NUMERICAL ACTION FOR ENDOMORPHISMS

JUNYI XIE

ABSTRACT. Let f : X — X be a surjective endomorphism of a projective
variety of dimension d. The aim of this paper is to study the action of f on
the numerical group of divisors.

For this, we introduce a notion of spectrum for an open and salient invariant
cone. Let V be a finitely dimensional vector space over Rand g:V — V be a
linear endomorphism. Let C be an open and salient g-invariant cone. We define
Sp (g,C) to be the set of @ > 0 such that no v € V satisfying gv — av € C. We
call Sp (g,C) the spectrum of g for C. We prove some basic properties for this
spectrum. In particular, we get the following result: For any subset S of C, let
Es(C) CV ®g C be the sum of generalized eigenspaces for g with eigenvalues
in S. Then Eg(C)NC # 0 if and only if S contains Sp (g,C). Here we view C
as a subset of V ®g C via the natural embedding V C V ®g C.

Let Ai(f),i = 0,...,d be the dynamical degrees and p;(f) := %,z =
1,...,d be the cohomological Lyapunov exponents. Let Big(X) and Amp(X)
be the big and ample cones in N'(X)g. We show that Sp (f*,Big(X)) =
{p1(f), ..., ua(f)}. We also compute the spectrum for the ample cone using
the cohomological Lyapunov exponents of all periodic irreducible subvarieties.
In particular, f is quasi-amplified if and only if it is cohomologically hyperbolic;
and f is amplified if and only if every subsystem of (X, f) is cohomologically
hyperbolic. As a consequence, we show that every factor of an amplified (resp.
quasi-amplified) endomorphism is amplified (resp. quasi-amplified). This im-
plies a positive answer of a question of Krieger-Reschke.

We introduce a notion of generalized (positive) cycles, which can be viewed
as an algebraic analogy of (positively) closed currents in complex geometry.
This notion plays a key role in our proof of the ample cone case.

1. INTRODUCTION

Let k be a field. Let X be a projective variety over k of dimension d and
f X = X be a surjecive endomorphism of X. Denote by N, ;(X) the group
of numerical classes of X of codimension ¢ and N*(X) := Hom(N,_;(X),Z). Set
Ny i(X)r := Ng_(X) ® R and NY(X)g := N(X) ® R. Denote by Amp(X) and
Big(X) the ample cone and the big cone in N*(X)g. Both of them are open,
f*-invariant and salient i.e. do not contain any line. The ample and big cones
gives two natural notions of positivity on N'(X)g which contain many geometric
information of X. The aim of this paper is to study the action of f* on N*(X)g.
In the follow-up works, we will apply the results and the method developed in this
paper to the Kawaguchi-Silverman conjecture and the Dynamical Mordell-Lang

conjecture.
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In general, dim N'(X)g can be very large comparing with dim X. A priori,
the action of f* on N'(X)r may have many different eigenvalues. It is natural
to ask, whether there is a natural f*-invariant subspace of N'(X)g which has
smaller dimension, but still captures a large part of dynamical information. For
this purpose, we want such space cuts the ample (resp. big) cone. For this, we
introduce a notion of spectrum for a good cone.

1.1. Spectrum for a good invariant cone. Let W be a finite dimensional
R-vector space and g : W — W be an endomorphism. Set W := W ®g C and
gc : We — We the endomorphism induced by ¢g. View W as a R-subspace of W.
We have g = gc|w. Denote by Sp (g) the set of eigenvalues of g.

Generalized eigenspaces. For every ¢ € C, denote by E.(C) the generalized eigenspace
of gc - We — We ie.

E.(C) :=U,soker((g — cid)" : W — We).

It is clear that E.(C) # 0 if and only if ¢ € Sp(g). When ¢ € R, write E, :=
E.(C)nW. We have E.(C) = E. ®g C. For every S C C, set

ES(C) = @063E6<C) and ES = Es((C) Nnw.

We note that, if S = S, then Eg(C) = Eg ®g C. We mainly interest in the case
where S C R. In this case Fg = ®cesFe.

Good invariant cone. Let C be a non-empty open convex cone in W satisfying
the following properties:

(i) g(C) € C; B
(ii) C is salient i.e. C\ {0} is convex.

We call such C a good invariant cone for g.

Example 1.1. If W = N'(X)g for a projective variety X, g = f*: N (X)g —
NY(X)g for some surjective endomorphism f : X — X, then the ample cone
Amp(X) and the big cone Big(X) are good invariant cone for g.

Let C be a good invariant cone for g.

Definition 1.2. For a € R, we say that g is a-amplified for C, if thereis N € W
such that gN — aN € C. Define the C-spectrum Sp (g,C) for g to be the set of
a € R such that g is not a-amplified.

If « ¢ Sp(g), then g — « is invertible on W, hence g is a-amplified for C.
In particular, we have Sp (¢g,C) C Sp(g). It is clear that Sp(g,C) is decreasing
on C. The following result gives a description of the spectrum Sp(g,C) using
generalized eigenspaces.

Theorem 1.3. For every subset S C C, CN Eg # 0 if and only if Sp (¢,C) C S.



3

1.2. Cohomological Lyapunov exponents. For every ¢ = 0,...,d, the i-th
dynamical degree \;(f) of f is is defined to be the spectral radius of

f*: NY(X)g = N (X)z.
It can be also defined as follows: Let L be any ample line bundle on X, then
Ni(f) = lim ((f")°L*- L)Y
n—oo

The later definition can be generated to rational self-maps [RS97, DS05, DS04,
Tru20, Dan20].

By [Tru20, Theorem 1.1(3)] (see also [DS05, Dan20]), the sequence \;(f),i =
0,...,d is log-concave i.e.

N()2 = N (O (f)

fori=1,...,d—1. Asin [Xie24], we define u;(f) := N (f)/ N1 (f) fori=1,...,d
and fig41(f) := 0. We call them the cohomological Lyapunov exponents. The log-
concavity of X\;(f),7 =0,...,d implies that the sequence p;(f),i=1,...,d+1is
decreasing.

1.3. Main results. For a@ € R.g, we say that f is a-quasi-amplified (resp. «-
amplified) if

a & Sp (f*, Big(X)) (resp. a & Sp (f*, Amp(X)))
i.e. there is N € N'(X)g such that f*N — aN is big (resp. ample).

As defined in [Men23, Definition 2.2] and in [Fak03], f is called quasi-amplified
(resp. amplified), if there is N € N'(X)g such that f*N — N is big (resp.
ample). So f is quasi-amplified (resp. amplified) if and if f is 1-quasi-amplified
(resp. l-amplified).

The following result computes the spectrum for the big cone.

Theorem 1.4. We have

Sp (£, Big(X) = {u(f)] i = 1,...,d}.
In other words, for a € Rwg, f is a-quasi-amplified if and only if

o @ )i =1,...,d).
In particular, f is quasi-amplified if and only if f is cohomologically hyperbolic.
As a consequence of Theorem 1.4, every p;(f),i = 1,...,d is an eigenvalue of
f*: NY(X)g — N'(X)g, hence an algebraic integer.
The proof of Theorem 1.4 relies on the recursive inequalities constructed in

[Xie24, Theorem 3.7] and the computation of mixed degrees in [Xie24, Corollary
3.4].

Next, we compute the spectrum for the ample cone. Let V' be an irreducible
and periodic subvariety of X of dimension dy > 0. Define

wi(V, f) = w(fly -V = V)

where 7y > 1 is a period of V. It does not depend on the choice of ry.
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Theorem 1.5. We have
Sp (f*, Amp(X)) = Uy {m(V, f)l i=1,...,dv}

where the union taken over all irreducible periodic subvarieties.

In other words, for a € Ry, f is a-amplified if and only if for every periodic
irreducible subvariety V', f™V|y is a-quasi-amplified, where ry > 1 is a period of
V.

To prove Theorem 1.5, we introduce a notion of generalized (positive) cycles
(c.f. Section 5), which can be viewed as the algebraic analogy of (positively)
closed currents in complex geometry. We prove some basic properties of it. In
particular, we prove a decomposition theorem of generalized positive cycles (c.f.
Theorem 5.9), which can be viewed as an algebraic analogy of Siu’s decommpo-
sition theorem [Siu74].

As a consequence of Theorem 1.4 and Theorem 1.5, we get the following result.

Corollary 1.6 (c.f. Corollary 6.6 and 3.6). Let Y be a projective variety over k
and g :' Y — Y be an endomorphism. Let w: X — Y be a surjective morphism
such that mo f = gom. If f is a-amplified (resp. «-quasi-amplified) for some
a € Rog, then g is a-amplified (resp. a-quasi-amplified).

In [KR17, Question 1.10], Krieger and Reschke asked the following question:

Question 1.7. Let X be a normal® projective variety over an algebraically closed
field. Does an amplified (resp. polarized) endomorphism of X induce an amplified
(resp. polarized) endomorphism of Alb(X)?

The following result is a consequence of Corollary 1.6, which affirmatively an-
swers the part of amplified endomorphisms in Question 1.7. Indeed, we proved a
more general version for quasi-amplified endomorphisms.

Corollary 1.8 (=Corollary 6.7). Let X be a normal projective variety over an
algebraically closed field. Let f : X — X be a quasi-amplified endomorphism.
Then the induced endomorphism on Alb(X) is amplified.

The part of Question 1.7 for polarized endomorphisms was already proved to
be true by Matsuzawa-Meng-Shibata-Zhang-Zhong [MMS*22, Theorem 1.9] (see
[CMZ20, Theorem 1.2] for the separable case). Hence, combining Corollary 1.8
with [MMS*22, Theorem 1.9], Question 1.7 is fully answered affirmatively.

Remark 1.9. In the end of [KR17], Krieger and Reschke conjectured that all
unity-free? endomorphisms of a complex abelian variety are amplified. By [KR17,
Theorem 1.9], the above conjecture implies a positive answer to Question 1.7
over C. Moreover, they proved this conjecture in dimension two c.f. [KR17,
Proposition 4.3]. However, this conjecture is not true in general. Here is a

n [KR17, Question 1.10], they didn’t ask X to be normal. However, we usually need the
normality to define the Albanese variety Alb(X).

