ALGEBRAICITY CRITERIA, INVARIANT SUBVARITIES AND

TRANSCENDENCE PROBLEMS FROM ARITHMETIC

DYNAMICS

JUNYI XIE

ABSTRACT. We introduce an algebraicity criterion. It has the following form:
Consider an analytic subvariety of some algebraic variety X over a global field
K. Under certain conditions, if X contains many K-points, then X is algebraic
over K. This gives a way to show the transcendence of points via the transcen-
dence of analytic subvarieties. Such a situation often appears when we have a
dynamical system, because we can often produce infinitely many points from
one point via iterates.

Combining this criterion and the study of invariant subvarieties, we get
some results on the transcendence in arithmetic dynamics. We get a charac-
terization for products of Bottcher coordinates or products of multiplicative
canonical heights for polynomial dynamical pairs to be algebraic. For this, we
study the invariant subvarieties for products of endomorphisms. In particular,
we partially generalize Medvedev-Scanlon’s classification of invariant subvari-
eties of split polynomial maps to separable endomorphisms on (P')V in any
characteristic. We also get some high dimensional partial generalization via in-
troducing a notion of independence. We then study dominant endomorphisms
f on AN over a number field of algebraic degree d > 2. We show that in most
cases (e.g. when such an endomorphism extends to an endomorphism on PV),
there are many analytic curves centered at infinity which are periodic. We
show that for most of them, it is algebraic if and only if it contains at least one
algebraic point. We also study the periodic curves. We show that for most f,
all periodic curves have degree at most 2. When N = 2, we get a more precise
classification result. We show that under a condition which is satisfied for a
general f, if f has infinitely many periodic curves, then f is homogenous up
to change of origin.
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1. INTRODUCTION

Let us consider the following naive question:

Question 1.1. Let C be an irreducible analytic curve in C? passing through the
origin 0 = (0,0). Let {p,,n > 0} be a sequence of points in K? C C? for some
number field K satisfying p, € C' and 1i£% pn = 0. Is C contained in an algebraic

curve?
Without any assumption, the answer is negative.

Example 1.2. For n > 2, set h,(z) := 2 [[[_,(1 — iz). For |z| < r <1, there is
c(r) > 0 such that

n

() /] < J2l(] J(1/i + J2])) < elr)(

1=2

147
2

).

Hence

flx) = ha(x)/n!
n>2
converges for |x| < 1. For every n =2,3,..., f(1/n) =>_", hi(1/n)/i! € Q. Set
pin = (1/n, f(1/n)) € Q% n > 2. Let C be the analytic curve {y = f(z), |z| <
1} in C2. Tt is clear that p;, — 0 for n — oo and p;,, € C; for n > 2. But C}
is not contained in any algebraic curve. Otherwise f’(0) should be an algebraic
number. But
F10) = h,0)/nl =) 1/nl=e-2,
n>2 n>2

which is transcendental. Even if we assume that the formal curve induced by C
at o is defined over K, Question 1.1 still has a negative answer. Set

—z)" h,(z
o) =

It is clear that ¢ converges in C. Let Cy be the analytic curve in C? defined by
{y = g(x),xz € C}. Set pa,, := (1/n,9(1/n)) € Q> Then py,, — 0 for n — oo
and po,, € Cy for n > 2. Moreover,

(=) hy(x 1
o(@) =3 e mod 67

for n > 2. Hence the formal curve induced by Cs at o is defined over Q. On the
other hand, C5 is not contained in any algebraic curve. Otherwise, g(1) should
be algebraic. But

(—1)"h,(1 n—1) 1
0= S G =

which is transcendental.
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In arithmetic dynamics, we often meet situations similar to Question 1.1. So
it is interesting to find some natural condition under which Question 1.1 (or
its high dimensional /non-archimedean generalizations) has a positive answer. In
[Xielbb, Theorem 1.5], the author gave a criterion for the algebraicity of adelic
curves in A?. Such a criterion plays an important role in the recent breakthrough
[FG] by Favre and Gauthier, which proved the dynamical André-Oort conjecture
for curves in the moduli spaces of polynomials. In this paper, we prove a more
general algebraicity criterion.

