let D := π′−1(DS) and D := π∗DS. Write
D = (D, gD) where gD = π∗gDs .

Let (X, g, L) be a polarized dynamical system over S i.e.

(1) π : X → S is a projective and flat scheme over S;
(2) g : X → X is an endomorphism over S;
(3) L ∈ Pic(X) is a line bundle, relatively ample over S, such
that g∗L = qL for some integer q > 1.

In [YZ21, Theorem 6.1.1], by Tate’s limiting argument, Yuan and

Zhang constructed an adelic line bundle Lg ∈ P̂ic(X) extending L such
that g∗Lg = qLg. Moreover, it is strongly nef in the following sense:
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There is a sequence of nef adelic line bundles Ln, n ≥ 1 which are
defined over some projective models πn : X ′n → S ′ of π : X → S,
and positive numbers εn, n ≥ 0 tending to 0, such that Lg − Ln is

represented by an arithmetic divisor Dn = (Dn, gDn) ∈ P̂ic(X)int with

−εnD ≤ Dn ≤ εnD.

We may assume that for every n ≥ 0, X ′n dominates X ′. For every
archimedean place v ∈MK , c1(Lg)v is a positive (1, 1)-current on Xan

v

having following properties

(i) c1(Lg)v has continuous potentials;
(ii) for every t ∈ Λ, c1(Lg)v|Xt is a Green current for gt;
(iii)

∫
c1(Lg)

dimX
v = 0.

Let p : S → X be a section of π and let Γp be its image. Let A be
an ample adelic line bundle defined on X ′, let A ∈ Pic(X ′) be the line
bundle associated with A.

Proposition 3.19. Let s be a small section of A ∈ Pic(X ′) i.e. for
every v ∈ MK and x ∈ X ′an

v , |s(x)|v ≤ 1. Assume that Γp 6⊆ div(s).
Then for every archimedean place v ∈MK, we have∫

gdiv(s),v c1(Lg)v ∧ [Γp] ≤ A · Lg · Γp,

where gdiv(s),v(x) = − log |s(x)|v is the Green function.

Proof of Proposition 3.19. Let Y be any compact subset of Xan
v . Pick

UY an open neighborhood of Y such that UY ⊂⊂ Xan
v .

Since gdiv(s),v is a quasi-p.s.h. function, by Corollary 3.17, there is a
constant c = c(Y, UY , gdiv(s),v) such that for every n ≥ 0, we have∫

Y

gdiv(s),vdd
cgDn,v ∧ [Γp] ≤ c‖gDn,v‖L∞(UY ) ≤ εnc‖gD,v‖L∞(UY ).

Then for every n ≥ 0, we have∫
Y

gdiv(s),vc1(Lg)v ∧ [Γp]

=

∫
Y

gdiv(s),vc1(Ln)v ∧ [Γp] +

∫
Y

gdiv(s),vdd
cgDn,v ∧ [Γp]

≤
∫
Y

gdiv(s),vc1(Ln)v ∧ [Γp] + εnc‖gD,v‖L∞(UY ).

(3.1)
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Since X ′n dominates X ′, we may view s as a section on Xn. Let Γp,n
be the Zariski closure of Γp in Xn. By [CLT09, Theorem 1.4] (see also
[YZ17, Page 1161]), we have

A · Ln · Γp,n = Ln · (Γp,n · divs) +
∑
w∈Mk

∫
gdiv(s),wc1(Ln)w ∧ [Γp].

Since each term on the right hand side is positive, we get

(3.2)

∫
Y

gdiv(s),vc1(Ln)v∧ [Γp] ≤
∫
gdiv(s),vc1(Ln)v∧ [Γp] ≤ A ·Ln ·Γp,n.

The definition of A · Lg · Γp shows that

(3.3) A · Lg · Γp = lim
n→∞

A · Ln · Γp,n.

As εn → 0, we conclude the proof by (3.1), (3.2) and (3.3). �

Set Γn := Γgn(p).

Proposition 3.20. Assume that Lg
2 · Γp = 0, then for every ample

adelic line bundle A defined on X ′, there is C > 0 such that for every
n ≥ 0,

A · Lg · Γn ≤ Cqn,

where q is the integer in the definition (3) of the polarized dynamical
system (X, g, L).

Proof. For every n ≥ 0, by projection formula, we have

(3.4) Lg
2 · Γn = Lg

2 · gn∗ (Γp) = g∗n(Lg)
2 · Γp = q2nLg

2 · Γp = 0.

As L is relatively ample over S, after replacing X ′ by some projective
model X ′′ which dominates X ′ and X ′0, L by some multiple of it and A
by A+A′ for some ample adelic line bundle A′ on X ′′, we may assume
that L extends to a line bundle on X ′. We now view L and L0 as line
bundles on X ′.

There is an integer m1 > 0 and an ample line bundle M on S ′ such
that E := m1L + M − A is ample. Pick a suitable metric on E, we
get an ample adelic line bundle E extending E. After replacing A by
A + E, we may assume that A = m1L + M on X ′. Since m1L0 − A is
trivial on the generic fiber of π′ : X ′ → S ′, m1L0−A is represented by
an arithmetic divisor F on X ′ such that π(suppF ) 6= S ′. Then there
is an ample arithmetic divisor Q on S ′ such that

−π∗Q ≤ F ≤ π∗Q.
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Set R := ε0DS +Q. By (3.4), we get

A · Lg · Γn =(m1Lg −m1D0 − F ) · Lg · Γn
≤m1Lg

2 · Γn + π∗R · Lg · Γn
=π∗R · Lg · Γn
=π∗R · Lg · gn∗ (Γp)
=(gn)∗π∗R · (gn)∗Lg · Γp
=qn(π ◦ gn)∗R · Lg · Γp
=qn(π∗R · Lg · Γp),

which concludes the proof. �

Combining Proposition 3.19 and Proposition 3.20, we get the follow-
ing result.

Corollary 3.21. Let V be a Zariski closed subset of X ′. Let v ∈ MK

be an archimedean place. Let gV be a Green function of V. Assume that

Lg
2 · Γp = 0. Then there is C > 0 such that, for every n ≥ 0, if Γn is

not contained in V, we have∫
gV c1(Lg)v ∧ [Γn] ≤ Cqn,

where q is the integer in the definition (3) of the polarized dynamical
system (X, g, L).

Proof. Set N := {n ≥ 0| Γn 6⊆ V }. Let IV be the ideal sheaf of V in
X ′. We fix an ample adelic line bundle A defined on X ′, and we denote
A ∈ Pic(X ′) to be the line bundle associated with A. By replacing
A by a suitable multiple, we may assume that A ⊗ IV is generated
by global sections. Then there are sections s1, . . . , sm of A such that
∩mi=1div(si) = V. For every n ∈ N , there is in ∈ {1, . . . ,m} such that
Γn 6⊆ div(sin). After modifying the metric of A, we may assume that for
every i = 1, . . . ,m, si is small for A and gdiv(si),v ≥ gV . By Proposition
3.19 and Proposition 3.20, there is C > 0 such that for every n ∈ N ,
we have∫

gV c1(Lg)v ∧ [Γn] ≤
∫
gdiv(sin ) c1(Lg)v ∧ [Γn] ≤ A · Lg · Γn ≤ Cqn,

which concludes the proof. �

Proof of Lemma 3.15. Since Λ, f, a, b and V are defined over Q, there
is a number field K, a smooth curve S over K and a polarized endo-
morphism h : P1

S → P1
S over S of degree d, a closed subset W of X and
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a section p : S → X := (P1 × P1) × S of π : X → S such that Λ, f ,
(a, b) : Λ→ (P1×P1)×Λ and V are the base change of S, h and p via
an embedding K ↪→ C defined by an archimedean place v ∈ MK . Let
S ′ be a smooth projective curve containing S as a Zariski closed subset.
We still denote by W by its Zariski closure in X ′ := (P1 × P1) × S ′.
Let L := π∗1O(1) + π∗2O(1) where πi : P1 × P1 → P1 is the i-th projec-
tion. Set g := h ×S′ h. Let Γn be the image of gn(p). Then we have

T = c1(Lg)v. Let L̃g ∈ P̃ic(X) be the geometric part of Lg. By [YZ21,
Lemma 5.4.4], we have

L̃v · Γ0 =

∫
c1(Lg)v ∧ Γ0 =

∫
T ∧ Γ0 = (µf,a + µf,b)(Λ) > 0.

As Γ0 contains an infinite sequence (a(ti), b(ti)), i ≥ 0 of distinct points
with heights tend to 0, the fundamental inequality [YZ21, Theorem

5.3.2] shows that Lv
2 · Γ0 = 0. We conclude the proof by Corollary

3.21. �

4. Typical non-uniformly hyperbolic conditions

In this section, we show that certain non-uniformly hyperbolic con-
ditions are typical for the bifurcation measure. We begin with some
definitions. Let f be a holomorphic family of rational maps as in (2.1)
and a be a marked point. In this section, the distance and the norm
of the derivatives are computed with respect to the metrics induced by
ωΛ and ωP1 .

For every n ≥ 0, let ξa,n : Λ → P1(C) denote the map ξa,n(t) :=
fnt (a(t)).

Definition 4.1. A parameter t0 ∈ Λ is called

(i) Marked Collet-Eckmann CE∗(λ) for some λ > 1, if there exists
C > 0 and N > 0 such that

|dfnt0(f
N
t0

(a(t0)))| ≥ Cλn

for every n ≥ 0.
(ii) Parametric Collet-Eckmann PCE(λ) for some λ > 1, if there

exists C > 0 such that∣∣∣∣dξa,ndt
(t0)

∣∣∣∣ ≥ Cλn

for every n ≥ 0.
(iii) Polynomial Recurrence PR(s) for some s > 1/2, if there exists

an integer N > 0 such that

d(fnt0(a(t0)), Ct0) ≥ n−s
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for every n ≥ N . Where Ct0 is the critical set of ft0

Lemma 4.2. Let f be a holomorphic family of rational maps as in
(2.1) and a be a marked point. Assume t ∈ suppµf,a, then there exists
N > 0 such that the ft-orbit of fNt (a(t)) does not intersect Ct.

Proof. Assume by contradiction that there is no such N . Since the
cardinality of Ct is finite, there exists c ∈ Ct such that c is ft−periodic
and a(t) is a preimage of c. This implies a(t) is contained in the super-
attracting basin of the ft−orbit of c. Since the attracting basin is
stable under perturbation, it implies that a is stable at t, contradicts
to t ∈ suppµf,a by Theorem 2.2. �

The following result was essentially due to De Thélin-Gauthier-Vigny.

Theorem 4.3 (De Thélin-Gauthier-Vigny, [DTGV21]). Let f be an
algebraic family of rational maps as in (2.1) and a be a marked point.
Then we have:

(i) For every 1 < λ < d1/2, the condition PCE(λ) is typical with
respect to µf,a;

(ii) Assume t satisfies PCE(λ0) for some λ0 > 1, then t satisfies
CE∗(λ) for every 1 < λ < λ0.