2A surjective endomorphism ¢ on a complex abelian variety A is unity-free if no eigenvalue
of g*| 104y is a root of unity c.f. [KR17, Definition 1.7].
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counter-example: Consider the polynomial P(z) = z* — 223 — 2z + 1, which
is irreducible over Q. It has two roots aj,as on the unit circle and two real
roots (1, 0. with 0 < B; < 1 < (5. Let E be an elliptic curve over C. Let
g: A:=FE* — FE*be the endomorphism defined by

(551, $2,953,$4) = (3527553, T4, 224 + 229 — 51?1)-

Easy to check that the eigenvalues of g*|p10(4) are ay,as, f1, 2. So g is unity-
free. Easy to check that the four cohomological Lyapunov exponents of g are
f2>1=12> 2 So g is not cohomologically hyperbolic. By Theorem 1.4, g is
not quasi-amplified, hence not amplified.

Hyperbolicity. The case @ = 1 in Theorem 1.4 and 1.5 are especially interesting
as they clarify two different algebraic analogies of the notion of hyperbolicity.

The hyperbolicity is one of the most important notion in smooth dynamical
system. Basically, it means that the tangent bundle can be decomposed to the
direct sum of the attracting and the repelling parts. Further, if we only have the
repelling part, such map is called erpanding. These notion are analytic, which
do not make sense for algebraic dynamical system over an abstract field. Indeed,
even when k = C, very few algebraic dynamical system could be Anosov (which
is a strong version of hyperbolicity) c.f. [Ghy95, Can04, XZ24].

In our setting (or more generally for rational self-maps), f is called cohomo-
logically hyperbolic if the cohomological Lyapunov exponents p;(f) # 1 for every
1t =1,...,d. From the point of view of ergodic theory, this notion gives an alge-
braic analogy of the hyperbolicity.

In algebraic geometry, we may view an ample line bundle as an analogy of a Rie-
mannian metric. From this point of view, the algebraic analogy of an expanding
map should be an int-amplified endomorphism?®. It was observed by Matsuzawa,
that f is int-amplified if and only if ug(f) > 1 (c.f. [MZ, Proposition 3.7]). In
other words, the metric and ergodic theory styles analogies of expanding maps
are the same.

Further, we view an arbitrary line bundle as an analogy of a pseudo-Riemannian
metric. From this point of view, the algebraic analogy of a hyperbolic map should
be an amplified endomorphism. Then the o = 1 case of Theorem 1.4 and 1.5
connects the metric and ergodic theory styles analogies of the hyperbolicity.

Acknowledgement. The author would like to thank Sheng Meng, De-Qi Zhang
and She Yang for their helpful comments for the first version of the paper. I
especially thank Sheng Meng for telling me that our Corollary 1.6 implies a
positive answer of Krieger-Reschke’s Question 1.7.

3An endomorphism f : X — X is called int-amplified if there is an ample line bundle L of
X such that f*L — L is ample [Men20].
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2. LINEAR ALGEBRA FOR GOOD INVARIANT CONES

In this section W is a finite dimensional R-vector space and g : W — W be
an endomorphism. Set W¢ := W ®r C and g¢ : We — We the endomorphism
induced by g. View W as a R-subspace of W¢. We have g = gc|w. Denote by
Sp (g) the set of eigenvalues of g.

2.1. Speed of growth. Let || - || by any norm on W. Then for every v € W, we
have

(2.1) ILm ||f”(v)||1/” =min{r € Ryl v € Ej }
(2.2) =min{|c|| ¢ € Sp(g),v € E@M}.

Here D, is the closed disc in C with center 0 and radius r.

The following lemma is useful. It’s proof is a simple application of the Jordan
normal form. We leave it to the readers.

Lemma-Definition 2.1. Assume that Sp (g) C R.g. Then for every Z € WV
and v € W, there is a unique (8(v),a(v)) € Rsg X Zs( such that (¢"(v) - Z) =
C(v)B()"n*®) 4+ O(B(v)"n®™~1) with C(v) # 0. Moreover, there is a unique
(B,a) € Rog X Z>q such that the following holds:
(i) for every v € W, (B,a) > (8(v),a(v)) for the lexicographical order >;
(ii) {v e W| (B,a) > (B(v),a(v))} is a proper closed subspace of .
We say that v € W has mazimal growth for Z if (8,a) = (B(v), a(v)).

Let C be a non-empty open convex cone in W satisfying the following properties:
(i) g(C) € C; B
(ii) C is salient i.e. C\ {0} is convex.

We call such C a good invariant cone for g.

Lemma 2.2. Let Z € WV. Assume that for every v € C \ {0}, (v,Z) > 0.

Then log (ﬁggléi’)ﬁ) is bounded. In particular, if Sp (g) C Rsg, then every v € C has

mazximal growth for Z.

Proof. The cone C with Z induces a norm || - ||" on W as follows: for every
ve W, ||v||' = inf(Z(v1)+ Z(vy)) where (v1,v,) are taken over all pairs in C with
v; — vy = v. Basy to check that || - || is a norm and for every v € C, ||v| = Z(v).
As all norms on W are equivalent, we conclude the proof. O

2.2. Spectrum for good invariant cones. We prove the following lemma in
a setting more general than what we need. In our paper, we only need the case
where C is a good invariant cone for g.

Lemma 2.3. Let C be a convex subset of W with g(C) C C. Let V' be a g-invariant
subspace of W. Then V-NC # 0 if and only if V N Eg_,NC # 0.

Proof. The “if” parts are trivial. We now prove the “only if” parts. Assume that
V' NC # (. There is m > 0, such that ¢" (W) = Ec-. We have

D#£g™(VNC)CVNCN Ec-.
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After replacing W by FEc¢«, we may assume that ¢ is invertible i.e. Fy = 0. After
replacing W by the subspace spans by C, we may assume that C spans W. After
replacing C by cone(C) := R-,C, we may assume that C° # ().

Pick L € V NC. By contradiction, assume that V N Erso N C = (). Then
V' N Egso Ncone(C) = .

By Hahn-Banach theorem, there is Z € WV such that V N Eg_, € Z* and for
every N € C, (N -Z) > 0.

Set S := Sp (f*|v). We have S = S. Consider the canonical decomposition in

V ®g C that
L:ZLC

ceS

where L, € E.(C). It is clear that Lz = L. For n > 0, write L,, := ¢"(L) and
(Le)p := g"(L¢). As V N Egso C Z+, we have

(Ln-2)= Y (Lea-2).

CES\R>0
As L e VNC and for every N € C, (N - Z) > 0, we have
(2.3) h(n):=(L,-Z) >0

for every n > 0. Easy to see that h(n) is an exponential-polynomial function
i.e. h(n) is a finite sum of terms having form u"n® where u € C* and s € Z>,.
Moreover, we may ask the u above are contained in Sp (g) \ Rso. We note that
0 & Sp(g) \ Rxg. Consider I := (Sp(g) \ Rsg) X Z>g. For every p = (u,s) € I,
set Hy(n) := u"n’. Then there is a finite set S C I such that

h(n) = Z cpHp(n)

peES

where ¢, € C*. By (2.3), h is not constantly equal to 0, hence S # (. As h(n) € R
for every n > 0, S is invariant under the complex conjugacy i.e. for every p =
(u,s) € S, we have p := (u, s) € S. Moreover, we have ¢; = C,.

Set J := Ryg X Z>o with the lexicographical order >. For p = (u,s) € I,
write |p| := (|ul, s) € J. There is a unique maximal element (53,a) € {|p|| p € S}.
Set ST :={p e S| |p| = (f,a)} and S~ = S\ ST. Then S*,S™ are invariant
under complex conjugacy. Set h™ := 3 _o. ¢, H, and h™ = 7 cpH,. We
have h = h™ + h™. There is C' > 0 such that

(2.4) Ih=(n)| < C"Brnot,

peES—™

for every n > 1.
For every p € ST, write

Hp(n) — eiﬁpnﬁnna
where 6, € R/27Z. Note that, we have 6, # 0 for every p € ST. The map
peSt—0,e (R/2rZ)\ {0}
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is injective. Set

C(n) := Z c e
peSt
For every n > 0, we have C(n) € R. We have h*(n) = C(n)p"n®. Using Vander-
monde determinant, easy to show that C'(n) is not constantly equal to 0.

By Poincaré recurrence theorem, there is a strict increasing sequence n; €
Z>p,1 > 0 such that
lim epni =0e€ R/QWZ
1— 00

for every p € ST.
Lemma 2.4. There is m > 0 such that C(m) < 0.

Set m; := m+n;, then m; is strictly increasing and C(m;) — C(m) as i — oo.
By (2.4), we get

lin ) PO C(m;) = C(m) < 0.

r+a>ﬁ"“7n? _-%ﬁm>B”“Tn? 1—>00
This contradicts with (2.3). 0

Proof of Lemma 2.4. By contradition, we assume that C'(n) > 0 for every n > 0.
There is m’ > 0 such that C'(m’) # 0. So we have C'(m’) > 0.

For every [ > 0, we have

1 — eifp(i+1)

l l
25) 05y co=Y oY = 3 o T <y el
n=0

peSt  n=0 peS+ peST+
As
lim O,n; =0 € R/27Z,
1— 00
for every p € ST,
C(m' +n;) = C(m)
as ¢ — 00. Then we have
m'+n; j
A > 1; / N )
hjrgglf ZO C(n) > hm;C(m +n;) = 400
This contradicts with (2.5). We concludes the proof. O
Let C be a good invariant cone for g.

Definition 2.5. For a € R, we say that g is a-amplified for C, if thereis N € W
such that gN — aN € C. Define the C-spectrum Sp (g,C) for g to be the set of
a € R such that ¢ is not a-amplified.

If « € Sp(g), then g — «a is invertible on W, hence g is a-amplified for C. In
particular, we have Sp (¢g,C) C Sp (g). It is clear that Sp (g, C) is decreasing on C.

Lemma 2.6. For a € R, the following statement are equivalent:
(i) g is a-amplified for C;



(i) there is m > 1, such that g" is o™ -amplified for C;
(iii) for every n > 1, such that g™ is o"-amplified for C.
Proof. 1t is clear that (iii) implies (i) and (i) implies (ii).
Now we show that (i) implies (iii). By (i), there is N € W such that
L:=g(N)—aN eC.

For every n > 1, we have
§U(N) = "N = 3@ TP (V) —am g (N) = S (L) e
j=1

This implies (iii).

We only need to show that (ii) implies (i). By (ii), there isn > 1 and N € W
such that

M :=g¢"(N)—a"N €C.
Set N’ := Z;:ol a"JgI(N). Then
f*N' —aN' = ag"(N) —a""'N =aM € C.

This implies (i). O

Lemma 2.6 has the following direct consequence.

Corollary 2.7. For everyn > 1, Sp(¢™,C) = {a"| « € Sp(g,C)}.

The following lemma shows that Sp (¢,C) € R-o N Sp (g) and gives constrains
of g-invariant subspace V' meeting C. We will reinforce this lemma in Corollary
2.11 latter.

Lemma 2.8. Let V be a g-invariant subspace such that V N C # (), then we
have Sp (g,C) C Sp (gly,C NV). As a consequence, we have Sp (g,C) C R.g and
dim V' > #Sp (g,C).

Proof. By contradiction, assume that C N’V # () and Sp(g,C) € Sp (g]v). Pick
c € S\Sp(g,C). As g—cid is invertible on V, V' C Im(g — cid). So Im(g —cid)NC
contains C NV # (). By Lemma 2.3, we have Sp (g,C) C Ry,. O

We give an example that Sp (¢,C) = R-o N Sp(g).

Example 2.9. Let W = R? with standard base ey, ..., eq. Let aq,...,aq € Ryy.
Let g : W — W be the morphisms sending e; to a;e;, t = 1,...,d. Let

C:= {ZE161 +..-+xded| X1,...,T4 € R>0}'

Then C is a good invariant cone for g. Easy to check that Sp (¢,C) = {a1,...,as} =
R-oNSp(g).

The following result gives a description of the spectrum Sp (g,C) using gener-
alized eigenspaces.

Theorem 2.10. (=Theorem 1.3) For every subset S C C, CN Eg # 0 if and
only if Sp (¢,C) C S.
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Proof. The “only if” part follows from Lemma 2.8. We now prove the “if” part.
We only need to show that when S = Sp (¢g,C), CN Eg = 0.

By contradiction, assume that C N Eg = (. By Hahn-Banach theorem, there
is Z € WY such that Eg C Z+ and for every N € C, (N - Z) > 0. By Lemma
2.3,CNEg., #0. As Sp (9|Em>0) C R.p, by Lemma 2.2, every L' € CN Eg_, has
maximal growth for Z. More precisely, there is (8,a) € Ryg X Z>g and C’ € R*
such that

(L/n . Z) _ C/Bnna + O(Bn a—l)
where L] := ¢g"(L'). Moreover for every N € W, (¢™(N) - )
1.

After replacmg g by B71g, we may assume that B =
Sp(g,C). So there is N € W such that

g(N)—N=1L
for some L € C. Set N,, := ¢g"(N), L,, :== g"(L) for n > 0. Then
(Ln, Z) = CB"n" + O(B"n" 1),
for some C € R*. We have
(2.6) Npy1— N, =L,.

As L has maximal growth for Z, there is m > 0 such that for every n > m,
h
(2.7) C/2 < hin) < 2C.
na

As L, € C, h(n) > 0. Hence C' > 0. By (2.6), for every n > m, we get
(2.8) 2": L; =N, — N,
There is B > 0 such that BL ;T]n\f € C. Then we get
Zh Z Li - Z) < B((Lps1 - Z) 4 (L - Z)) < B(h(n + 1) + h(m)).

By (2.7), we get

(C/2) ZZ < 2BC((n+1)" + m®).

Let n — oo, we get a contradiction. This concludes the proof. O

Corollary 2.11. Let V be a g-invariant subspace such that V N C # (), then we
have Sp (ga C) = Sp (g|V>C N V)

Proof. By Lemma 2.8, we have Sp (¢,C) C Sp (g|v,CNV). We only need to show
the inverse direction. Apply Theorem 2.10 to g|y, we get

ESp(g|V,CmV) NVNC= (ESp(g\V,CﬂV) N V) N (V N C) 7é 0.
Hence Esy, (g, covy N C # 0. We conclude the proof by Theorem 2.10. O
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3. THE SPECTRUM FOR THE BIG CONE

Let X be a projective variety over k of dimension d and f : X — X is a sur-
jective endomorphism. Denote by u; := u;(f),i =1,...,d+1, the cohomological
Lyapunov exponents of f.

Theorem 3.1. (=Theorem 1.4) We have
Sp (f*, Big(X)) = {m| 1 =1,....d}.
In other words, for a € Ryq, f is a-quasi-amplified if and only if
In particular, f is quasi-amplified if and only if f is cohomologically hyperbolic.
Proof of Theorem 3.1. Let L be an ample line bundle on X. Set L, := (f™)*L.

We first assume that o € {g;| ¢ = 1,...,d}. There is a minimal i = 0,...,d
such that p;11 < a. If i =0, then a > py. As py is the spectral radius of

N (X)r = NY(X)g,

f* — aid is invertible on N'(X)g. So for every big class L € N'(X)g, there is
N € N'(X)g such that
F*N—aN =L,
Now assume that ¢ > 1. Then we have o € (;, pii11). Pick € € (max{o/p;, piv1/a}, 1).
There is my > 1, such that for every m > my,

(3.1) e"p" — o™ — p o™ > 0.

By [Xie24, Theorem 3.7], there is m; > myg, such that for every m > m;,
M := Loy + pi" iy L — €™ 1" L

is big. Set N := L,,, — pi"pi’t ;o™ L. Then we have

(32)  (f")'N = "N = (Lo — " L) — 0,0~ (L — o L)

(3.3) =M+ (" = o™ = " i a ") L.

By (3.1), (f™)*N — o™N is big. So f™ is a™-quasi-amplified. By Lemma 2.6, f
is a-quasi-amplifed.

Now assume that o = pu; for some ¢ = 1,...,d and want to show that f is not
a-quasi-amplifed. Otherwise, we assume that f is a-quasi-amplifed, then there
is N € N'(X)g such that

M:=f*N—-aN = f*N — ;N

is big. As M is big, after replacing N by a suitable multiple, we may assume that
M > Lie. M — L is peudo-effective. There is B > 0 such that

—BL <N < BL.
For n >0, set N,, := (f")*N and M, := (f")*M. Set
h(n,m) := p; ™ (L L, - L%77).
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For m,n € Z>¢ and my > 0, we have

m

(3:4) D0 i (L ML) = i (L Ny L) ™ (L Ny 1),
Jj=mo
As M > L, we have
(3.5) D (L My L) =Y ().
Jj=mo Jj=mo
As —BL < N < BL, we have

(3.6)
"L Ny L) = ™ (L Ny - L) < Bh(n,m + 1) + Bh(n, mo)

Combining (3.4), (3.5) and (3.6), we have

(3.7) > h(n,j) < Bh(n,m+ 1) + Bh(n,mo).
Jj=mo
One may check that h : Z > 0 x Z>o — R C C is an exponential-polynomial

function.

Lemma 3.2. Let h : Z > 0 X Z>y — C be an exponential-polynomial function
i.e. h(n,m) is a finite sum of terms having form
u™v"nm!
where u,v € C* and s,t € Z>o. Assume that h has the following conditions:
(i) h is real and positive i.e. h(n,m) € Ryq for every n,m € Zsy;
(ii) there is D > 0 such that
max{h(n+1,m), h(n,m+ 1)} < Dh(n,m)

for every n,m € Zxy.
Then there is C > 1, ¢y € (0,1), 8,7 >0, a,b € Z>o such that
Cfl S h(n7m) S C
ﬁn,ymnamb
for
(n,m) € N := {(n,m) € Zso| (logn)*> <m < n®}.
Moreover, if the following holds,

(iii) there is A > 0 such that for every 6 € (0,1), there is Ds > 1 such that
for every n > m > 0, we have
h(n,m)
)\n

D6—15n < < Dso™ ",

then we may take 5 = X and v = 1.
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It is clear that assumptions (i) in Lemma 3.2 are satisfied for our h. As L is
ample, there is D' > 0 such that f*L < D'L. So we have

(3.8) h(n+1,m) = p;™(LiY - Ly, - LY77)

(3.9) = 4y ((f '(f*L)™t Ly - L)
(3.10) < D" rusm((fM LT Ly, - LT
(3.11) = D" 1h(n,m).

and

(3.12) h(n,m41) = ;7™ N (LY - Ly - L7

(3.13) —ul’” NLE (L) - L)
(3.14) < (D' Jui)p ™ ((f) LY Ly - L)
(3.15) = (D'/pi)h(n, m).

Taking D := max{D""' D'/u;} we get condition (i) in Lemma 3.2. By the
computation of mixed degrees in [Xie24, Corollary 3.4], h satisfies (iii) for A =
/\i—l'
There is (n,mg) € N such that mg > 2 x 3*BC? and (n,2mg — 1) € N. By
(3.7) and Lemma 3.2, we have
2mo—1
(3.16) > j < BC*(2mo)’ + mf) < BC*2"'mf)
Jj=mo
On the other hand, we have
2mo—1
Z 37 > mbtt > 2 x 3°BC*mb.
Jj=mo
This contradicts (3.16). We conclude the proof. O
Proof of Lemma 3.2. For p := (u,v,s,t) € [ := C* x C* X Z>q X Z>, write
H, = u™v"n*m".
For p := (u,v,s,t) € I, let p:= (4,7, s,t) € I be its complex conjugation.
There is a finite set S of I such that
h(n,m) = ZcpHp(n, m)
peS
for every n,m € Zso. We may assume further that ¢, # 0 for every p € S. By
assumption (i), after replacing h by (h+ h)/2, we may assume that S is invariant
under complex conjugacy and we have ¢; = ¢,. We may assume that h is not
identically 0, then S # ().
Consider J := R+¢ X Ry¢ X Z>¢ X Z>o with the lexicographical order >. This
is a total order. For p = (u,v,s,t) € I, define |p| := (ul, |v],s,t) € J. Pick
€0 € (0,1) sufficiently close to 0 and set

N = {(n,m) € Zso| (logn)* <m < n®}
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and
N :={(n,m) € Zso| 27 (logn)* < m < 2n°}.
It is clear that for p,p’ € S, |p| > |p/| if and only if
: | Hp (n,m)| /
(3.17) lim sup{—>—>——+| (n,m) € N'} — 0.
w35 ™ ) }

There is a unique maximal element (5,7,a,b) € {|p|| p € S}. Set ST := {p €
S| |p| = (8,7,a,b)} and S~ =S\ ST. Then ST, S~ are invariant under complex
conjugacy. Set h™ :=3" o c,H,and h™ ==} ¢ c,H, We have h =h* +h~,
By (3.17), there is a function e : Z>y — Rso with lim e(m) = 0, such that

—oo
(3.18) |h™(n,m)| < e(m)B"y"nm"
for every (n,m) € N.
For every p € ST, write
Hy(n,m) = efmeiorm gnamptmb

where 0, ¢, € R/27Z. The map

peSt— (6,,¢,) € R/27Z x R/277Z
is injective. Set

C(n,m) := Z c e trmetrm,
peS+

We have ht(n,m) = C(n,m)3"y"n*m’. Using Vandermonde determinant, easy
to show that C'(n,m) is not constantly equal to 0.