Proof. The statement (i) was proved in [DTGV21, Theorem 3]. In
[DTGV21, Proposition 9], it is proved that if t satisfies PCE(λ0) for
some λ0 > 1, then t satisfies CE∗(λ) for every 1 < λ < λ0, provided
that the ft-orbit of a(t) does not intersect Ct. The condition PCE(λ0)
implies t ∈ suppµf,a, by Lemma 4.2, we get that (ii) holds. �

4.1. A transversality statement. Let f be a holomorphic family of
rational maps as in (2.1) and a be a marked point. A direct computa-
tion gives the following equality, relating dfnt0(a(t0)) and dξa,n/dt(t0). A
proof can be found in [AGMV19, Lemma 4.4]. We set F (t, z) := ft(z).

Lemma 4.4. Let t0 ∈ Λ such that the ft0-orbit of a(t0) does not inter-
sect Ct0. Then for every n ≥ 1, we have

dξa,n
dt

(t0) = dfnt0(a(t0))

(
da

dt
(t0) +

n−1∑
k=0

∂F
∂t

(t0, f
k
t0

(a(t0)))

dfk+1
t0 (a(t0))

)
.

The following transversality statement holds for PCE parameters.
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Lemma 4.5 (Transversality condition). Let t0 ∈ Λ such that the ft0-
orbit of a(t0) does not intersect Ct0, and t0 satisfies PCE(λ) for some
λ > 1. Then there exists a non-zero γ ∈ C such that

da

dt
(t0) +

∞∑
k=0

∂F
∂t

(t0, f
k
t0

(a(t0)))

dfk+1
t0 (a(t0))

= γ.

Proof. By Theorem 4.3 (ii), t0 satisfies CE∗(λ1) for every 1 < λ1 < λ.
Since |∂F/∂t(t0, fkt0(a(t0))| is uniformly bounded by a constant M > 0,
the power seris in Lemma 4.5 converges. It remains to show that it
converges to a non-zero number.

Let χ > 0 be the lower Lyapunov exponent of ft0 at a(t0). Let
ε > 0 small such that ε < min (log λ/10, χ). By the definition of lower
Lyapunov exponent, there exists a constant C1(ε) > 0 and a sequence
of positive integers nj → +∞ such that

(4.1) |dfnjt0 (a(t0))| ≤ C1e
(χ+ε)nj .

There is also a constant C2(ε) > 0 such that for every n ≥ 1,∣∣∣∣∣
∞∑

k=n+1

∂F
∂t

(t0, f
k
t0

(a(t0)))

dfk+1
t0 (a(t0))

∣∣∣∣∣ ≤
∞∑

k=n+1

∣∣∣∣∣ ∂F∂t (t0, f
k
t0

(a(t0)))

dfk+1
t0 (a(t0))

∣∣∣∣∣
≤

∞∑
k=n+1

M

C2e(χ−ε)k

:= C3e
−(χ−ε)n,(4.2)

where C3(ε) > 0 is a constant.
Assume by contradiction that the power seris in Lemma 4.5 converges

to 0. By Lemma 4.4, (4.1) and (4.2), for each nj in (4.1) we have∣∣∣∣dξa,njdt
(t0)

∣∣∣∣ =
∣∣dfnjt0 (a(t0))

∣∣ ∣∣∣∣∣∣
∞∑

k=nj+1

∂F
∂t

(t0, f
k
t0

(a(t0)))

dfk+1
t0 (a(t0))

∣∣∣∣∣∣
≤ C1e

(χ+ε)njC3e
−(χ−ε)nj

= C1C3e
2εnj ,

which contradicts to the fact t0 satisfies PCE(λ). �

4.2. Polynomial Recurrence parameters are typical. In this sub-
section, we prove the following:

Theorem 4.6. Let f be an algebraic family of rational maps as in
(2.1) and a be a marked point. Then for every s > 1/2, µf,a-a.e. point
t0 ∈ Λ satisfies PR(s).
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There is a finite Zariski open cover W of Λ, such that for every
W ∈ W and every marked critical point c, there is an algebraic family
gW,c : W → PGL 2,C such that for every t ∈ W (C), we have

(gW,c(t))(c(t)) = 0 ∈ P1(C).

Since we only need to prove Theorem 4.6 for the restriction of f on
each W ∈ W . We may assume that W = {Λ} and write gc for gΛ,c.

For every marked critical point c, define an algebraic automorphism
σc : Λ × P1 → Λ × P1 sending (t, z) to (t, (gc(t))(z)). It is clear that
σc(Γc) = Λ×{0}. Recall that ω1 = π∗1 ωΛ and ω2 = π∗2 ωP1 . Set ω := ω1+
ω2. For every closed algebraic curve V ⊆ Λ×P1, if π2(V ) is not a single
point, then for every z ∈ P1(C), we have #(π2|V )−1(z) ≤ degω2

V . The
equality holds for all but finitely many z ∈ P1(C). There is a constant
C0 > 0 such that for every marked critical point c and every closed
algebraic curve V ⊆ Λ× P1, we have

(4.3) degω σc(V ) ≤ C0 degω V.

Note that we always have degω V ≥ 1. Let a be a marked point, we
have degω1

Γa = 1, hence degω Γa = degω2
Γa + 1. Since σc(Γa) is the

graph of the marked point σ(a) : t ∈ Λ → (gc(t))(a(t)) ∈ P1, we have
degω σc(Γa) = degω2

σc(Γa) + 1. By (4.3), we get

(4.4) degω2
σc(Γa) ≤ degω σc(Γa) ≤ C0 degω Γa.

There is D > 0 such that for every marked point a,

(4.5) degω Γf(a) ≤ d degω Γa +D

where d := deg f ≥ 2. It follows that for every n ≥ 0,

(4.6) degω Γfn(a) ≤ degω Γfn(a) +D ≤ dn(degω Γa +D).

We set
φ(t, z) := d(z, Ct)−1,

where Ct is the critical set of ft.

Lemma 4.7. Let K be compact subset of Λ and 0 < α < 2. Then there
exists a constant C := C(K,α) > 0 such that for every marked point a
which is not a marked critical point and for every A > 0 we have∫

K×P1(C)

min(A, φα) Tf ∧ [Γa] ≤ C(A+ degω Γa).

Proof. Pick an open neighborhood U of K which is relatively compact
in Λ. There is a constant B1 = B1(U) > 1 such that for every marked
critical point c and (t, z) ∈ π−1

1 (U), we have

(4.7) B−1
1 d((gc(t))(z), 0) ≤ d(z, c(t)) ≤ B1d((gc(t))(z), 0).
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There is δ0 > 0 and B2 > 1, such that for every z ∈ P1(C) with
d(z, 0) ≤ δ0, we have

(4.8) B−1
2 |z| ≤ d(z, 0) ≤ B2|z|.

Set

Ωc := {(t, z) : t ∈ U and d(z, c(t)) < δ0} .
Set B0 := B(0, B1δ0), then we have

σc(Ωc) ⊆ U ×B0.

For every marked critical point c, set φc(t, z) := d(z, c(t))−1. Then we
have φ = maxc φc where c is taken over all the 2d − 2 marked critical
points. Set B3 := B1B2. By (4.7) and (4.8), for every (t, z) ∈ σc(Ωc),

φc ◦ σ−1
c (t, z) ≤ B3|z|−1.

Set Vc := σc(Γa). We have∫
K×P1(C)

min(A, φα) Tf ∧ [Γa]

=

∫
K×P1(C)

max
c

min(A, φαc ) Tf ∧ [Γa]

≤
∑
c

∫
K×P1(C)

min(A, φαc ) Tf ∧ [Γa]

=
∑
c

∫
(K×P1(C))\Ωc

min(A, φαc ) Tf ∧ [Γa]+

∑
c

∫
σc(((K×P1(C))∩Ωc)

min(A, φαc ◦ σ−1
c ) σc∗(Tf ) ∧ [Vc]

≤(2d− 2)δ−α0

∫
K×P1(C)

Tf ∧ [Γa]+∑
c

∫
K×B0

min(A,Bα
3 |z|−α) σc∗(Tf ) ∧ [Vc].

Since Tf has continuous potential, by Corollary 3.18, there is a constant
c′ depending on K such that

(4.9)

∫
K×P1(C)

Tf ∧ [Γa] ≤ c′ degω Γa.

So we only need to show that for every marked critical point c,∫
K×B0

min(A,Bα
3 |z|−α) σc∗(Tf ) ∧ [Vc] ≤ C1(A+ degω Γa)
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for some constant C1 depending on K. Since

min(A,Bα
3 |z|−α) = e−(max(− logA,α log |z|−α logB3))

is a p.s.h. function, and σc∗(Tf ) has continuous potential, by Corollary
3.18, there is a constant C ′ such that∫

K×B0

min(A,Bα
3 |z|−α) σc∗(Tf ) ∧ [Vc]

≤C ′
(∫

U×2B0

min(A,Bα
3 |z|−α) ω ∧ [Vc]

)
We only need to bound

∫
U×2B0

min(A,Bα
3 |z|−α) ω ∧ [Vc]. It suffices to

show

(4.10)

∫
U×2B0

min(A,Bα
3 |z|−α)[Vc] ∧ ω1 ≤ C2A

and

(4.11)

∫
U×2B0

min(A,Bα
3 |z|−α)[Vc] ∧ ω2 ≤ C3 degω Γa

for some constants C2 > 0 and C3 := C3(α) > 0.
Since Vc is a graph, we have∫
U×2B0

min(A,Bα
3 |z|−α)[Vc] ∧ ω1 ≤ A

∫
U×2B0

[Vc] ∧ ω1 = A

∫
U

ωΛ,

hence (4.10) is true. On the other hand, since a is not a marked critical
point and the function |z|−α is Lebesgue integrable when 0 < α < 2,
we have∫

U×2B0

min(A,Bα
3 |z|−α)[Vc] ∧ ω2 ≤Bα

3

∫
U×2B0

|z|−α[Vc] ∧ ω2

≤Bα
3

∫
2B0

|z|−α(π2∗[Vc]) ∧ ωP1 .

By (4.4), degω2
Vc ≤ C0 degω Γa, we have∫

2B0

|z|−α(π2∗[Vc]) ∧ ωP1 ≤ C0 degω Γa

∫
2B0

|z|−αωP1 ,

hence (4.11) is true. This finishes the proof. �

Let a be a marked point. For every n ≥ 0, set ψn(t) := φ(t, fnt (a(t))).
Recall that µf,a = (π1)∗(Tf ∧ [Γa]). We note that µf,fn(a) = dnµf,a for
every n ≥ 0. A direct corollary of Lemma 4.7 and Inequality (4.6) is
the following:
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Corollary 4.8. Let K be compact subset of U and 0 < α < 2. Then
there exists a constant C := C(K,α) > 0 such that for every n ≥ 0, we
have ∫

K

min(A,ψαn) dµf,a ≤ C(d−nA+ degω Γa +D).

Lemma 4.9. Let K be compact subset of U and 0 < α < 2. Then
there exists a constant C(K,α) > 0 such that for every n ≥ 0, we have

µf,a(t ∈ K : ψαn(t) ≥ A) ≤ C(d−n + A−1(degω Γa +D)).