Define © : Zso — (R/27Z)%" to be the map

O :n > (nby)pes+.
Define ® : Z> — (R/27Z)5" to be the map

O :m = (Mmop)pes+-
Define R := O x & : Zog X Zso — (R/27Z)5" x (R/27Z)%" to be the map

R (n,m) — ((nb))pes+, (Mdp)pes+)-

Let ¢ : (R/27Z)%" x (R/27Z)°" — R be the function

(z,y) — Z cpetel.

pesS+
It is continuous. We have
C(n,m) = qo R(n,m) = ¢(©(n), &(m)).

Let Zy, Zy be the closures of ©(Z>o) and ®(Zsg) respectively. It is clear that
Zy X Zy is the closure of R(Z%,). By Poincaré recurrence theorem, there are
strictly increasing sequences n;, m; € Z>g,t > 0 such that

O(n;) — 0 and ®(m;) — 0.
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Lemma 3.3. The subsets Zy and Zy are subgroups of (R/27Z)5" .

Lemma 3.4. For every non-empty open subset U C Zy X Zy, there is By > 0
such that for every z € Zy x Z, there is (n,m) € {0,..., By}? such that

z+ R(n,m) e U.

We claim that Z; x Z, is the limit set of R(N'). Let V be any non-empty
open subset of Z; x Zy. Let By as in Lemma 3.4. For every T > 0, there is
(no,mo) € N with (ng,mg) + {0,...,By}>* C N and m > T. By Lemma 3.4,
there is (n’,m’) € {0, ..., By }? such that R(ng + n/,mo + m’) € V. This implies
that claim.

We claim that ¢ > 0 on Z; X Zy. As Z; X Zy is the limit set of R(N), for
every z € Zy X Zs, there is a sequence (n},m}) € N such that m; — oo and
R(n;,m}) — z. Then we have

h(n’, m! hey(nl,m/ .
(3.19) 0 < lim % = lim % = lim q(R(nj, m;)) = q(2).
1—00 nl’ymlnl mi 1—00 nﬂ}/mznl mi 1—»00
This implies the claim.
As ¢ is not constantly zero on Z; X Zs, there is A; > 0 and a non-empty open

subset U of Z; X Zy such that ¢q|y > A;. Let By as in Lemma 3.4.

Lemma 3.5. For every z € Z; X Z,,
¢(2) > min{1, B} min{y, }7V D2Pv A,

Set
Ay = min{1, 8}5V min{~y, g}V D2Pv A,
and
Ag = maxq(Z1 X ZQ)
Pick Ty > 0 such that |e(m)| < 0.1A, for every m > Tj. Then for every (n,m) €
N with m > Tj, we have
h(n,m) = h™(n,m) + h~(n,m) < (A3 + 0.145)3"y"n"m"
and
h(n,m) = h™(n,m) +h~(n,m) > 0.94,8"y"nm".
As h(n,m) > 0 for every n,m > 0, there is C' > 0 such that
h(n,m)
3.20 Cl<—~—2 "~ _<(C
( ) - ﬂn/ymnamb -
for (n,m) € N.
We now assume that (iii) holds and prove the last statement.

Now assume that (iii) holds: there is A > 0 such that for every § € (0,1), there
is Ds > 1 such that for every n > m > 0, we have

h(n,m) < Dy ™.

(3.21) D" < o S
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For n > 0, (n, [(logn)?| + 1) € M. By (3.21), we have
lim A(n, |(log n)?| +1))Y" = A
On the other hand, by (3.20),
lim h(n, |(logn)?| +1))/" = B.

n—o0
Then we get 5 = A.
We only need to show that v = 1. Let
So = {(u,v,5,t) € S| Ju] = B, Jv| = 7}
Then Sy is invariant under complex conjugacy and St C Sy. Set Cj := max{s +
t|(u,v,s,t) € S}. Set

S = {(u,v,s,t) € So| s+t =Co}.

Then S’ is non-empty and invariant under complex conjugacy. Set S” := S\ 5'.
For €, € (0,1), set

M(e) :={(n,m)| 27 'e;n < m < enl.
It is clear that there is ¢ € (0,1) such that for every ¢y € (0,€') and p € S’, we

have
3.22) i sup{ SN ) € M) -0

Set h' =3 ¢ c,Hy and B =" o, c,H,. We have h = b’ + h". By (3.22),
there is a function €' : Z>g — Ry with lim ¢€'(m) = 0, such that

m—00
(3.23) IR (n,m)| < ¢ (m)B"y™n
for every (n,m) € N. For every p € S’ write

Hp(n, m) — eiepnei¢pm6n7mn00 (m

J— bP
)
where 6, ¢, € R/27Z. Set
Wpn idppm m
= Zcpe Opm gidp (g)b”
peSs’

We have h'(n,m) = D(n,m)B"y™n. Set b_ = min{t| (u,v,s,t) € S'}. Set
Sto={(u,v,s,t) € 't =b_}. So S’ is non-empty and invariant under complex
conjugacy. Set S’ := 5"\ S’.. Set

Cy(n,m) = g cpeifneitrm
pEeS’,

and

Di(n,m) = Cy(n,m) (=)

) — Z Cpeiepneiqﬁpm(T)bp
n

peS”

Set
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Set

A= Z eyl

peSL
Then for (n,m) € M(e),
(3.24) |D_(n,m)] < A_e- "
Define ©' : Z>o — (R/27Z)5+ to be the map
0" n > (nby)pes, -
Define @’ : Zo — (R/27Z)% to be the map
O:m— (m¢p)pesf+.
Define R’ := © x ® : Zsg X Zso — (R/27Z)% x (R/21Z)5+ to be the map
Rz (n,m) = ((np)pes, , (Mp)pes, )
Let ¢ : (R/27Z)% x (R/27Z)%+ — R be the function
(x,y) — Z cpeel.
pes’,
It is continuous. We have
Cy(n,m) = ¢ o R'(n,m) = ¢'(&'(n), ¥'(m)).
Note that the map
pe S, = (0p,¢,) € R/27Z x R/27Z

is injective. Using Vandermonde determinant, easy to show that C’(n,m) is not
constantly equal to 0. In particular ¢’ is not constantly equal to 0 on Z; x ZJ.

Let Z1,Z} be the closures of ©'(Zxg) and ®(Zx() respectively. Same proof
as Lemma 3.3 shows that Z}, Z} are closed subgroups in (R/27Z)5%. There is a
non-empty open subset U’ C Z] x Z} and a constant A3 > 0 such that for every
ze U, |¢(z)| > As. For every (n,m) € M(ey), if R(n,m) € U’, then

(3.25) 1D (n,m)| > 27" Agel
Let Ay := max{|q(2)|| z € Z{ x Z}}. Then
(3.20) Dy (n,m)] < gl

Fix e; € (0,€') with €1 < 12'11%. Then for every (n,m) € M(e), if R(n,m) € U,
we have

(3.27) |D(n,m)| > 0.9 x 27" Az’ and |D(n,m)| < 2A43€"-.

Same proof as Lemma 3.4 shows that there is B’ > 0 such that for every z €
71 x Zj, there is (n,m) € {0, ..., B'}? such that

z+ R'(n,m) e U'.
For every n > 0, there is (N(n), M(n)) € (|0.75en],n) +{0,..., B'}? such that
R'(N(n),M(n)) e U".
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By (3.27) and (3.23), there is C; > 1 such that for every (n,m) € M(e1), we have
h(N(n), M(n))

~1
(3.28) Cr < BN~ M) N (1)Co

< (.

Then we have
lim h(N(n), M(n))"/" = lim (BNAMON (n)%)m = g x 4.

n—oo n—oo
By (iii) and the fact 8 = A, we get
lim h(N(n), M(n))"/™ = \.

n—o0

Then we get v = 1, which concludes the proof. Il

Proof of Lemma 3.3. As © and ® are group homeomorphisms, both Z; and Z,
contain 0 and are closed under addition. For every z € Z, there is an increasing
sequence l; € Z>( such that

Note that [; may not be strictly increasing. After taking subsequence, we may
assume that n; > [;. Then we have

This implies that Z; is a subgroup. Similarly, Z5 is a subgroup. U
Proof of Lemma 3.4. Pick w € U. There is an open neighborhood W of 0 such
that W= -Wand W+W CU—-w.Set Vi=w+W CU. We have W +V C U.

As 7y X Zy is a group, for every z € Zy X Zy, —z € Zy1 X Zy. So there is
(n.,m,) € Z2%, such that R(n,,m,) € V — 2. As Z; X Zy is compact, there is a

finite subset F' of Z; x Z5 such that F'+V = Z; x Z,. For every 2/ € Z, X Z>,
there is z” € I such that 2/ € 2” + W. Then we have

Z/ + R(TLZN, mzu) = Z” + R(TLZ//, mz//) + (Z/ - Z”) g %4 + w g U.
Setting By := max{max{n,,m.}|z € F'}, we conclude the proof. O

Proof of Lemma 3.5. Pick a sequence (n},m}) € N such that m; — oo, and
R(nf,m}) — z. There is (b1, b2) € {0,..., By}?* such that

R(bl,bQ) +z € U.

Note that for m sufficiently large, we have A"+ {0,..., By}> C N".
By (3.19), we have
hin: . m’
lim ———“— (nf’ml) ;=q(2).
1—00 /Bn”ym’bn;am;

Similarly, we have

h(n: + by, m. +b h(n) + by, m. + b
B—bb}/—bz hm (nz ji_ 1/7 nzz —i;b 2) _ hm : (lnz + 01, nzz + 2) -
imoo BryMintm; oo iy (g 4 by)” (Mg + bs)

= Q(R(bl, b2) + Z) > Aj.
Our condition (ii) implies that

h(n} + by, m; + by) < D" *2h(nf, mj) < D*"Uh(n}, m}).
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Then we get

- . h(ng,m; by
A, < 7ty b2 p2Bu zlgono Bnéimén’.“;’.b = By p2Bug (),

So we have
q(2) > "2 D72Pv A} > min{1, B}V min{y, B}Pv D2V A,
which concludes the proof. 0

Corollary 3.6. Let Y be a projective variety over k and g :'Y — Y be an
endomorphism. Let m: X — Y be a surjective morphism such that mo f = go .
If f is a-quasi-amplified for some a € R+, then g is a-quasi-amplified.

Proof. The product formula for relative dynamical degrees (c.f. [DN11], [Dan20]
and [Tru20, Theorem 1.3]) shows that

(Vo) i=1,....dv} C{w(W,f)li=1,... ,dw}
We conclude the proof by Theorem 3.1. U

4. MEASURES FOR THE CONSTRUCTIBLE TOPOLOGY

Let X be a reduced projective scheme over k of dimension d. For every x € X,
denote by Z, := {z}.

4.1. Constructible topology. Denote by |X| the underling set of X with the
constructible topology; i.e. the topology on a X generated by the constructible
subsets (see [Gro64, Section (1.9) and in particular (1.9.13)]). In particular every
constructible subset is open and closed. This topology is finer than the Zariski
topology on X. Moreover | X| is (Hausdorff) compact.

Let C(|X|) be the space of continuous functions on | X | endowed with the norm
|h|| == max{f(z)| v € |X|}. Let A(|X]|) be the set of constructible subsets of
X. For every U € A(]X]), denote by 1y the characteristic function of U i.e.
ly(z) =1if z € U and 1y(z) = 0 if z ¢ U. Such functions are continuous, as
constructible subsets are both open and closed in |X|. For two distinct points
x,y € |X|, there is a constructible subset U of X such that z € U and y ¢ U.
So we have 1y(x) # 1y(y). By Stone-Weierstrass theorem, we get the following
result.

Lemma 4.1. The R-algebra generated by {1y| U € A(|X|)} is dense in C(|X|).

4.2. Measures. Let A(]X]) be the set of constructible subsets of X. It is a field
of sets in | X| i.e. it has the following properties:

(i) 0 e A(|X]), [X] € A(]X]);
(i) for U,V € A(X]), UNV € Aand U\ V € A(|X]).
Moreover, the Borel o-algebra B(|X|) on | X]| is generated by A(] X]).

Proposition 4.2. Every finite measure Borel measure on | X| is a Radon measure
i.e. |X| is a Radon space.
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Proof. Let p be a finite Borel measure on | X|. By Riesz-Markov-Kakutani rep-
resentation theorem (c.f. [Rud87, Theorem 2.14]), there is a Radon measure p'
such that for every continuous function h on |X|, [hu = [hy'. So for every
constructible subset V' of X, we have

w(V) Z/lvu’z/lvuzu(v)-

As the restriction of p and i/ on A are the same and both of them are finite, the
uniqueness part of the Carathéodory’s extension theorem, implies that u = .
So pu is a Radon measure, which concludes the proof. U

Denote by M(|X]) the space of finite Borel measures on X endowed with the
weak-+ topology. Combining [Xie23, Theorem 1.12] with Proposition 4.2, we get
the following result.

Theorem 4.3. Every pn € M(|X]|) takes form
n= Z ai(sxi
i>0
where 6, is the Dirac measure at x; € X, a; > 0 with Zz‘zo a; < 400.

In [Xie23, Theorem 1.12], X is assumed to be irreducible. However the proof
still work without the irreducibility. Let M'(]X]|) be the space of probability
measures on |X|. Since |X| is compact, M'(]X]) is compact. Combining [Xie23,
Theorem 1.12] with Proposition 4.2, we get the following result.

Corollary 4.4. The space M (|X|) is sequentially compact.

In [Xie23, Theorem 1.12], X is assumed to be irreducible. However the proof
still works without the irreducibility.

4.3. Vector valued measures. Let V' be a finitely dimensional R-space. Let P
be a convex closed salient cone in V' with P° # (). Let PV be its dual cone in V.
Then PV is a convex closed salient cone in V¥ with (PY)° # (0. Let || - || be any
norm on V.

Remark 4.5. For every w € (PY)°, we may define a norm || - ||, on V as follows:
for every v € V, ||v||, := inf{((v1 + v2) - w)| v1,v2 € P,v1 — vy = v}. Easy to
check that || - ||, is a norm. Moreover, for every v € P, we have [|v||, = (v - w).

We define a P-valued Borel measure on |X| to be a map ~ : B(|X|) — P such
that

(1) v(0) = 0;

(ii) for a countable collection of disjoint Borel subsetes E,,,n > 0, we have

V(HRZOEn) = Z V(En)-

n>0
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Denote by M(|X|,P) the set of P-valued Borel measure on |X|. There is a
map
(8,7) € PY x M(IX[,P) = (8- ) € M(|X])
such that for every E € B(|X|), (6-7)(E) = (B -~(E)). Easy to check that
(B - 7) is a Borel measure on | X|. Define the weak-* topology on M(|X|,P) by
the topology generated by the sets of form

{y € M(X].P) /h(ﬁ~v)<c}
where § € PY,h € C(|X]) and c € R.

On the other hand, once we have a continuous map
¢:PY — M(|X])
such that for ri,79 > 0,v1,v2 € PV, we have

P(r1v1 4 1202) = T1P(v1) + T2d(v2),

then ¢ defined a P-valued Borel measure vy € M(|X],P) such that for every
E € B(|X]), v(E) is the unique element in P such that for every v € PV,

(v,v(B)) = ¢(v)(E).

Now we give a concrete description of M(| X[, P). Let M* (| X]) = M(|X]|)®k.,
R be the space of signed measures. By Theorem4.3, every u € M*(|X|) takes

form
H= Z aiéwi
i>0

where ¢,, are the Dirac measures at distinct points x; € X and a; € R with
> isolail < +oo. Consider the R-space M(|X]) ®gr., V = M* @g V. Assume
that dimV = s and fix #Y,...,8Y € (PV)° which forms a base of VV. Let
Bi,...,Bs be its dual basis in V. Then M(|X|) ®g., V = &, M*(|X])5;. So
every element in M(|X|) ®g., V takes form

H= Z a/iéﬂci
>0

where §,, are the Dirac measures at distinct points z; € X and o; € V with

Zizo el < +oc.
Consider the map

© v € M(IX],P) = (B -7)B: € M(IX]) @, V-
This map induces a homeomorphism from M(|X|,P) to its image. The pairing
PY x M(|X|,P) = M(|X]) extends to the pairing
M(IX]) @y V x VY = MF(|X])

defined in the obvious way:

S S

(D=1 i 3s) - (Z a;3)) = Zaiui.

i=1 i=1
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Then the image of © is the intersection

OM(|X],P)) = Ngepv{ar € M(IX]) @, V[ (- B) € M([X])}.

For every Borel set E € B(|X]), the characteristic function 15 is measurable. In
particular, for every £ € B(|X]|), and v € M(|X|,P), we get 15y € M(|X],P).
If further £ € A(|X]), 1g is continuous. So the endomorphism

v € M(|X],P) = 1gy € M(|X],P)
1S continuous.

For every x € |X| and « € P, define ad, € M(|X|,P) as follows: for every
E € B(|X]), ad.(F) = aif z € V and ad,(F) = 0 if x ¢ E. More generally, for
an at most countable subset S of | X|, with a sequence of vectors o, € P,z € S
with Y ¢ [l < 400, we may define ) _sa,0, € M(|X],P) in the obvious
way: for every V € B(|X|),

(D uwda)(B) =) a,0u(E).

€S €S

Easy to check that

O auds) = a8, € M(IX]) g, E.

z€S T€S

On the other hand, for every v € M(|X|,P), we may write ®(7) = > ¢ @0,
for an at most countable subset S of | X|, a, € V with ) _o ||| < 400. Then
for every S € PV,

(B-7)=> (B a)d, € M(IX]).
zeS
So (B - ay) > 0 for every z € S. So we have o, € P. We then get the following
generalization of Theorem 4.3.

Proposition 4.6. Every v € M(|X|,P) takes form
=D ol
xeS

for an at most countable subset S of | X|, a, € P with ) o ||las|| < +oo.

For v € M(|X|, P), the support Supp~y of 7y is defined to be the support of the
measure (5 -y) where § € (P¥)°. It does not depend on the choice of 5. Indeed
| X'| \ Supp~ is the maximal open subset U of | X| satisfying ~(U) = 0.

Let M!(]X|,P) be the subset elements v of M(|X|,P) with ||[v(X)| < 1.
By Proposition 4.6 and Corollary 4.4, M!(|X|,P) is compact and sequentially
compact.
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5. GENERALIZED CYCLES

Let X be a reduced projective scheme over k of dimension d. For every ¢ =
0,1,...,d, denote by X; the set of (scheme-theoretic) points z € X; with dim Z, =
i where Z, := {x}. Denote by Z;(X)g the space of i-cycles with R-coefficients.
Every Z € Z;(X)g can be uniquely written as

Z =Y m(Zx)Z,

reX;

where m(Z, x) = 0 for all but finitely many = € X;. Let ¢(Z) be the set of  with
m(Z,x) # 0. Denote by Eff;(X) the subset of effective i-cycles in Z;(X)g. For
every subset U of X. Denote by Z;(U, X)g the set of i-cycles Z with ¢(Z) C U;
and Eff;(U, X) the subset of effective i-cycles in Z;(U, X)g. Denote by Psef;(X)
the cone of pseudo-effective classes in NV;(X)g.

Let U be a locally closed subset of X i.e. U is open in its Zariski closure [l
Let Psef'(U, X) be the closure of the convex cone in U generated by effective
1-cycles of form

Z@J’Zﬂfj

j=1
Whepe a; > 0, x; € U. For U; C U, with the same Zariski closure, we have
Psef’(Ul,X) g PSGfZ(UQ,X).