Proof. By Markov inequality and Corollary 4.8 we have

µf,a(t ∈ K : ψαn ≥ A) = µf,a(t ∈ K : min(A,ψαn) ≥ A)

≤ A−1

∫
K

min(A,ψαn) dµf,a

≤ C(d−n + A−1(degω Γa +D)).

�

Proof of Theorem 4.6. It suffices to prove for every s > 1/2 and for
every compact subset K ⊆ Λ, there exists a set E(K, s) ⊆ K satisfying
µf,a(K \ E) = 0 such that every t0 ∈ E satisfies PR(s). For every
n ≥ 1, set

Fn :=
{
t ∈ K : d(fnt (a(t)), Ct) ≤ n−s

}
.

Pick a constant α ∈ (1/s, 2). By Lemma 4.9, for n large enough, there
exists a constant C := C(K,α) > 0 such that

µf,a(Fn) = µf,a(t ∈ K : ψn(t)α ≥ nαs)

≤ C(d−n + n−αs(degω Γa +D))

This implies that
∞∑
n=1

µf,a(Fn) <∞,

and we conclude the proof by the Borel-Cantelli lemma. �

Combine Theorem 4.3 with Theorem 4.6, we have:

Proposition 4.10. Let f be an algebraic family of rational maps as in
(2.1) and a be an active marked point. Let 1 < λ < d1/2 and s > 1/2,
then µf,a-a.e. t ∈ Λ satisfies CE∗(λ), PCE(λ) and PR(s), in particular
a(t) ∈ J (ft).
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5. Distortion of non-injective maps

Definition 5.1. A rational map g : P1(C)→ P1(C) is called Topologi-
cal Collet-Eckmann TCE(λ) for some λ > 1 if there exists δ0 > 0 such
that for each n ≥ 0 and z ∈ J (g), we have

diamWn ≤ λ−n,

where Wn is any connected component of g−n(B(z, δ0)), and J (g) is
the Julia set of g.

The aim of Section 5, 6 and 7 is to prove the following theorem.
Recall that for a holomorphic family of rational maps f : D × P1 →
D × P1 as in (2.1) and for a marked point a, we let ξa,n : D → P1(C)
be the map ξa,n(t) := fnt (a(t)).

Theorem 5.2. Let f : D × P1 → D × P1 be a holomorphic family of
rational maps as in (2.1) and a be a marked point. Assume 0 ∈ D
satisfies

(i) PCE(λ0) for some λ0 > 1;
(ii) PR(s) for some s > 0;

(iii) f0 is TCE(λ) for some λ > 1;

Then for every ε > 0, there exists a subset A ⊆ Z≥0 with d(A) > 1− ε
and 0 < ρm < 1,m ∈ A such that the family {hm,m ∈ A} of maps,

hm : D→ P1(C),

t 7→ ξa,m (ρmt)

form a normal family, for which every limit map is non-constant.
Moreover, we have ρm → 0 as m→∞.

The proof of Theorem 5.2 is given in Section 7. In Section 5, 6 we
do some preparations.

Section 5 is devoted to proving some distortion properties for non-
injective holomorphic maps. In this section the distances on P1(C) are
computed with respect to the spherical metric. Note that under the
spherical metric, diam (P1(C)) = π. For every a ∈ P1(C), the unique
point a− satisfying d(a, a−) = π is the antipodal point of a. We have
0− =∞. When a 6∈ {0,∞}, we have a− = −a−1.

5.1. Upper radius and proper lower radius. Let Ω be a connected
Riemann surface and x ∈ Ω. Let h : Ω→ P1(C) be a holomorphic map.

We say a connected open neighborhood U of h(x) in P1(C) is properly
in the image of (h,Ω, x) and write U ⊆p h(Ω, x), if there is a connected
open neighborhood W of x in Ω such that h|W : W → U is proper.

Easy to check the following properties.
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Proposition 5.3. (i) If U ⊆p h(Ω, x), then for every connected
open neighborhood V of h(x) contained in U , V ⊆p h(Ω, x).

(ii) Let Ω′ ⊆ Ω be a connected open neighborhood of x, if U ⊆p
h(Ω′, x), then U ⊆p h(Ω, x).

The following criterion is useful.

Lemma 5.4. Assume that Ω is compactly contained in a Riemann
surface S. Assume that h is not constant and extends to a neighborhood
of Ω. Let V be a connected open neighborhood of h(x). If there is a
connected open neighborhood W of x and D > 0 such that for every y ∈
V , it has exactly D preimages under h|W counted with multiplicities,
then V ⊆p h(Ω, x).

Proof. We may assume that h extends to S and W = Ω. Set U :=
h|−1

Ω (V ) and let U0 be the connected component of U containing x. We
only need to show that h|U0 : U0 → V is proper. So we only need to
show that h|U is proper.

If h|U is not proper, then there is a compact subset K of V such that

h−1(K) ∩ Ω 6= h−1(K) ∩ Ω.

Pick z ∈ ∂Ω ∩ h−1(K). Let z1, . . . zs be the preimages of h(z) under
h|Ω with multiplicities m1, . . . ,ms. Then

∑s
i=1mi = D. Pick open

neighborhoods Wi of zi in Ω and W0 of z such that Wi ∩Wj = ∅ for
i 6= j. Pick w ∈ W0 ∩ Ω sufficiently close to z. Then h(w) has exactly
mi preimages in Wi, i = 1, . . . , s counted with multiplicities and has
a preimage w in W0 ∩ Ω. So h(w) has at least

∑s
i=1mi + 1 = D + 1

preimages in Ω counted with multiplicities. This is a contradiction. �

Definition 5.5. Assume that h is not constant. We define the upper
radius of (h,Ω, x) to be

ρ∗(h,Ω, x) := inf {r ≥ 0 : h(Ω) ⊆ B(h(x), r)}

and the proper lower radius of (h,Ω, x) to be

ρ∗(h,Ω, x) := sup {r ≥ 0 : B(h(x), r) ⊆p h(Ω, x)} .

For convenience, we define ρ∗(h,Ω, x) = ρ∗(h,Ω, x) := 0 when h is a
constant map. It is clear that ρ∗(h,Ω, x) ≥ ρ∗(h,Ω, x).

The above definition generalizes the usual notion of upper and lower
radius for connected open subsets in P1(C). Let U be a connected open
subset of P1(C) and a ∈ U. The upper radius of (U, a) is

ρ∗(U, a) := inf {r ≥ 0 : U ⊆ B(a, r)} .
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The lower radius of (U, a) is

ρ∗(U, a) := sup {r ≥ 0 : B(a, r) ⊆ U} .
Then ρ∗(U, a) = ρ∗(id, U, a) and ρ∗(U, a) = ρ∗(id, U, a). If h is not con-
stant, we have

ρ∗(h,Ω, x) = ρ∗(h(Ω), h(x)) and ρ∗(h,Ω, x) ≤ ρ∗(h(Ω), h(x)).

The equality holds if h : Ω→ h(Ω) is proper.

Proposition 5.6. We have the following properties:

(i) Let Ω′ ⊆ Ω be a connected open neighborhood of x. Then

ρ∗(h,Ω′, x) ≤ ρ∗(h,Ω, x) and ρ∗(h,Ω
′, x) ≤ ρ∗(h,Ω, x).

(ii) Let Ωi, i ≥ 0 be an increasing sequence of connected open neigh-
borhood of x satisfying ∪i≥0Ωi = Ω. Then

ρ∗(h,Ω, x) = sup
i≥0

ρ∗(h,Ωi, x) and ρ∗(h,Ω, x) = sup
i≥0

ρ∗(h,Ωi, x).

Proof. If h is constant, the proposition is trivial. Now assume that
h is not constant. Property (i) and the ρ∗ part of (ii) are obvious.
We only prove the ρ∗ part of (ii). By (i), we have ρ∗(h,Ω, x) ≥
supi≥0 ρ∗(h,Ωi, x). For every r < ρ∗(h,Ω, x), pick r′ ∈ (r, ρ∗(h,Ω, x)).
There is an open neighborhood W ′ of x such that h|W ′ : W ′ →
B(h(x), r′) is proper. Then (h|W ′)−1

(
B(h(x), r)

)
is compact. There

is i ≥ 0 such that (h|W ′)−1
(
B(h(x), r)

)
⊆ Ωi.

Set W := (h|W ′)−1(B(h(x), r)) ⊆ Ωi. Since h|W : W → B(h(x), r) is
proper, ρ∗(h,Ωi, x) ≥ r, which concludes the proof. �

The following lemma shows that the upper and proper lower radii
are stable under perturbations.

Lemma 5.7. Let Ω be a Riemann surface and x ∈ Ω. For holomorphic
maps g, h : Ω→ P1(C), define ρ(h, g) := supz∈Ω ρ(h(z), g(z)). Then we
have

(5.1) ρ∗(h,Ω, x) ≤ ρ∗(g,Ω, x) + 2ρ(h, g).

Assume further that ρ∗(g,Ω, x) + ρ(h, g) < π, then we have

(5.2) ρ∗(h,Ω, x) ≥ ρ∗(g,Ω, x)− 2ρ(h, g).

Proof. The first assertion is obvious. We now prove the second asser-
tion. There is a sequence Ωi, i ≥ 0 of open neighborhood of x compactly
contained in Ω and having smooth boundary such that ∪i≥0Ωi = Ω.
By (ii) of Proposition 5.6, we only need to prove (5.2) for each Ωi. So
we may assume that Ω is compactly contained in a connected Riemann
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surface S with a smooth boundary and h extends to a neighborhood
of Ω. Set ε := ρ(h, g).

If g is constant, (5.2) is trivial. If h is constant, by (5.1), ρ∗(g,Ω, x) ≤
2ε. So ρ∗(g,Ω, x) ≤ 2ε which implies (5.2). Now assume that both g
and h are not constant and ρ∗(g,Ω, x) > 2ε.

Pick any r ∈ (2ε, ρ∗(g,Ω, x)), we claim that

(5.3) B(g(x), r − ε) ⊆p h(Ω, x).

Since d(h(x), g(x)) ≤ ε, B(h(x), r−2ε) ⊆ B(g(x), r−ε). Hence r−2ε ≤
ρ∗(h,Ω, x). Let r tend to ρ∗(g,Ω, x), then we get (5.2).

We only need to prove the claim. We may assume that g(x) =
0. Since ρ∗(g,Ω, x) + ρ(h, g) < π, h(Ω) ⊆ P1(C) \ {∞}. We identify
P1(C)\{∞} with C and view g, h as holomorphic functions on Ω. There
is a connected neighborhood W of x such that g|W : W → B(0, r) is
proper. Then W is compactly contained in Ω and has a piecewisely
smooth boundary. There is D ≥ 1 such that for every y ∈ B(0, r), it
has exactly D preimages under g|W counted with multiplicity.

For every t ∈ [0, 1], define ht := th + (1 − t)g. For every z ∈ Ω,

h(z) ∈ B(g(z), ε). Note that B(g(z), ε) is a disk in C, though its center

may not be g(z). It follows that ht(z) ∈ B(g(z), ε) for every t ∈ [0, 1].
Hence d(g, ht) ≤ ε for every t ∈ [0, 1]. Since g(∂W ) ⊆ ∂B(0, r),

ht(∂W ) ⊆ C \B(0, r − ε)

for every t ∈ [0, 1]. In other words, for every y ∈ B(0, r−ε) and t ∈ [0, 1]
there is no zero of ht − y in ∂W . By argument principle, for every
y ∈ B(0, r − ε), the number of preimages of y under ht|W is constant
in t, hence equal to D. Since h1 = h, for every y ∈ B(0, r − ε), y has
exactly D preimages under h|W . By Lemma 5.4, B(0, r−ε) ⊆p h(Ω, x),
which concludes the proof. �

5.2. Euclidean coordinates. It is often easier to do the computation
using Euclidean metric rather than the spherical metric. For this rea-
son, we introduce an Euclidean coordinate Za at each point a ∈ P1(C).
Let z be the standard coordinate on A1 = SpecC[z] ⊆ P1. We note
that the spherical metric is invariant under the action of PU(2,C) <
PGL (2,C). For every a ∈ P1(C), pick an element Ha ∈ PU(2,C) such
that Ha(a) = 0. Define Za := 2H∗az. Note that the choice of Ha is
unique up to composing a rotation z → γz, |γ| = 1 by left. Hence the
induced coordinate Za is unique up to multiplying some γ with |γ| = 1.
Note that the point defined by Za = ∞ is H−1

a (∞) = a−. Via Za, we
identify P1(C) \ a− with the standard complex plane C with origin a.
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The spherical metric at a is given by

(5.4) ds2 =
1

(1 + 1/4ZaZa)2
dZadZa

We let B(a, r) be the ball centered at a of radius r with respect to
the spherical metric and set D(a, r) := {Za < r}. Then there is a strict
increasing function τ : R>0 → R>0 such that B(0, τ(r)) = D(0, r). Since
Ha preserves the spherical metric, for every a ∈ P1(C), B(a, τ(r)) =
D(a, r). By (5.4), we have

(5.5) τ(r) = r +O(r2)

when r → 0.

Let g : P1(C)→ P1(C) be a rational map.

Lemma 5.8. There are r0 > 0 and C > 0 such that the following
holds: if a ball B := B(x, r) satisfies r < r0, then we have

(5.6) ρ∗(g,B, x) ≤ |dg(x)|r + Cr2,

and

(5.7) ρ∗(g,B, x) ≥ |dg(x)|r − Cr2.

Note that (5.7) is trivial if |dg(x)|r − Cr2 ≤ 0.

Proof. By (5.5), we only need to prove (5.6) and (5.7) for Euclidean
metric induced by the local coordinate Za, a ∈ P1(C).

For every a ∈ P1(C), define ra := sup{r ≥ 0| g(D(a, r)) ⊆ D(g(a), 1)}.
Since g is continuous, ra > 0 and the maps a ∈ P1(C) 7→ ra ∈ R>0

is continuous. Since P1(C) is compact, c0 := min{ra, a ∈ P1(C)} > 0
exists. For every a ∈ P1(C), in the local coordinates Za, Zg(a), g takes
form

(5.8) g(Z) =
∑
i≥1

Ai(a)Zi.

By (5.4), |A1(a)| = |dg(a)|. By Cauchy integration formula, we have
|Ai(a)| ≤ c−i0 for every a ∈ P1(C) and i ≥ 1. Set c1 := c0/10. For every
Z ∈ D(a, c1), we have

|g(Z)| ≤ |dg(a)||Z|+
∑
i≥2

c−i0 |Z|i ≤ |dg(a)||Z|+ c−2
0

9
|Z|2.

So for every r < c1,

g(D(a, r)) ⊆ D
(
g(a), |dg(a)|r +

c−2
0

9
r2

)
.
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It implies (5.6) via (5.5).
Set D1 := c−2

0 /9 and D2 := 2D1. By (5.5), we only need to show that
for every r ∈ (0, c1), if |dg(a)|r −D2r

2 > 0, then

(5.9) D(g(a), |dg(a)|r −D2r
2) ⊆p g(D(a, r), a).

We write g as in (5.8). For |Z| = r and |Y | ≤ |dg(a)|r−D2r
2, we have

|(g(Z)− Y )− (A1(a)Z − Y ))| ≤
∑
i≥2

c−i0 r
i ≤ D1r

2

and

|A1(a)Z − Y | ≥ |dg(a)|r − (|dg(a)|r −D2r
2) = D2r

2 > D1r
2.

Since A1(a)Z − Y has exactly one zero in {|Z| < r}, by Rouché’s
theorem g(Z) − Y has exactly zero in {|Z| < r}. By Lemma 5.4, we
get (5.9), which concludes the proof. �

5.3. Critical points. Let C be the critical set of g. For every c ∈ C, we
let lc be its multiplicity. Then

∑
c∈C lc = 2d−2. Set l := max{lc| c ∈ C}.

Lemma 5.9. There exists r1 > 0 and C1 > 1 such that the following
holds: if c ∈ C and r < r1 then we have

(5.10) ρ∗(g,B(c, r), c) ≤ C1r
lc ,

and

(5.11) ρ∗(g,B(c, r), c) ≥ C−1
1 rlc .

Moreover, for every a ∈ B(c, r), if g(a) ∈ B(g(c), C−1
1 rlc), then

(5.12) B(g(c), C−1
1 rlc) ⊆p g(B(c, r), a).

Proof. By (5.5), to show (5.10) and (5.11), we only need to prove (5.10)
and (5.11) for Euclidean metric for the local coordinate Za, a ∈ P1(C).

Let c0, c1 as in the proof of Lemma 5.8. As in the proof of Lemma
5.8, for every c ∈ C, in the local coordinates Zc, Zg(c), g takes form

(5.13) g(Z) =
∑
i≥lc

Ai(c)Z
i,

where Alc(c) 6= 0 and |Ai(c)| ≤ c−i0 .
For every Z ∈ D(c, c1), we have

|g(Z)| ≤ Alc(c)|Z|lc +
∑
i≥lc+1

c−i0 |Z|i ≤
(
Alc(c) + c−lc0 /9

)
Z lc .

So for every r < c1,

g(D(c, r)) ⊆ D(g(c), (Alc(c) + c−lc0 /9)Z lc).

Since C is finite, the above implies (5.6) via (5.5).
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Set A := minc∈C |Alc(c)|. There is c′ > 0 such that for every x ∈
P1(C), x has at most lc preimages counted with multiplicities in D(c, c′).

Pick c2 := min{c1,min{1, c0}lA/10, c′}. SetD1 := c−lc0
c2/c1

1−c2/c1 andD2 :=

2D1. We may check that

(5.14) |Alc(c)| −D2 > A/2.

Since C is finite, by (5.5) and (5.14), to prove (5.15) we only need to
show that for every r ∈ (0, c2),

(5.15) D(g(c), (|Alc(c)| −D2)rlc) ⊆p g(D(c, r), c).

We write g as in (5.13). For |Z| = r and |Y | ≤ (|Alc(c)| − D2)rlc , we
have

|(g(Z)− Y )− (Alc(c)Z
lc − Y ))| ≤

∑
i≥lc+1

c−i0 r
i ≤ D1r

lc

and

|Alc(c)Z lc − Y | ≥ |Alc(c)|rlc − (|Alc(c)| −D2)rlc = D2r
lc > D1r

lc .

Since Alc(c)Z
lc − Y has exactly lc zeros in {|Z| < r}, by Rouché’s

theorem g(Z) − Y has exactly lc zeros in {|Z| < r}. By Lemma 5.4,
we get (5.15).

We now prove (5.12). Let a ∈ B(c, r) with g(a) ∈ B(g(c), C−1
1 rlc).

By (5.15), there is an open neighborhood W of c in B(c, r) such that
g|W : W → B(g(c), C−1

1 rlc) is proper. Since g(c) has exactly one
preimage c of multiplicity lc, g(a) has lc preimages with multiplicity
in W. Since r ≤ c′, g(a) has at most lc preimages with multiplicity in
B(c, r). Hence g−1(g(a))∩B(c, r) = g−1(g(a))∩W. Then a ∈ W , which
implies (5.12). �

Set

(5.16) δ := min{d(c1, c2)| c1, c2 are distint points in C}/3.

Then for every a ∈ P1(C) and r ∈ (0, δ] there is at most one c ∈
C ∩B(a, r). For every a ∈ P1(C), define la as follows: if d(a, C) ≥ δ, set
la := 0; otherwise, let ca be the unique critical point with d(a, ca) < δ
and la := lc. This extends our previous definition of lc for c ∈ C. Note
that, for every a ∈ P1(C) either for every b ∈ B(a, δ/100), lb = la or
d(B(a, δ/100), C) > δ/2. So there is a constant A1 > 1 such that for
every a ∈ P1(C) and b ∈ B(a, δ/100), we have

(5.17) A−1
1 d(x, C)lb−1 ≥ |dg(a)| ≥ A1d(x, C)lb−1.

The following lemma is a corollary of Lemma 5.8.
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Lemma 5.10. There exists r2 > 0 and C2 > 0 such that the following
holds: if two balls B := B(x, r), B′ := B(x, r′) satisfy r′ < r < r2, and
d(x, C)l > r, then we have

(5.18)
ρ∗(g,B

′, x)

ρ∗(g,B, x)
≥ r′

r
− C2r

1/l

and

(5.19)
ρ∗(g,B′, x)

ρ∗(g,B, x)
≤ r′

r
+ C2r

1/l.

Proof. Let r0, C as in Lemma 5.8. We may further ask that r0 <
min{1, A1/C}. Then under the assumption r < r0 and d(x, C)l > r, for
every u ∈ (0, r], we have |dg(x)|u− Cu2 > 0.

By Lemma 5.8 we have

ρ∗(g,B
′, x)

ρ∗(g,B, x)
≥ |dg(x)|r′ − Cr′2

|dg(x)|r + Cr2

=
r′

r
− Cr′(r − r′)
r|dg(x)|+ Cr2

≥ r′

r
− Cr2/4

A1r2−1/l + Cr2

≥ r′

r
− C2r

1/l,

where C2 > 0 is a constant. This implies (5.18). Similarly one can
prove (5.19). �

Lemma 5.11. There is a constant A2 > 1 such that for every point
x ∈ P1(C) \ C, g|B(x,d(x,C)/A2) is injective.

Proof. For every c ∈ C, there is an open neighborhood Uc of c such that
such that there are isomorphisms φc : Uc → D and ψc : g(Uc) → D,
such that φc(c) = 0, ψ(f(c)) = 0 and Gc := ψc ◦ g ◦ (φc)

−1 : z → zlc .
Recall that lc is the multiplicity of c. After shrinking Uc, we may
assume that Uc ⊆ B(c, δ) and on Uc and g(Uc), the spherical metrics
are equivalent to the metrics induced by Euclidean metric on D via φc
and ψc respectively. There is D > 1 such that for every c ∈ C and
x, y ∈ Uc, z, w ∈ g(Uc), we have

(5.20) D−1|φc(x)− φc(y)| ≤ d(x, y) ≤ D|φc(x)− φc(y)|

Set Vc := φ−1
c (D(0, 1/2)). and K := P1(C) \ (∪c∈CVc). For every x ∈ K,

there is rx > 0 such that g|B(x,rx) is injective. Since K is compact,
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there is a finite subset F ⊆ K such that K ⊆ ∪x∈FB(x, rx). There is
δ1 > 0 such that for every x ∈ K, there is y ∈ F such that

(5.21) B(x, δ1) ⊆ B(y, ry).