5.1. Generalized cycles. Let Z(X) be the set of all non-empty Zairski closed
subsets of X. Moreover, for Zariski closed subsets V; C V5, we have natural map
tvicv, - Ni(Vi)r — N;(V)g induced by the inclusion Vi < V5. For simplifying
the notations, we often omit the morphism ¢y, cy,. We note that if dim V' <
i, then N;(V)r = 0. For every V € Z(X)g, set Ry : Z;(X)r — N;(V)r sending
Z to

Ry(Z) = > m(Zx)[Z).

zeX;NV
Define

o= [ Rv:Zi(X)e— J[ N(V)e

VeZ(X) VeZ(X)

It is clear the ® is injective. We endow [y ¢z x) Ni(V)r the product topology.
Define G;(X) to be the closure of ®(Z;(X)g) with the induced topology. We call
elements in G;(X) the generalized i-cycles. We now identify Z;( X )g with its image
in G;(X). We would like to think generalized i-cycles as an analogy of the notion of
closed current of bidimension (,7) in complex geometry. For every V € Z(X), the
morphism Ry is just the restriction of the projection [ [yyc z x) Ni(W)r = Ni(V)r
to Z;(X)gr. So Ry extends to a continuous morphism
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The continuity of Ry,V € Z(X) implies the following cut-and-paste relations:
for every Vi, V5 € Z, we have

(5.1) Ry, + Ry, = Rviuw, + Rvinig
in N;(Vy U Vy)g.

Lemma 5.1. The following holds:
(i) Gi(X) ={a € [Tyezx) Ni(V)r| (5.1) holds at a}.
(ii) the restriction of the projection W : [Ty czixy Ni(V)r = [Loex Ni(Zo)r
mduces an isomorphism

Vlg(x) : G(X) ~ H Ni(Zy)r-
rzeX
Proof. Set H = {a € J[yczx) Ni(V)r| (5.1) holds at a}. By (5.1), we have
G.(X)C H.

Next we show that V|g : H — [[, .y Vi(Z,)r is an isomorphism. For this, only
need to construct an inverse h of W|y. Consider Zso X Z~o with lexicographical
order > which is a well ordered set. For every V € Z(X), let sy be the number
of irreducible components of V. Define d(V') := (dim V, sy). For a := (a)¢|x| €
[L,cx Ni(Z:)r, we define h(a)y by induction on d(V). If syy = 1, let n be the
generic point of V. Define h(a)y := a,. In particular, h(a)y defined when
d(V) = (0,1). Now assume that sy > 1. Let Vi,..., V; by the generic points
of the irreducible components of V. Note that s > 2. Set W := Vo U---UV,. We
have

max{d(Vi N W), d(V1),dW)} < d(V)
Define

h((lfv) = h(Oé)Vl + h(a)w — h(a)VlﬂW
in N;(V)g. Easy to check that A([ ],y Ni(Zz)r) € H, Yoh = id, hoV¥|y = id and
h is continuous. This implies that W|g : H — [, Ni(Z,)r is an isomorphism.

We now only need to show that W(Z;(X)g) is dense in [,y Ni(Z;)r. We only
need to show that for every z,..., 2, € X and oy € N;(Z,,)r, thereis a € Z;(X)g
such that ¥(«),, = aq. For every [ =1,...,s, let D(l) be the set of index j such
that z; € Z,,. Set Wy = Z,, N (UjuZy,).

Lemma 5.2. For every l = 1,...,s, there is 5, € Z;(Zy,)r such that the image
of B in N(Zy)wr is cu — 32 icpay @ and we have Ry, (8) = 0.

Easy to check that U(>"7_ | 3); = o for every j = 1,...,s. This concludes the
proof. Il

Proof of Lemma 5.2. By De Jong’s alteration theorem [dJ96], there is a smooth
projective variety Y with a generically finite and surjective morphism ¢ : Y — V.
Pick any v € Z;(Z;,)r such that the image of v in N(Zy)r is cu — 325 p(p) @
Pick 7" € Z;(Y)g such that ¢, = v. By Chow’s moving lemma [Stal9, Lemma
43.24.1], there is 4" € Z;(Y)r which is linearly equivalent to 4" and no irreducible
component of Supp~y’ contained in ¢~ (W;). Then 3, := +” satisfies the conditions
we need. U
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Let g : Y — X be a morphisms between reduced projective schemes over k.
Easy to check that the pushforward g, : Z;(Y) — Z;(X) extends to a continuous
morphism g, : G;(Y) — G;(X).

Restriction map. For every V € Z(X), consider the restriction map
TV . H NZ(W)R — H NZ(W/)R
WeZ(X) W/eZ(V)

sending (aw)wez(x) to (awnv)wrez(x)- It is clear that 7y is continuous. For
every Z € Z;(X), we have

o ®(Z)=0( Y m(Zx)Z,).

reX;NV

So my(Gi(X)) C G;(V). We still denote by 7y its restriction on G;(X). Let iy :
V' — X be the inclusion morphism, then we have

v o (iv )« = (iv )«
In particular, (iy ). gives a natural embedding from G;(V') to G;(X). We identify
G;(V) with its image under (iy ). in G;(X).

We now extend the above definition to any constructible subset by induction
on its dimension. Let W be a constructible subset. If dim W = 0, then W is
closed. So my is defined. Now assume that dim W = r > 1 and the restriction
map is defined for every constructible set of dimension < r. We define

TTw = Ty — WW\W'

The two terms in the right hand side are defined as W is closed and dim(W\W) <
r. By induction, easy to check that my, is continuous and for every Z € Z;(X),
we have

(5.2) mwo®(Z)=®( > m(Z,x)Z)
zeX,NW

Then for two disjoint constructible sets Wy, Ws, we get
(5.3) Tw,uw, = Tw, + Tw, and Ty, o Ty, = 0.
Then for constructible sets W, W’ with W C W', we have

W = Tw © Ty
Define G;(W, X)) := mw (G;(X)). By (5.3), G;(W, X) is the closure of Z;(W, X )gr

Support of generalized cycles. Let Z € Z;(X). For every x € | X|, we say that x
is not in the support of Z if there is a constructible subset W containing x such
that my (Z) = 0. Otherwise, we say that x is in the support of Z. Define Supp Z
to be the set of all z € | X| which is in the support of Z. As constructible subsets
are open in | X |, Supp Z is closed in | X|. By compactness of constructible subsets,
for every constructible subset W C | X| \ Supp Z, mw (Z) = 0.
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For every closed subset Y of | X|, we say that Z is supported on Y if Supp Z C Y.
If Y is a constructible subset, then R;(Y, X) = 7y (R;(X)) is exactly the subspace
of Z € R;(X) supported on Y.

Let X = L7 ,Y; be a finite partition of X by constructible subsets Y;. Then we
get a direct composition

Gi(X) = @2, G:(Y, X).
Intersection numbers. For every a € G;(X), Z € Z(X) and 3 € N'(Z)g, define
(- B) = (Rz(a) - ).
It is clear that for every Z € Z(X), the map
(,8) € Gi(X) x N(Z)g +— (a-B) €R
is a continuous bilinear form.

5.2. Positive generalized cycles. Define G;"(X) to be the closure of Eff;(X)
in G;(X). It is a closed convex cone of G;(X). We call the induced topology on
G (X) the weak topology. We view G;"(X) as an analogy of the notion of positive

closed currents of bidimension (7,7) in complex geometry. It is clear that the
projection Rx : G;(X) — N;(X)g maps G, (X) onto Psef;(X). Set

Rt = RX|gi+(X) : GH(X) — Psef;(X).
Lemma 5.3. The map R* : G;"(X) —» Psef;(X) is proper. In other words, for
every ample line bundle L of X and B > 0,
{a e G/ (X)| (o L") < B}
is compact. In particular, (RT)™1(0) = 0.
Proof. For every V € Z(X), set Ky := {f € Psef;(V)| (8- L") < B}, which is
compact. Then we have
{oeGr(X)|(a-Ly<BYC [] Kv.
VEZ(X)

By Tychonoff theorem, the right hand side is compact. As {a € G} (X)]| (a-L?) <
B} is close, it is compact. As

Ruo % (R7)7H0) = (RT)7(0)
and (RT)71(0) is compact, we get (R*)~!(0) = 0. This concludes our proof. [
For every constructible subset V of X, define G (V, X) := G;(V, X) N G;"(X).
We may check that m (Eff;(X)) C Eff;(V, X). By the continuity, we get
(5.4) (G (X)) = G (V. X).
Indeed, G;"(V, X) is the closure of Eff;(V,X) in G*(X) and is exactly the space
of @ € G} (X) supported in V. If V is locally closed, we may check that

(5.5) Ryz=er (G (V, X)) = Psef;(V, X).

We then have the following application on the positivity of some intersection
numbers.
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Proposition 5.4. Let D be an effective Cartier divisor of X. Let a € G (X).
Assume that Suppa N D =0, then (a- D) > 0.
Proof. As a € G (X \ D, X), we have Rx(a) C Psef;(X \ D, X). Hence we have
(- D) >0. O
Strong topology. Define DG := G — G = {a — 8| o, € G} which is a
subspace of G;(X). Let L be any ample line bundle on X. For every a € DG},
define

lall == inf{((on + @2) - L) o1, 02 € G, 01 — ag = a}.
Easy to check that || - || is @ norm. Moreover, for any different ample line bundles
Ly, Ly, the norms || - ||z,, || - ||z, are equivalent i.e. there is C' > 1 such that

CH e < I Ml < € - llze

For the simplicity, we now fix L and write || - || for || - ||1,. Easy to check that for
every a € G, we have

(5.6) ladl = (a- LY).

We call the topology on G;"(X) induced by | - || the strong topology. As the
map a — (a - LY) = ||| is continuous on G;"(X), the map
id: (DG, || -1I) = G (X)
is continuous. So the strong topology on G (X) is stronger than the weak topol-
ogy.
The following result shows that (DG;", || - ||) is a Banach space.

Proposition 5.5. Let o, € G;". The followings are equivalent:
(i) ano ||| < +o00;
(i) > ,50 @n converges for weak topology;
(iii) D, converges for || - |.
In particular, the norm || - || is complete on DG;".
Proof. 1t is clear that (ii) implies (i) and (iii) implies (i).

Assume (i), set B := Y, ¢ llow . By Lemma 5.3, K := {a € G (X)] (a-L') <
B} is compact. For m > 0, set S,,, :== > " a,. The S,, € K for every m > 0.
Pick § in the limit set. of {S,,| m > 0}. We first show that )  _ o, — f§ in
weak topology. For every m > 0, 3 — S,, is contained in the limit set of

{Spin—Sm| n>0} C K CRHX).
Then we have
8-S, €eK
for every m > 0. For every V € Z(X), we have Ry (8 — S,,) C Psef;(V). As

0<((B=5m) L)< Jlanl =0,
n>m
we get Ry (8 — Sy) — 0 as m — co. So we have }_ . a, — 3 as n — co. Then
we get that (i) implies (iii). As 8 —S,, € K, || — Sm|| = ((8 — Sm) - L') — 0. So
> ns0 @n — B in (DG, || - 1]). So (i) implies (iii). This concludes the proof. O
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The following example shows that the stronger topology is strictly stronger
than the weak topology in general.