For every x ∈ Vc, |φc(x)| < 1/2, it is clear that Gc|D(φc(x),|φc(x)|/(100l))

is injective. By (5.20), we have

B(x, d(x, C)/(100D2l)) ⊆ B(x, |φc(x)|/(100Dl))

and

φc(B(x, |φc(x)|/(100Dl))) ⊆ D(φc(x), |φc(x)|/(100l)).

So g|B(x,d(x,C)/(100D2l)) is injective. Set A2 := max{100D2l, 2π/δ1}, we
conclude the proof by (5.21). �

Set A3 := 2A2, where A2 is the constant in Lemma 5.11. By Koebe
distortion theorem and (5.17), there is C3 > 1 such that for every
x ∈ P1(C) \ C and r ≤ d(x, C)/A3 we have

(5.22) ρ∗(g,B(x, r), x) ≤ C3d(x, C)lx−1r

and

(5.23) ρ∗(g,B(x, r), x) ≥ C−1
3 d(x, C)lx−1r.

Without assuming d(x, C)l > r, we also have the following weaker
distortion estimates.

Lemma 5.12. There exists r3 > 0 and θ > 1 such that the following
holds: if two balls B := B(x, r), B′ := B(x, r′) satisfy r′ < r < r3, then
we have

(5.24)
ρ∗(g,B

′, x)

ρ∗(g,B, x)
≥ 1

θ

(r′)l

rl

and

(5.25)
ρ∗(g,B′, x)

ρ∗(g,B, x)
≤ θ

r′

r
.

Proof. The proof is based on the following lemma.

Lemma 5.13. There are p0 > 0 and two constants θ1 > 0 and θ2 > 0
such that for r < p0, the following holds:

(i) If a ball B := B(x, r) satisfies r < d(x, C)/2, then

(5.26) ρ∗(g,B, x) ≤ θ1d(x, C)lx−1r

and

(5.27) ρ∗(g,B, x) ≥ θ2d(x, C)lx−1r.
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(ii) If a ball B := B(x, r) satisfies r ≥ d(x, C)/2, then

(5.28) ρ∗(g,B, x) ≤ θ1r
lx

and

(5.29) ρ∗(g,B, x) ≥ θ2r
lx .

Set θ := 2θ1/θ2. To show (5.24) and (5.25), there are three cases.

Case 1: we have r < d(x, C)/2. Then

ρ∗(g,B
′, x)

ρ∗(g,B, x)
≥ θ2d(x, C)lx−1r′

θ1d(x, C)lx−1r
≥ 1

θ

r′

r
,

and
ρ∗(g,B′, x)

ρ∗(g,B, x)
≤ θ1d(x, C)lx−1r′

θ2d(x, C)lx−1r
≤ θ

r′

r
.

Case 2: we have r′ < d(x, C)/2 but r ≥ d(x, C)/2. Then

ρ∗(g,B
′, x)

ρ∗(g,B, x)
≥ θ2d(x, C)lx−1r′

θ1d(x, C)lx
≥ 1

θ

r′

r
,

and
ρ∗(g,B′, x)

ρ∗(g,B, x)
≤ θ1d(x, C)lx−1r′

θ2d(x, C)lx
≤ θ

r′

r
.

Case 3: we have r′ ≥ d(x, C)/2. Then

ρ∗(g,B
′, x)

ρ∗(g,B, x)
≥ θ2(r′)lx

θ1rlx
≥ 1

θ

(r′)lx
rlx

,

and
ρ∗(g,B′, x)

ρ∗(g,B, x)
≤ θ1(r′)lx

θ2rlx
≤ θ

r′

r
.

�

Proof of Lemma 5.13. By (5.17), for r < δ/100 and every y ∈ B(x, r),
we have

|dg(y)| ≤ A1d(y, C)lx−1.

If r < d(x, C)/2, then d(y, C) ≤ 3/2d(x, C). So

g(B(x, r)) ⊆ B(g(x), A1(3/2)l−1d(x, C)lx−1r),

which implies (5.26).
Next, we prove (5.27). Since r < d(x, C)/2, r/A3 < d(x, C)/A3. By

(5.23), we have

ρ∗(g,B(x, r), x)) ≥ ρ∗(g,B(x, r/A3), x)) ≥ (C3A3)−1d(x, C)lx−1r.

This implies (5.27).
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Now we assume that r ≥ d(x, C)/2. Let r1, C1 as in Lemma 5.9. As-
sume that r < min{r1, δ, 1/C1}/100. Then d(x, C) < min{r1, δ, 1/C1}/50.
Set c := cx. We have lx = lc. Recall that lc is the multiplicity of c. Since
B(x, r) ⊆ B(c, 3r), g(B(x, r)) ⊆ g(B(c, 3r)). By Lemma 5.9,

g(B(x, r)) ⊆ g(B(c, 3r)) ⊆ B(g(c), C13lcr
lc).

Since d(c, x) ≤ 2r, by Lemma 5.9, we have d(g(c), g(x)) ≤ C12lcr
lc .

Then we have

g(B(x, r)) ⊆ B(g(c), C13lcr
lc) ⊆ B(x,C1(3lc + 2lc)rlc)).

Since C1(3lc + 2lc)rlc) ≤ C1(3l + 2l)rlc), we get (5.28).
Finally, we prove (5.29). We first treat the case where r ≤ 10(C2

1 +
1)d(x, C). Since r ≥ d(x, C)/2 andA3 > 2, B(x, r) containsB(x, d(x, C)/2).
By (5.23),

ρ∗(g(B(x, r)), g(x)) ≥ρ∗(g(B(x, d(x, C)/A3)), g(x))

≥(A3C3)−1(d(x, C))lx

≥(A3C3)−1(r/(10(C2
1 + 1)))lx ,

which implies (5.29). Now assume that r > (10(C2
1 + 1))d(x, C). Note

that d(x, C) = d(x, c). Set Q := (10(C2
1 + 1)). Since r > Qd(x, C),

(5.30) C−1
1 (r − d(x, c))lx ≥ C−1

1

(
Q− 1

Q

)lx
rlx .

By Lemma 5.9, we have

d(g(c), g(x)) ≤ C1d(c, x)lx ≤ C1Q
−lxrlx .

One may check that C1Q
−lx ≤ 1/10C−1

1 (Q−1
Q

)lx . We get

(5.31) B(g(x), 9C1Q
−lxxlx) ⊆ B(g(c), C−1

1 (r − d(x, c))lx)

and

g(x) ∈ B(g(c), C−1
1 (r − d(x, c))lx).

Since r > (10(C2
1 + 1))d(x, c) > 10d(x, c), x ∈ B(c, r − d(x, c)). Then

by (5.12) of Lemma 5.9, we get

B(g(c), C−1
1 (r − d(x, c))lx) ⊆p g(B(c, r − d(x, c)), x).

Since B(c, r − d(x, c)) ⊆ B(x, r),

B(g(c), C−1
1 (r − d(x, c))lx) ⊆p g(B(x, r), x).

By (5.31), B(g(x), 9C1Q
−lxxlx) ⊆p g(B(x, r), x), which concludes the

proof. �
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6. Bounded distortion for non-uniformly hyperbolic maps

In this section, we show some nice bounded distortion properties of
Topological Collet-Eckmann and Polynomial Recurrence maps.

Let q := #(C ∩ J (g)). Define d1(·, ·) := min{d(·, ·), 1}. We have
d1(x, y) ≤ d(x, y) for every x, y ∈ P1(C). The following lemma is
[DPU96, (3.3) in the proof of Lemma 3.4 ].

Lemma 6.1 (Denker-Przytycki-Urbanski [DPU96]). There exists Q >
0 such that for every x ∈ J (g) and n ≥ 1, the following holds:∑

0≤k≤n−1,
except q terms

− log d1(gk(x), C) ≤ Qn.

Let δ0 > 0. For every fixed x ∈ J (g) and n ≥ 1, for 0 ≤ k ≤ n
we define Wk(n) to be the connected component of gk−n(B(gn(x), δ0))
containing gk(x). When n is clear, we write Wm for the simplicity. The
following lemma is inspired by Przytycki-Rohde [PR98].

Lemma 6.2. Assume g is TCE(λ) for some λ > 1, δ0 > 0. Let
x ∈ J (g). Then for every ε > 0, there exists N > 0 and a subset
A ⊆ Z≥0 satisfying d(A) > 1 − ε such the following holds: for every
m ∈ A, and k 6∈ Em where Em is a subset of {0, . . . ,m} containing at
most N elements, we have

d1(gk(x), C)l > diamWk(m).

Proof. For each k ∈ Z≥0, let Ik be the closed interval

Ik :=

[
k, k +

l

log λ
(− log d1(gk(x), C))

]
.

By Lemma 6.1, for every n ≥ q there is a subset Fn ⊆ {0, . . . , n − 1}
with #Fn = q such that∑

0≤k≤n−1,k 6∈Fn

|Ik ∩ [0, n]| ≤ lQ

log λ
n.

For every N ≥ 1, set

AN := {n ∈ Z≥0 : there are at most N intervals Ik containing n} .
For every i ∈ {0, . . . , n−1}\AN , i is covered by at least N+1 intervals
Ik. Since the left endpoint of those Ik are distinct integers, at least N
left endpoints are ≤ k − 1. Hence there are at least N − q intervals
among Ik, k ∈ {0, . . . , n− 1} \ Fn covers the interval [i− 1, i]. Hence

(N − q)(n−#(AN ∩ [0, n− 1])) ≤ lQ

log λ
n.
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It follows that

#(AN ∩ [0, n− 1]) ≥
(

1− lQ

log λ(N − q)

)
n.

Pick N large enough, we have d(AN) > 1−ε. We set A := AN . We need
to show that A satisfies the property we want. It suffices to show for
m ∈ A, if m /∈ Ik for 0 ≤ k ≤ m, then we have d(gk(x), C)l > diamWk.
The condition m /∈ Ik and the the TCE(λ) property imply that

d1(gk(x), C)l > λk−m ≥ diamWk.

This finishes the proof. �

If in addition a point x ∈ J (g) satisfies PR(s), we have the following
two lemmas.

Lemma 6.3. Assume g is TCE(λ) for some λ > 1, δ0 > 0. Let
x ∈ J (g) satisfy PR(s) for some s > 0 and x is not a preimage of
a critical point. Then the following holds: for every large n ≥ 1, if
some k ∈ {0, . . . , n − 1} sartisfies d(gk(x), C)l ≤ diamWk(n), then
k ≥ n− (sl/ log λ) log n.

Proof. By PR(s), there is a constant N0 > 0 such that

(6.1) d(gk(x), C) > k−s

for every k ≥ N0. There is N1 > 0 such that for every k = 0, . . . , N0,

(6.2) d(gk(x), C)l > λ−(N1−N0).

Let n ≥ N1, and k ∈ {0, . . . , n}. Assume that d(gk(x), C)l ≤ diamWk.
Since diamWk ≤ λk−n, we have

(6.3) d(gk(x), C)l ≤ λk−n.

By (6.2), we get k ≥ N0 + 1. Then by (6.1), we get

k ≥ n− (sl/ log λ) log n,

which concludes the proof. �

Lemma 6.4. Assume that g is TCE(λ) for some λ > 1. Let δ0 > 0 be
small enough. Let x ∈ J (g) satisfy PR(s) for some s > 0 and x is not
a preimage of a critical point. Let ε > 0 and let A be the subset defined
in Lemma 6.2. Then

(i) There is a constant C > 0 such that the following holds: for
every m ∈ A, we have

m∑
k=0

diamW0(m)

diamWk(m)
< C.
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(ii) For every η > 0 there exists N0 > 0 such that the following
holds: for every m ∈ A, m ≥ N0 we have

m∑
k=N0

diamW0(m)

diamWk(m)
< η.

Proof. Since x satisfies PR(s), g is TCE(λ) and x is not a preimage of
a critical point, by [Ji23b, Lemma A.4], there exists λ1 > 1 and C ′ > 0
such that for every n ≥ 1, |dgn(x)| ≥ C ′λn1 .

Since g is TCE(λ), for δ0 small enough, we may assume that all
Wi(m) has diameter at most δ (see (5.16)). So every Wi(m) meets
at most one critical point. Hence all Wi(m) are simply connected.
For each i = 0, . . . ,m, the map gm−i|Wi

: Wi → Wm is proper with
at most lN critical points counted with multiplicity. By the Koebe
type distortion property for proper holomorphic maps with a bounded
number of critical points, see [PR98, Lemma 2.1], there exists a uniform
constant β > 0 such that

(6.4) ρ∗(Wi(m), x) > βdiamWi(m).

By Lemma 6.3, for k < m − (sl/ log λ) logm, gk : W0 → Wk is
injective. By Koebe one-quarter theorem, we have

(6.5) diamWk ≥ |dgk(x)|ρ∗(W0, x)/4 ≥ C4λ
k
1diamW0,

where C4 > 0 is a constant.
On the other hand there exists a constant L > 1 such that for every

0 ≤ k ≤ m− 1 we have

(6.6) diamWk ≥ Lk−mδ0.

Let p := bm− (sl/ log λ) logmc. Combine with (6.5) and (6.6) there
exists C5 > 0 such that

m∑
k=0

diamW0

diamWk

=

p∑
k=0

diamW0

diamWk

+
m∑

k=p+1

diamW0

diamWk

≤
∞∑
k=0

1

C4λk1
+

m∑
k=p+1

λ−m

Lk−mδ0

≤
∞∑
k=0

1

C4λk1
+

λ−m

δ0(L− 1)
Lm−p

≤
∞∑
k=0

1

C4λk1
+

λ−m

δ0(L− 1)
L(sl/ log λ) logm+1

< C5.
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This proves (i). To show (ii), similarly we have
m∑

k=N0

diamW0

diamWk

=

p∑
k=N0

diamW0

diamWk

+
m∑

k=p+1

diamW0

diamWk

≤
∞∑

k=N0

1

C4λk1
+

m∑
k=p+1

λ−m

Lk−mδ0

< η,

for N0 large enough. This finishes the proof. �

7. From phase space to parameter space

Proof of Theorem 5.2. By Lemma 4.2, after replacing a by a suitable
iterate, we may assume that the orbit of a(0) does not intersect C0. The
PCE(λ0) condition shows that there exists γ 6= 0 such the transversality
condition in Lemma 4.5 holds. After replacing a by a suitable iterate,
we may assume that

(7.1) |dξa,n/dt(0)|/|d(gn)(z)| ∈ (|γ|/2, 2|γ|).
Set C6 := supt0∈D |dξa,0/dt(t0)|. Set g := f0 and z := a(0). By Theorem
4.3, 0 is marked Collet-Eckmann parameter, in particular z ∈ J (g).
Moreover, z is not a preimage of a critical point. For an arbitrary fixed
ε > 0, let A be the subset defined in Lemma 6.2. To show A has the
properties we want, it suffices to construct {ρm} such that for every
m ∈ A large, the following holds:

(7.2) hm(D) ⊆ B(gm(z), δ0),

and there exists δ1 > 0 such that

(7.3) B(gm(z), δ1) ⊆ hm

(
1

2
D
)
.

Since g is TCE(λ), for δ0 small enough, we may assume that for
every m ≥ 0, i = 0, . . . ,m,

(7.4) diam (Wi(m)) ≤ min{δ, 1/10}
where δ is defined in (5.16). Hence all Wi(m) are simply connected.

For 0 ≤ k ≤ m, set Rk := ρ∗(Wk, g
k(z)) and D := B(z, R0). For

0 ≤ k ≤ m, set R′k := ρ∗(gk(D), gk(z)). We first show that Rk, R
′
k,

and diamWk are comparable. By (6.4), we have βdiamWk ≤ Rk ≤
diamWk. By [PR98, (2.2) of Lemma 2.1], there is Cτ > 0, τ ∈ (0, 1/2)
with Cτ → 0 as τ → 0 such that the following holds: For every r ≤ τRk,
let W ′′(τ) be the connected component of g−k(B(gk(z), r)) containing
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z, then we have diamW ′′(τ) < CτdiamW0. Pick β1 ∈ (0, 1/2) such that
Cβ1 < β. Then diamW ′′(β1) < βdiamW0 ≤ R0. Hence W ′′(β1) ⊆ D.
Note that gk(D) ⊆ Wk, we get

(7.5) ββ1diamWk ≤ β1Rk ≤ ρ∗(g
k(D), gk(z)) ≤ R′k ≤ diamWk

Let L := 2 supx∈ 1
2
D×P1(C) |df(x)|. For every t ∈ 1

2
D, we have

(7.6) d(ξak+1
(t), g(ξa,k(t))) = d(ft(ξa,k(t)), g(ξa,k(t))) ≤ L|t|

Let Em ⊆ {0, 1, . . . ,m− 1} be the exceptional set as in Lemma
6.2. We have #Em ≤ N . Set rk := ρ∗(ξa,k(ρmD), gk(z)) and Bk :=
B(gk(z), rk). By (7.6), if ρm < 1/2, we have

(7.7) rk+1 ≤ ρ∗(g,Bk, g
k(z)) + Lρm,

Hence

rk+1

Rk+1

≤ ρ∗(g,Bk, g
k(z))

ρ∗(Wk+1, gk+1(z))
+
Lρm
Rk+1

≤ ρ∗(g,Bk, g
k(z))

ρ∗(g,B(gk(z), Rk), gk(z))
+
Lρm
Rk+1

.

(7.8)

For 0 ≤ k ≤ m− 1 such that k /∈ Em, if

(7.9)
rk
Rk

< 1,

then by (5.19) of Lemma 5.10 and (7.8) we have

(7.10)
rk+1

Rk+1

≤ rk
Rk

+ C2R
1/l
k +

Lρm
Rk+1

If k ∈ Em, and (7.9) holds, by (5.25) of Lemma 5.12 and (7.8) we have

(7.11)
rk+1

Rk+1

≤ θ
rk
Rk

+
Lρm
Rk+1

.

If (7.9) holds for every i = 0, . . . , k − 1, by (7.10) and (7.11) we have
for every 0 ≤ i ≤ m

ri
Ri

≤ θN
i−1∑
k=0

(
C2R

1/l
k +

Lρm
Rk+1

)
+ θN

r0

R0

≤ θN
m−1∑
k=0

(
C2R

1/l
k +

Lρm
Rk+1

)
+ θN

r0

R0

≤ θN
m−1∑
k=0

(
C2R

1/l
k +

Lρm
Rk+1

)
+ θN

C6ρm
R0

.

(7.12)
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Since Rk ≤ λk−m, shrink δ0 if necessary we may assume that

(7.13) θN
m−1∑
k=0

C2R
1/l
k < ββ1/4.

By Lemma 6.4 (i), there exists a constant α ∈ (0, 1/(10L+ 10π)) such
that

(7.14) θN
C6αdiamW0(m)

R0

+ θN
m−1∑
k=0

LαdiamW0(m)

Rk+1

< ββ1/4.

We define ρm := αdiamW0(m), then ρm < 1/2. Hence (7.7) holds.
Moreover, by the TCE(λ) condition, ρm → 0 as m → ∞. Since r0 ≤
C6 × ρm = C6αdiamW0, by (7.14) r0/R0 < ββ1/4 < 1. Apply (7.9),
(7.12), (7.13) and (7.14) inductively, we get

(7.15) ri/Ri < ββ1/2

for every i = 0, . . . ,m, which implies (7.2). By (7.4), for every m ≥ 0,

(7.16) ρmL ≤ 1/10.

It remains to show for our choice ρm := αdiamW0(m), there ex-
ists δ1 > 0 such that (7.3) holds. For 0 ≤ k ≤ m we set r′k :=
ρ∗(ξa,k, (ρm/2)D, 0) and B′k := B(gk(z), r′k). By (7.15) and (7.5), we
get

(7.17) r′k ≤ rk < ββ1Ri ≤ ββ1diamWi ≤ R′k.

We need to show that there exists δ1 > 0 such that r′m ≥ δ1.
Combining (7.1) with Koebe distortion theorem, there exists α0 ∈

(0, 1/2) such that

(7.18)
r′k
R′k

> 2α0,

provided that ξa,k is injective when restricted on ρmD and gk is injective
on 2D.

Set α1 := αl
N

0 /(2θNl
N

). Combing Lemma 6.4 (ii) which (7.5), shrink
δ0 if necessary we can choose N0 large enough such that for N0 ≤ k ≤
m− 1, we have

(7.19)
αl1
θ
> 2

(
C2R

′
k

1/l
+
Lρm
R′k+1

)
.

Since

B′k ⊆p ξa,k(ρm/2)D, 0) and B(gk+1(z), ρ∗(g,B
′
k, g

k(z))) ⊆p g(B′k, g
k(z)),
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we have B(gk+1(z), ρ∗(g,B
′
k, g

k(z))) ⊆p (g ◦ ξk)((ρm/2)D, 0). Hence

ρ∗(g,B
′
k, g

k(z)) ≤ ρ∗(g ◦ ξk, (ρm/2)D, 0).

By (7.4) and (7.16), we may apply (5.2) of Lemma 5.7 and get

(7.20) r′k+1 ≥ ρ∗(g,B
′
k, g

k(z))− Lρm.

Hence we have

r′k+1

R′k+1

≥ ρ∗(g,B
′
k, g

k(z))

ρ∗(g, gk(D), gk(z))
− Lρm
R′k+1

≥ ρ∗(g,B
′
k, g

k(z))

ρ∗(g,B(gk(z), R′k), g
k(z))

− Lρm
R′k+1

(7.21)

For 0 ≤ k ≤ m− 1 such that k /∈ Em, by (7.17), (5.18) of Lemma 5.10
and (7.21), we have

r′k+1

R′k+1

≥ r′k
R′k
− C2(R′k)

1/l − Lρm
R′k+1

.