Example 5.6. Let X = P2%. Let Z,,n > 0 be the line defined by y —z —nz = 0.
Let L := O]P%(l). It is clear that Z,, converges weakly. But for every distinct

n,m >0, [|Z, — Z,|| = 1. So there is no convergence subsequence for the strong
topology.
However, as the morphism « + (a - L') = ||a|| is continuous on G;(X), a

sequence a, € G;7(X) tends to 0 weakly if and only if it tends to 0 strongly.

Induced measure. Denote by P/(X) the dual cone of Psef;(X) in N/(X)g. As
Psef;(X) has non-empty interior and is salient, P?(X) has non-empty interior
and is salient. We have the following morphism

v PUX) x G (X) = M(IX])

as follows: For every 3 € P{(X), a € G (X) and every constructible set V €
A(|X]|), define

v(B,a)(V) = (mv(a) - B) = 0.

We define v(3, @) to be the unique measure in M(|X|) make the above equality
holds for every V € A(]X]).

Such measure exists and is unique. Indeed by Carathéodory’s extension theo-
rem, we only need to show the following: Let V,,,n > 0 be a sequence of disjoint
constructible sets. Let V' € A(]X]) satisfying V = U,,>0V,,. Then

v(B,)(V) =Y _w(B.a)(Va).
n>0
We note that constructible sets are open and closed. The compactness of V
implies that V,, = () for n > 0. By (5.3), we get v(3,a)(V) = >_,5 (B, @) (Vo).
Lemma 5.7. The map
v PI(X) x GF(X) — M(X])

is continuous. Here M(|X|) is endowed with the weak-* topology and G;' (X) is
endowed with the weak topology.

Proof. For the continuity, we only need to show that for every continuous function
h on |X|, v*h is continuous on P'(X) x G (X). By Lemma 4.1, we may assume
that h takes form 1y where U € A(|X|). Then the function p*h sends (5, «) to
(B - my () which is continuous. O

Then every a € G (X) defines a unique vector-valued measure vX such that
for every 8 € P/(X),
v(B-a)=(8-va).
Easy to check that Supp o = Supp v-X.
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Atomic decomposition. For x € |X|, define
Psef;(z, X) := NyPsef' (U, X)

in N;(Z,)r, where U is taken over all non-empty Zariski open subsets of Z,. If
dim Z, <i—1, it is clear that Psef;(x, X) = {0}.

Lemma 5.8. For x € |X| with dimZ, = | > i, then Psef;(z, X) is a closed,
convex, salient cone with non-empty interior.

Proof. Pick L an ample line bundle on X. For every non-empty Zariski open sub-
set U of Z,, set Ky := {v € Psef'(U, X)| (v- L) < 1}. These Ky are compact, as
Psef' (U, X) C Psef'(Z,) and K, is compact. Hence {v € Psef’(z, X)| (v- L) <
1} = Uy Ky is compact. Hence Psef;(z, X) is closed. By De Jong’s alteration
theorem [dJ96], there is a smooth projective variety Y with a generically fi-
nite and surjective morphism ¢ := Y — Z,. Let BPF'"(Y) be the cone in
NE(Y)g = Ny(Y)g as in [Dan20, Definition 3.3.1]. It definition shows that
BPF™/(Y) C Psefy(n,Y) where 7 is the generic point of Y. Hence we have
¢ (BPF'™/(Y)) C Psef;(z, X). By [Dan20, Theorem 3.3.3 (1)], BPF'/(Y) has
non-empty interior. As g, : N;(Y)r — N;(X)g is surjective, ¢,(BPF' ™ (Y)) (hence
Psef;(x, X)) has non-empty interior. As Psef;(z, X) C Psef;(X) and Psef;(X) is
salient, Psef;(z, X) is salient. d

For every v € Psef;(x, X), we define a positive generalized cycle v, of X as the
element (az)zez(x) € [1zez(x) Ni(Z)r such that for every Z € Z(X), az =0 if
v ¢ Z and ay = v if © € Z. We now check that vd, is contained in G (X). Let
ZvyevsZm € Z(X) with x € UJL, Z;. Let J be the set of j such that z ¢ Z;.
Set U := Z, \ (UjesZ;) which is a non-empty Zariski open subset of Z,. There
are effective i-cycles W, taking form W, = Zizl s 2w, , such that a, s > 0,
wns € U and [W,] — v in N;(Z,)r. Then the image of vd, in H;nzl Ni(Z))r
can be approximated by the images of W,,n > 0. So v0; € [[cz(x) Ni(Z)r is

contained in the closure of effective i-cycles of X. Hence we get vd, € G (X).
we call such vd, the atoms in G (X)

The following result shows that every positive generalized cycle is a positive
combination of at most countably many atoms.

Theorem 5.9. Every a € G (X) takes form

o= Zvjéxj
where v; € Psefy(x;, X) with 3. (v; - L') < +oo where L is any ample line
bundle on X. -

Combing Theorem 5.9 with Corollary 4.4, we indeed showed that G (X) =
M(IX]).

Proof. By Theorem 4.3 and Corollary 4.4, write v(L', ) = >_ . a;d,. Set Z; 1=

Zg;. For each j, aj := mz,a € Pl*(Zj) defines a vector-valued measure l/fj €
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M(|Z;], Psefy(Z;)). We may write va! = v;6,, + 8; where ¢; € M(|Z;], Psefi(Z;))
with 8;({z;}) = 0. We have (v, - L") = a;.

For every € > 0, there is a non-empty Zariski open subset U, of Z; such that
for every non-empty Zariski open subset W of U,, we have

(L (mwla) — v;)) = / (L B) <.

w
As Rz (mw (o)) C N;(W, X), we get v; € Psef (z;, X).

The above construction shows that for every Z € Z(X),

.z
VWZ(CV) o VWZ(ZJ'ZO vj‘smj)'
Then we have
Rz(a) = sz(a)(z) = RZ(Z Uj5a:j)-
j=>0

This concludes the proof. O

Corollary 5.10. Let L be an ample line bundle on X. Then K = {a €
Gi(X)| (L' - «) < 1} is compact and sequentially compact.

Proof. By Lemma 5.3, K is compact. We now show that K is sequentially com-
pact. Let o, € K,n > 0. Then we have v(L', a,,) € M'(|X]). By Corollary 4.4,
up to taking subsequences, we may assume that v(L?, o) converges to a measure

v=> a6, €M (X]).

Jj=0
We may assume the above x; are distinct. Set Z; := Z,,. By diagonal method,

after taking subsequences, we may assume that yfgj an, M > 0 converges.

We want to show that o, converges. For this, we only need to show that for
every Z € Z(X), Rz(a,) converges. For every ¢ > 0, there is M > 0 such that
> isnm @ < €/2. For every j =1,..., M, pick a non-empty Zariski open subset
U; of Z; such that for every s # j with x; € Z,, we have U; N Z, = (). Then
Ui, ..., Uy are disjoint constructible subsets. After shrinking U;, we may assume
that U; N Z = () if and only if z; ¢ Z. Set Uy := X \ (U}L,U;). We have

M
Rz(an) = Z szj () (Uj) + 12 (Up).
j=1

For every j = 1,..., M, sz'( ) converges, SO there is N > 0 such that for
J

n >m > N, we have ||1/fZ‘7_(an)(Uj) - szj(am)(Uj)HL < €/2M, where || - ||, is the
norm on N;(Z)g induced by L’ € P*(Z)°. Moreover [|v7 (Up)llz < 35, a5 < €/2.
So we get

[Rz(an) — Rz(amm)|[r < €

for n > m > N. This concludes the proof. O
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5.3. A dynamical application. Let f : X — X be a surjective endomorphism.
Let L be an ample line bundle on X.

Proposition 5.11. Let x € X and v € Psefy(z, X). Set a :=vd,. Let D be any
effective Cartier divisor on X. Assume that the orbit Of(x) is Zariski dense in
X. Then we have

(i) - D)

5.7 liminf —/——F—=
oD R T )
Moreover, if M is a big line bundle, then there is 6 > 0, such that

(fi(@) - M) > 5(fi(a) - L)

> 0.

for n> 0.
Proof. There is f > 0 and s > 0 such that

m

(Fi(a) - D) = (3_cie™™)B"n" + O(5"n*")
i=1
where ¢; # 0 and 0; € R/27Z are distinct. It is clear that
(5.8) p'n® < C(fia)- L)
for some C' > 0.
Define a continuous function h : (R/277Z)™ — R by

(D1, Gm) = > cie™
=1

Define © : Z — (R/277Z)™ by
n (0n,...,0,n).

Let Z the closure of ©(Z). By Poincaré recurrence theorem, there is a strictly
increasing sequence n; € Zx>g,t > 0 such that

Then for every m > 0,
©(m) = lim ©(m — n;)

17— 00
and
O(—m) = lim O(—m + n;).

So Z is also the closure of ©(Zx() and of ©(Z<).
Lemma 5.12. For every non-empty open subset U of Z, there is ry > 1 such
that for every n > 0, there ism € {n,n+1,...,n+ry} such that ®(m) € U.
We claim that h > 0 on Z. Otherwise, there is b < 0 such that
U:={z€Z| h(z) <b} #0.

Set
W:={n>0| &(n) e U}
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and
w(n) :=#{0,...,n—1}NW).
By Lemma 5.12, we have

(5.9) liggg}fw(n)/n > 0.
As
(5.10) (fi(@) - D) = h(®(n))B"n" + O(F™n"""),

for n € W, we have
(fi(a)- D) <0.
Then, by Proposition 5.4, we get f"(x) € Supp D for every n € W. As Oy(z) is
Zariski dense in X, by the Weak dynamical Mordell-Lang [Xie23, Theorem 1.17]
(see also [Fav00, Theorem 2.5.8]), we have
lim#{m =0,...,n—1| f*(xz) € Supp D}/n = 0.

It follows that
lim w,/n =0,
n—oo
which contradicts to (5.9). This proves the claim.
By (5.10), we get
(f2(a) - D) = —C'Bn"

for some C” > 0. We conclude the proof of (5.7) by (5.8).