If in addition k ≥ N0 and r′k/R
′
k > α1, the above inequality and (7.19)

implies

(7.22) log
r′k+1

R′k+1

≥ log
r′k
R′k
− 2

α1

(
C(R′k)

1/l +
Lρm
R′k+1

)
,

here we use the inequality log(1−a) ≥ −2a for 0 < a ≤ 1/2. If k ∈ Em,
by (7.17), (5.24) of Lemma 5.12 and (7.21), we have

r′k+1

R′k+1

≥ 1

θ

(r′k)
l

(R′k)
l
− Lρm
R′k+1

.

If in addition k ≥ N0 and r′k/R
′
k > α1, by (7.19) the above inequality

implies

(7.23) log
r′k+1

R′k+1

≥ l log
r′k
R′k
− 2θ

αl1

Lρm
R′k+1

− log θ,

again we are using log(1− a) ≥ −2a for 0 < a ≤ 1/2. By 7.5, Lemma
6.4 (ii) and the PCE(λ0) condition, shrink δ0 if necessary, we choose
N0 large enough such that

lN
m−1∑
k=N0

(
2

α1

CR′k
1/l

+
2θ

αl1

Lρm
R′k+1

)
≤ log 2.

Since ρm → 0 as m → ∞, for m sufficient large, by (7.1) and the
PCE(λ0) condition, ξa,N0 is injective when restricted on ρmD and gN0
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is injective on 2D. By (7.18),

(7.24)
r′N0

R′N0

> 2α0 > α1.

We show that
r′p
R′p

> α1 for every p = N0 + 1, . . . ,m by induction. By

(7.24) and the induction hypothesis, we assume that
r′p−1

R′p−1
> α1. By

(7.22) and (7.23), we have

log
r′p
R′p
≥ −lN

p∑
k=N0

(
2

α1

CR′k
1/l

+
2θ

αl1

Lρm
R′k+1

)
+ lN

(
log

r′N0

R′N0

−N log θ

)
> lN(logα0 −N log θ)− log 2

= logα1.

Since Wm = B(gm(z), δ0), we have Rm = δ0. By (7.5), we get r′m
δ0
≥

β r′m
R′m
≥ βα1. Set δ1 := βα1δ0, then B(gm(z), δ1) ⊆ hm

(
1
2
D
)
, which

concludes the proof. �

7.1. Construction of invariant correspondences.

Read maximal entropy measure from bifurcation measure. We say that
two sequences of positive real numbers ρn, n ≥ 0 and ρ′n, n ≥ 0 are
equivalent if log(ρn/ρ

′
n), n ≥ 0 is bounded.

Let µf0 be the maximal entropy measure of f0. For ρ ∈ (0, 1], let
[ρ] : D→ D be the map t 7→ ρt.

The following two results show that under the assumption of The-
orem 5.2, µf0 can be read from µf,a via a suitable rescaling process.
Moreover, the scales are determined by µf,a itself up to equivalence.

Recall that for a holomorphic family of rational maps f : D× P1 →
D × P1 as in (2.1) and for a marked point a, we let ξa,n : D → P1(C)
be the map ξa,n(t) := fnt (a(t)).

Proposition 7.1. Let f : D × P1 → D × P1 be a holomorphic family
of rational maps as in (2.1) and a be a marked point. Let nj, j ≥ 0
be an infinite subsequence of n ≥ 0. Let ρnj , j ≥ 0 be a sequence of
positive real number tending to 0. Define hnj := ξa,nj ◦ [ρnj ]. Assume
that hnj → h locally uniformly. Then we have

(7.25) dnj [ρnj ]
∗µf,a → h∗(µf0)

where the convergence is the weak convergence of measures. Moreover,
if a(0) ∈ J (f0) and h is non-constant, then 0 ∈ supp h∗(µf0).
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Proof. Define Hnj : D → D × P1(C) by Hn(t) := (ρnt, hn(ρnt)) and
H : D→ D× P1(C) by H(t) := (0, h(ρnt)). Since Hnj = fnj(a) ◦ [ρnj ],
we have

(7.26) H∗nj(Tf ) = [ρnj ]
∗((fnj(a))∗Tf ) = dnj [ρnj ]

∗µf,a.

Since Hnj → H locally uniformly, H∗nj(Tf )→ H∗(Tf ). Since H∗(Tf ) =

h∗(Tf ∧ [t = 0]) = h∗(µf0), we get (7.25) by (7.26). Assume that a(0) ∈
J (f0) and h is not constant. Since h(0) = lim

j→∞
f
nj
0 (a(0)) ∈ J (f0),

0 ∈ supp h∗(µf0). This concludes the proof. �

Proposition 7.2. Let µ be a Borel measure on D. Let ρn, ρ
′
n, n ≥ 0

be two sequences of real numbers in (0, 1]. Let dn, n ≥ 0 be a sequence
of positive real numbers. Let µ1, µ2 be Borel measures on D having
positive mass. Assume that µ1({0}) = µ2({0}) = 0. If dn[ρn]∗µ → µ1

and dn[ρ′n]∗µ→ µ2, then ρnj , j ≥ 0 and ρ′nj , j ≥ 0 are equivalent.

Proof. Assume by contradiction that it is not the case, then without
loss of generality, by passing to a subsequence we may assume that

rn := ρ′n
ρn
→ 0 as n→∞. Set Dn := D(0, rn). We have

(7.27) dn[ρn]∗µ(Dn) = dn[ρ′n]∗µ(D).

By the property of convergence of measures we have

lim inf
n→∞

dn[ρ′n]∗µ(D) ≥ µ2(D) > 0.

So for n� 0, dn[ρ′n]∗µ(D) ≥ µ2(D)/2. By (7.27), for n� 0,

dn[ρn]∗µ(Dn) ≥ dn[ρn]∗µ(Dn) ≥ µ2(D)/2.

Since rn → 0 as n→ 0, for every r ∈ (0, 1), we have

µ1(D(0, r)) ≥ lim sup
n→∞

dn[ρn]∗µ(Dn) ≥ µ2(D)/2.

So µ1({0}) ≥ µ2(D)/2 which contradicts to our assumption. �

Asymptotic symmetry. Let X be a complex manifold and Let H :=
{hi, i ∈ A} ⊆ Hol (D, X) be a family holomorphic maps from D to X.
Let limH be the set of h ∈ Hol (D, X), for which there is an infinity
sequence of distinct in ∈ A such that hin → h as n → ∞. It is clear
that limH is closed in Hol (D, X) and is contained in H. The family
H is normal if and only if limH is compact.

Remark 7.3. Note that Hol (D, X) is a metric space. So by Lindelöf
property, a subset of Hol (D, X) is compact if and only if it is sequen-
tially compact.
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We say that H is non-degenerate if H is normal and limH does not
contain any constant map3.

Let g be a non-exceptional rational map of degree d ≥ 2. Let µg
be the maximal entropy measure of g. Let H := {hi, i ∈ A},H′ :=
{h′i, i ∈ A} be two families of holomorphic maps from D to P1. Set
H×AH′ := {hi×h′i : D→ P1×P1} ⊆ Hol (D,P1×P1). It is clear that
H×AH′ is a closed subset of H×H′. Such a pair (H,H′) of families is
called an asymptotic symmetry of g if the following conditions holds:

(i) both {hi, i ∈ A} and {h′i, i ∈ A} are non-degenerate;
(ii) hi(0), h′i(0) ∈ J (g);

(iii) for every φ = h× h′ ∈ lim(H×AH′), we have h∗µg and (h′)∗µg
are proportional.

We note that for an asymptotic symmetry (H,H′) and every φ = h×
h′ ∈ lim(H×A H′), we have

0 ∈ h−1(J (g)) = supp h∗µg = supp (h′)∗µg = (h′)−1(J (g)).

Let U be an open subset on P1. Let S(U) be the set of injective
holomorphic maps σ : U → P1 such that σ∗µg and µg|U are nonzero and
proportional. The following theorem was proved in [JX23b, Theorem
1.7].

Theorem 7.4. For every σ ∈ S(U), there is Γ ∈ Corr(P1)g∗ such that
the image of id× σ is contained in Γ.

Remark 7.5. To prove our main result Theorem 1.2, we only need
the above theorem in the case where g is TCE. This TCE case can be
proved by applying Dujardin-Favre-Gauthier’s earlier results [DFG22,
Theorem A] and [DFG22, Corollary 3.2].

Recall the following theorem of Levin [Lev90, Theorem 1].

Theorem 7.6. Every non-degenerate family F ⊆ S(U) is finite.

Theorem 7.7. Let (H,H′) be an asymptotic symmetry of g. Then
there is Γ ∈ Corr(P1)g∗ such that for every ε > 0, there is a finite subset
E of A such that for every i ∈ A \ E and t ∈ 1/2D, we have

d((hi(t), h
′
i(t)),Γ) < ε.

Proof. For every φ ∈ Hol (D,P1 × P1) and ε′ > 0, let N(φ, ε′) be the
open neighborhood of φ consisting of φ′ ∈ Hol (D,P1 × P1) such that
for every t ∈ (9/10)D, d(φ(t), φ′(t)) < ε′.

3When X = P1, such a H is called “a non-trivial normal family” in [Lev90].
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For every φ := h × h′ ∈ lim(H ×A H′), there is a point tφ ∈
(1/2D)∩ h−1(J (g)) and rφ < 1/100 such that both h and h′ are injec-
tive on D(tφ, 10rφ). There is sφ > 0 such that Bφ := B(h(tφ), sφ) ⊂⊂
h(D(tφ, rφ)). There is εφ > 0 such that for every ψ = l × l′ ∈ N(φ, εφ),
we have

(i) both l and l′ are injective on D(tφ, 9rφ);
(ii) Bφ ⊂⊂ l(D(tφ, rφ));

(iii) |d(l′ ◦ (l|D(tφ,rφ))
−1)(tφ)| ∈

(
9/10

|dh(tφ)|
|dh(tφ)| , 11/10

|dh(tφ)|
|dh(tφ)|

)
.

Then for every ψ = l × l′ ∈ N(φ, εφ) ∩ lim(H ×A H′), σψ := l′ ◦
(l|D(tφ,rφ))

−1|Bφ : Bφ → P1 is in S(Bφ). Moreover, by (iii) and Koebe
distortion theorem, the family {σψ, ψ ∈ N(φ, εφ)∩lim(H×AH′)} is non-
degenerate. Then it is finite by Theorem 7.6. By Theorem 7.4, there is
Γφ ∈ Corr(P1)g∗ such that for every ψ ∈ N(φ, εφ) ∩ lim(H×AH′)}, the
image of id× σψ is contained in Γφ. Hence the image of ψ is contained
in Γφ.

Since lim(H×A H′) is compact, there is a finite set F ⊆ (H×A H′)
such that lim(H×AH′) ⊆ ∪φ∈FN(φ, εφ). Then for every ψ ∈ lim(H×A
H′)}, the image of ψ is contained in Γ := ∪φΓφ ∈ Corr(P1)g∗. Set W :=
∪φ∈lim(H×AH′)N(φ, ε). It is an open neighborhood of lim(H ×A H′).
Then E := {i ∈ A| hi × h′i 6∈ W} is finite. For every i ∈ A, there is
φ ∈ lim(H×A H′) such that hi × h′i ∈ N(φ, ε). Since the image of ψ is
contained in Γ and 1/2D ⊂⊂ (9/10)D, for every t ∈ 1/2D, we have

d((hi(t), h
′
i(t)),Γ) ≤ d((hi(t), h

′
i(t)), φ(t)) < ε.

This concludes the proof. �

Proposition 7.8. Let f : D×P1 → D×P1 be a holomorphic family of
rational maps as in (2.1). Let a, b be two marked points. Assume that
for both a and b, the parameter 0 ∈ D satisfies

(i) PCE(λ0) for some λ0 > 1;
(ii) PR(s) for some s > 0;

(iii) f0 is TCE(λ) for some λ > 1;

Assume further that µf,a and µf,b are proportional and f0 is not excep-
tional. Then there is Γ0 ∈ Corr(P1)f0∗ such that the FS(Γ0) condition
does not hold.

Proof. By Theorem 4.3, the PCE(λ0) condition implies the marked
Collet-Eckmann condition for a(0) and b(0). In particular, both a(0)
and b(0) are contained in J (g).

By Theorem 5.2, there are Aa, Ab ⊆ Z≥0 with d(Aa) > 9/10 and
d(Ab) > 9/10 and two sequences of positive numbers ρa,n, n ∈ Aa,
and ρb,n, n ∈ Ab both tending to 0 as n → ∞ such that ha,n : D →
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P1(C), n ∈ Aa and hb,n : D → P1(C), n ∈ Ab as in Theorem 5.2 are
non-degenerate. Set A := Aa ∩ Ab. Then d(A) > 0.8. The families
Ha := {ha,n, n ∈ A} and Hb := {hb,n, n ∈ A} are non-degenerate.

We claim that ρa,n, n ∈ A and ρb,n, n ∈ A are equivalent. Other-
wise, we may assume that there is a sequence nj ∈ A tending to +∞
such that ρa,nj/ρb,nj → +∞. After taking subsequence, we may assume
that ha,nj → ha and hb,nj → hb, where ha and hb are non-constant
holomorphic maps. Since a(0), b(0) ∈ J (f0), by Proposition 7.1, we
have

(7.28) dnj [ρa,nj ]
∗µf,a → h∗aµf0 and dnj [ρb,nj ]

∗µf,b → h∗bµf0

and 0 is contained in both the supports of h∗a(µf0) and h∗b(µf0). Since
µf0 has continuous potential, it does not have atoms. Since µf,a = cµf,b,
by Proposition 7.2, ρa,nj , j ≥ 0 and ρb,nj , j ≥ 0 are equivalent, which
is a contradiction. Hence our claim holds. After multiplying ρa,n by
a constant in (0, 1], we may assume that ρa,n ≤ ρb,n for every n ∈ A.
There is q′ ∈ (0, 1] such that qn := ρa,n/ρb,n ∈ [q′, 1] for every n ∈ A.
After replacing ρb,n by ρa,n = qnρb,n and hb,n by hb,n ◦ [qn], we may
assume that ρa,n = ρb,n for every n ∈ A. Set ρn := ρa,n = ρb,n. Then
for any sequence nj ∈ A tending to +∞ satisfying ha,nj → ha and
hb,nj → hb, (7.28) becomes

(7.29) dnj [ρnj ]
∗µf,a → h∗aµf0 and dnj [ρnj ]

∗µf,b → h∗bµf0

Since µf,a and µf,b are proportional and 0 is contained in both of
supp h∗a(µf0) and supp h∗b(µf0), h

∗
a(µf0) and h∗b(µf0) are non-zero and

proportional. This implies that the pair of families (Ha,Hb) is an as-
ymptotic symmetry. By Theorem 7.7, there is Γ0 ∈ Corr(P1)f0∗ such
that for every ε > 0, there is a finite subset Eε of A such that for every
n ∈ A \ Eε, we have

d((ha,n(0), hb,n(0)),Γ0) < ε.

Hence, for every ε > 0,

d({n ≥ 0| d((ha,n(0), hb,n(0)),Γ0) ≥ ε}) ≤ 1− d(A) < 1/5.

So the FS(Γ0) condition does not hold, which concludes the proof. �

8. Proof of the main theorems

Proof of Theorem 1.3. The direction (ii) implies (i) was proved by De-
Marco [DeM16, Section 6.4]. The direction (i) implies (iii) is trivial.
We only need to show that (iii) implies (ii).

We may assume that φf (Λ) is not contained in the locus of flexible
Lattès maps, otherwise Theorem 1.3 trivially holds. As f is defined
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over Q, there is a variety Λ0 over Q and a morphism F : Λ0×P1 → P1

over Q such that Λ = Λ0⊗QC and f = F⊗QC. After replacing Λ0 by a

finite ramification cover on it over Q, we may assume that F has 2d−2
marked critical points ai, i = 1, . . . , 2d − 2 counted with multiplicity.
Let ci be the base change of ai. Then we get marked critical points
(ci)1≤i≤2d−2.

Since f is not isotrivial and φf (Λ) is not contained in the locus
of flexible Lattès maps, µbif 6= 0. By Corollary 2.4, for every 1 ≤
i ≤ 2d − 2, µf,ci is proportional to µbif . Moreover, by Theorem 2.2,
µf,ci 6= 0 if and only if ci is active. Let c1, c2 be two marked critical
points, we need to show they are dynamically related. If one of c1, c2 is
preperiodic, then c1 and c2 are dynamically related holds trivially. So
we only need to consider the case that c1 and c2 are active. Assume for
the sake of contradiction that c1 and c2 are active but not dynamically
related.

By Corollary 3.14 we have that

(a) for µbif-a.e. point t ∈ Λ(C), for every Γt ∈ Corr(P1)ft∗ , the
pair c1(t), c2(t) satisfies the AS(Γt) condition for ft.

Let 1 < λ < d1/2 and s > 1/2. By Proposition 4.10 we have

(b) for µbif-a.e. t ∈ Λ(C), t satisfies CE∗(λ), PCE(λ) and PR(s)
for all ci that is active.

Definition 8.1. A rational map g of degree at least 2 is called Collet-
Eckmann CE(λ) for some λ > 1 if:

(i) There exists C > 0 such that for every critical point c ∈ J (g),
there exists N > 0 such that |dgn(gN(c))| ≥ Cλn for every
n ≥ 1;

(ii) g has no parabolic cycle.

The following proposition is useful. A precise statement can be found
in [PRLS03, Main Theorem].

Proposition 8.2 (Przytycki-Rohde [PR98]). CE(λ0) implies TCE(λ)
for every 1 < λ < λ0.

We have the following two results.

Proposition 8.3. There exists λ > 1 such that

(c) for µbif−a.e. point t, ft is CE(λ).

Proof. By Theorem 2.2, a marked critical point c is either preperiodic
or satisfies µf,c > 0. Let I ⊆ {1, 2, . . . , 2d− 2} be the index such that
ci is preperiodic when i ∈ I.
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By (b), for every i ∈ {1, 2, . . . , 2d− 2} \ I, ci(t) satisfies (i) in Defi-
nition 8.1 for µbif-a.e. point t. This implies that for µbif-a.e. point t,
the critical points are either contained in the Julia set or preperiodic.
Note that every parabolic basin contains a critical point, and this crit-
ical point can not be preperiodic. This implies that µbif-a.e. point t
satisfies (ii) in Definition 8.1 i.e. ft has no parabolic cycle.

For each fixed i ∈ I, we let pi be the cycle which ci is preperiodic to.
We only need to show the following claim: µbif-a.e. point t ∈ Λ satisfies
the following property: if ci(t) ∈ J (ft), then ci(t) is preperiodic to a
repelling cycle.

Let λpi : Λ → C be the holomorphic map defined by the multiplier
of the cycle pi, i ∈ I. There are two cases.

Case 1: λpi is a constant map. As f is defined over Q, λpi ∈ Q. If
|λpi | 6= 1, then the claim holds. If |λpi | = 1, since for µbif-a.e. point
t, pi(t) is not a parabolic cycle, λpi is not a root of unity. By Siegel’s
linearization theorem [Mil11, Theorem 11.4] and Baker’s theorem (c.f.
[Bak22, Theorem 3.1]), pi(t) is a Siegel cycle. This implies our claim.

Case 2: λpi is not a constant map. If the claim is not true for a pa-
rameter t, then ci(t) is preperiodic to a parabolic cycle or a Cremer cy-
cle. Since λpi is not a constant map, {t ∈ Λ(C)| λpi is a root of unity}
is countable. Recall that by Siegel’s linearization theorem [Mil11, The-
orem 11.4], if pi(t) is a Cremer cycle, then λpi(t) = e2πiα , where α is a
Liouville number. Recall that the set of Liouville numbers has Haus-
dorff dimension 0 [Mil11, Lemma C.7]. Let CP ⊆ Λ be the parameters
in Λ such that pi(t) is Cremer or parabolic. Then the Hausdorff dimen-
sion of CP is 0. On the other hand since µbif has Hölder continuous
potential [DS10, Lemma 1.1], the Hausdorff dimension of µbif is strictly
positive [Sib99, Theorem 1.7.3]. This implies our claim. �

Since φf (Λ) is not contained in the locus of flexible Lattès maps and
not a point, the parameters t such that ft is exceptional are finite.
Since µbif does not have atoms, we have

(d) for µbif-a.e. point t ∈ Λ(C),ft is not exceptional.

Combining (b), (c), (d) and Proposition 7.8, we get that

(e) for µbif-a.e. point t ∈ Λ(C), there is Γt ∈ Corr(P1)ft∗ such
that the FS(Γ0) condition does not hold.

Since (e) contradicts (a), we finish the proof of Theorem 1.2. �

We now deduce Theorem 1.2 from Theorem 1.3.

Proof of Theorem 1.2. By Theorem 1.3, we only need to reduce to the
case where f is defined over Q. Set ψ := Ψ ◦ φf : Λ →Md. Let B be
the Zariski closure of ψ(Λ) inMd. Since f is not isotrivial, B is a curve
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and the map ψ : Λ→ B is quasi-finite. We may assume that φf (Λ) is
not contained in the locus of flexible Lattès maps, otherwise Theorem
1.2 trivially holds. Since there are infinitely many PCF parameters
t ∈ Λ, by Thurston’s rigidity of PCF maps [DH93], B ∩ Md(Q) is
infinite. Hence B is defined over Q. Since Z := Ψ−1(B) is defined over
Q, there is a smooth curve Λ1 and a morphism φ1 : Λ1 → Z defined
over Q such that the morphism ψ1 := Ψ ◦ φ1 : Λ1 → B is dominant.
Let g : Λ1 × P1 → P1 be the family of rational maps induced by φ1. It
is clear that Theorem 1.2 holds for f if and only if it holds for g, this
concludes the proof. �
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