As M is big, we may write M = §'L + FE where ¢’ > 0 and F is effective. By
(5.7), for n > 0, we have

(f2(0) - B) > = 2(f2(@) - 1)

Hence we have

5/
(fi(a) - M) > §(fi(a) - L) = 5 (fi(a) - L) = S (fi(a) - L).
This concludes the proof. Il

5/
2

Proof of Lemma 5.12. There is r > 0 such that ®(r) € U. We only need to
Lemma 5.12 for the open subset U — ®(r). After replacing U by U — ®(r), we
may assume that 0 € U. After replacing U by U N (—=U), we may assume that
U = —U. Pick an open neighborhood V' of 0 such that V = -V and V +V C U.
As Z is compact, there is a finite subset F' of Z such that F'+ V = Z. For every
z € F, there is r, > 0 such that ®(—r,) € z + V. In other words, we have
24+ ®(r,) e V=V
For every n > 0, there is z, € F' such that ®(n) € z, + V. Then we have
dn+r,) €z, +V+®(r,)eV+VCU.

Set ry := max{r.| z € F'}. We conclude the proof. O
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6. THE SPECTRUM FOR THE AMPLE CONE

Let X be a projective variety over k of dimension d and f : X — X is a
surjective endomorphism. Let V' be an irreducible and periodic subvariety of X
of dimension dy > 0. Recall that

(Vo f) = pa(flyY -V = V)M
where 7y > 1 is a period of V. It does not depend on the choice of ry.

The aim of this section is to prove the following result.
Theorem 6.1. (=Theorem 1.5) We have
Sp (f*, Amp(X)) = Uv{w(V, f)l i=1,...,dv}

where the union taken over all irreducible periodic subvarieties.
In other words, for a € Ry, f is a-amplified if and only if for every periodic
irreducible subvariety V', fV|y is a-amplified, where ry > 1 is a period of V.

6.1. Growth rate. Let ||-|| be any norm on N; (X )g. For every v € N;(X)g\ {0},
by (2.1) in Section 2, B;(v) := lim ||f*(v)||*/™ converges and does not depend on
n—oo

the choice of || - ||. We call it the growth rate of v. By (2.2) in Section 2, B(v) €
{le]l ¢ € Sp(f)}. So Bf(v) has only finitely many possible values. Moreover

Bf(a) < M(f) = m(f)

The aim of this section is to study §¢(v) for v € Psef;(X) \ {0}. Let L be any
ample line bundle on X. By Remark 4.5, L induces a norm || - ||, on N*(X)g such
that for every v € Psef;(X), ||v||z = (v- L). Using this norm, for v € Psef;(X),
we get

Br(v) = lim (f7(v) - L)/

n—oQ

Lemma 6.2. Let v; € Psef1(X),i > 0 with Y., ||vs|| < +o0. Set v =73, v;.

Assume that v # 0, then we have - -
Pr(v) = max{f(vi)| v # 0}.

Proof. For every i > 0 with v; # 0, we have

(f(w) - L) = (f(v) - L).
Hence ps(v) > ps(v;). As ps(v;) has only finitely many possible values, we get

By(v) = max{fB(v;)| v; # 0}.
Set 3 := max{f;(v;)| v; # 0}. By (2.2) in Section 2, we have v; € Eg4 for every
i > 0. As Epg is closed, we have v € Eg ). Hence py(v) < 3. This concludes
the proof. O

Every v € Psef;(X) can be presented by an positive generalized cycle a €
Gy (X). For the simplicity, we also write py(a) for ps(v). By Theorem 5.9, « is a
positive combination of at most countably many atoms. By Lemma 6.2, we only
need to understand the growth rate of atoms in G;"(X).
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Proposition 6.3. Let x € X and v € Psef(z, X). Set a := vé,. Assume that
the orbit O (z) is Zariski dense in X. Then we have

Be(a) € {pi(f),i=1,...,d}.

Proof. Assume by contradiction that S(a) & {u;(f),i=1,...,d}. Set prg41 = 0.
There is a unique ¢ = 1,...,d such that B¢(a) € (p4, fit1)-

For every n > 0, define L,, := (f")*L and «,, := (f™).a. By projection formula,
we have

(Lnl ' O‘m) = (L ’ an1+n2)'
Pick € € (0, 1) such that
€ i1 < B < €.
There is my > 1 such that for every m > my,

2m ,,m

€Myt ey < €M
By [Xie24, Theorem 3.7], there is m > 1 such that
M = Lop, + p" w1 L — € 11" L,

is big. By Proposition 5.11, there is N > 0 such that for every n > N,

(U - M) > 0.
Then we get

(O‘(n+2)m L) + Uzm:uz,-l(anm L) — Em:“;n(a(nJrl)m L) >0
for n > N. It follows that
(6.1) (a@roym-L)—e "ty (prnym L) = EQmPJT((O‘(nJrl)m'L)_E_mﬂﬁl(anm'l’))
for all n > N. As Bp(a) = 8 > € 'p;y1, we have
(Q(nyrym - L) — € ™y (0opm - L) >0

for n > 0. Then we get

g = lirggirolf(oznm SV > e

which is a contradiction. O

Apply Proposition 6.3 for every periodic irreducible subvarieties, we get the
following result for any atom.

Corollary 6.4. Let © € X and v € Psefy(z,X). Set a := vd,. Then every

zar

irreducible component V' of Npy>oOf(f™(x))  is f-periodic. Then we have
Bila) € {p(V, f),i=1,....d}.

Combine Lemma 6.2, Corollary 6.4 and Theorem 5.9, we get the following
result.

Theorem 6.5. For every v € Psef;(X) \ {0}, we have
Br(v) € Un{m(V, /)l i=1,....dv}

where the union taken over all irreducible periodic subvarieties.



35

6.2. The spectrum for the ample cone.

Proof of Theorem 6.1. For a € R+, if f is a-amplified, then for every periodic
irreducible subvariety V' with period v, f"V|y is a’V-amplified. Hence we get

UySp (/™ [v)*, Amp(V))"/™ C Sp (f*, Amp(X)),
here Sp ((f™ |v)*, Amp(V))V/™v = {BY™v| B € Sp (f™V|v, Amp(V))}. As the big

cone contains the ample cone, we have

{m(V, /)l i=1,...,dv} CSp((f7|v)", Amp(V))'/"v.
So we get
Up{ws(V, )l i=1,...,dv} C Sp(f*, Amp(X)).

Set S :=Uy{w;(V, f)] i=1,...,dy}. By contradiction, assume that

Sp (f, Amp(X)) £ 5.

By Theorem 2.10, Es N Amp(X) = (). By Hahn-Banach theorem, there is Z €
Psef;(X) \ {0} such that Fs C Z*. In particular, we have 5;(Z) ¢ S. This
contradicts to Theorem 6.5. U

Corollary 6.6. Let Y be a projective variety over k and g :' 'Y — Y be an
endomorphism. Let w: X — Y be a surjective morphism such that mo f = gom.
If f is a-amplified for some a € Ry, then g is a-amplified.

Proof. Assume that f is a-amplified. By contradiction, assume that ¢ is not
a-amplified. By Theorem 6.1, there is an irreducible g-periodic subvariety V'
of Y such that o € {;(V,g)| i = 1,...,dy}. After replacing f, g by a suitable
iterate, we may assume that g(V) = V. There is an irreducible component W
of #=1(V) which is f-periodic and satisfies 7(W) = V. After replacing f, g by a
suitable iterate, we may assume that f(W) = W. The product formula for relative
dynamical degrees (c.f. [DN11], [Dan20] and [Tru20, Theorem 1.3]) shows that
{wiVig)li=1,....dv} C{w;(W,f)|i=1,...,dw}. By Theorem 6.1, we have

a€ {u(W, f)li=1,....dw} CSp(f", Amp(X)).
Then f is not a-amplified, which is a contradiction. U
6.3. The answer of Krieger-Reschke’s question. In this section k is alge-

braically closed field and X is a normal projective variety over k. Let f be a
surjective endomorphism of X. The aim of this section is to prove Corollary 1.8.

We first recall the definition of Albanese variety. See [FGI*05, Remark 9.5.25],
[Lan83, Chapter I1.3] and [CMZ20, Section 5] for detial. The Albanese variety of
X is the abelian variety

Alb(X) := Pic’(Pic’(X)red).

There is a canonical morphism albx : X — Alb(X) called the Albanese morphism
satisfying the following universal property: for every morphism

p: X — A
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from X to an abelian variety A, there exists a unique morphism
Y Ab(X) — A

such that ¢ = 9 o albx. The universal property shows that albx is unique up
to composing an automorphism of Alb(X) and albx(X) is not contained in any
translation of proper abelian subvariety of Alb(X). Denote by

Jam(x) : Alb(X) — Alb(X)

on Alb(X) the endomorphism induced by f: X — X i.e. the unique endomor-
phism on Alb(X) such that

albx o f = fam(x) o albx.
We note that for different choices of albx, the induced fam(x) are conjugate.

Corollary 6.7 (=Corollary 1.8). If f : X — X s quasi-amplified. Then faw(x)
is amplified.

Proof. For every m > 1, define f*?m . X?m — X?m by

f><2m : (‘Tla"'vxmaylw"aym) = (f(xl),,f(ﬁm),f(yﬁ,,f(ym))

As f is quasi-amplified, f*?™ is also quasi-amplified.

Define a morphism s,, : X*™ — Alb(X) by

m

Sm - (':Ela e Ty Y1y e 7ym) = Z(ale<x2) - ale(yl))

=1

Define F : Alb(X) — Alb(X) by

Y = famo) (¥) — fawx) (0).
It is clear that
F 08y, = Sy o0 fm,

So we only need to show that F'is amplified.

We note that 0 € s,,(X?*™) for every m > 0. As s,(X?™) is an increasing
sequence of irreducible Zariski closed subsets of Alb(X), there is [ > 1 such that
S (X)) = 5;(X?) for every m > [. Then we have

Sl(XQI) + 8[(X2l) Q SQl(X4l) = SZ<X2Z).

So s;(X?) is a abelian subvariety of Alb(X). As s;(X?) contains a translation of
albx (X), we get s;(X?) = Alb(X) i.e. s; is surjective. By Corollary 1.6, F is
quasi-amplified. On abelian varieties, the big cone and the ample cone are the
same. Then F is amplified. As the action of F and fam(x) on N'(Alb(X)) are
the same, fam(x) is amplified. O
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