Let K be a finite field extension of F, where F is Q or k(¢) for a field k. Let
My be the set of places of K. For v € Mg, denote by K, the completion of K
w.r.t the place v. For each v € Mg, we normalize the absolute value | - |, to be
the unique extension to K, of the usual absolute value | - |, on F where p is the
restriction of v on F. More precisely, when F = Q and p is a prime, | - |, is the
usual p-adic norm with [p|, = 1/p. When F = Q and p = oo, | - |, is the usual
archimedean absolute value on R or C. When F = k(t), then p is a closed point
in P!(k) with residue field x(p), and for every h € F, |h|, = e~ lF@)klords(h),

Let X be a projective variety over K. For v € Mg, denote by X, the ana-
lytification of X w.r.t. v. More precisely, when v is archimedean, X, = X (K,)
is the associated real or complex variety; when v is non-archimedean, we use
Berkovich’s analytification [Ber90]. In particular, X (K,) C X,(K,) is naturally
endowed with the v-adic topology. Using an embedding of X (K,) to a projective
space PV (K,), one may get a distance function d, on X (K,). The equivalence
class of such distance function does not depend on the choice of embedding and
it induces the v-adic topology on X (kK,).

For a point 0o € X,(K,), a local analytic subspace at o is a closed analytic
subspace V of some open subset W of X, satisfying o € V. Assume that o €
X(K) C X,(K,). We say that V is defined over K if the closed formal subscheme

170 C (Xk,)o is induced by some closed formal subscheme of )/(\O We say that V
is K -algebraic at o if there is a subvariety Y of X such that dimY = dim V and
Y, NV contains a neighborhood of o in V. It is clear that if V is K-algebraic then
it is defined over K.

Remark 1.3. If V is K-algebraic at o, then every irreducible component of V
with maximal dimension is K-algebraic at o. In general, some irreducible com-
ponent may not be K-algebraic (c.f. Example 1.6). One may define a stronger
algebraicity as follows: we say that V is strongly K-algebraic at o if every irre-
ducible component of V is K-algebraic at o.

Theorem 1.4. Denote by h : X(K) — R any Weil height. Let v € My and let
V be a local analytic subspace of X, at o which is defined over K. Let x,,n >0
be a set of K-points in X(K) such that:

(i) z, € V for n > 0;

(ii) z, = 0 in X(K,) as n — oo;

—logdy (0,xy)
—hn) 0.

Set H := Ny>o{xn,n >m} C X. Then H, NV is K-algebraic at o.

(iii) hgr_l) golf
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We indeed prove a stronger statement Theorem 2.4 which allows us to replace
the point o by a closed subscheme Z of X over K.

Remark 1.5. The assumptions (i) and (ii) only concern the information of x,, at
the place v. If one thinks that the height h(x,) measures the global arithmetic
information of x,, then the assumption (iii) means that the information of z,
coming from the place v is not negligible asymptotically.

The following example shows that Theorem 1.4 is not true if we replace “K-
algebraic” to “strongly K-algebraic”.

Example 1.6. Let X = A%, K = Q and v be the place induced by the unique
embedding Q — Q, where p is a prime number at least 3. Via this embedding,
view K as a subfield of C,. Consider the surface Y := {y* = 2*(1+2)}. In a small
neighborhood of 0 = (0,0,0), let V; = {y = 2(1 + 2)Y2, |z[, < p~ /P~ D}V, =
{y=—2(1+2)Y2 |z|, < p~Y/®=V} be the two branches surfaces of at o. Let Vs
be an irreducible analytic curve in V, passing through o, which over K at o and
is not algebraic. Set V := V; U V3, then dimY = dim) and Y, NV contains a
neighborhood of 0 in V, hence V is K-algebraic. But V is not strongly K-algebraic,
since Vs is not algebraic. Set x,, := (p"(2 + p"),p"(1 + p")(2 +p™)),n > 1. Easy
to check that V and z,,n > 1 satisfies the assumptions in Theorem 1.4.

Remark 1.7. The K-algebraicity is enough for the applications in the paper.
If one want to get a result of strongly K-algebraicity, one only need to apply
Theorem 1.4 for each irreducible component for H, NV which is not of maximal
dimension and continue this process until there is no such irreducible component.

1.1. A general strategy in the dynamical setting. Theorem 1.4 provides a
general strategy to show the transcendence of numbers when we have a dynamical
system. Let us consider the following simple situation. Assume that K is a
number field, X = A? and the place v is induced by an embedding 7 : K «— C.
Via 7, we view K as a subfield of C. Let f be an endomorphism of X defined
over K, such that f(o) = o, where o = (0,0). Let h(z) be a power series with
coefficients in K which converges when |z| < r for some r > 0. Assume that
the analytic curve C := {y = h(z),|z| < r} is f invariant and (f|c)" — o as
n — 00. Let a € K with |a| < r; we want to show the transcendence of h(a). We
note that if h(a) is algebraic, we may replace K by a suitable finite extension to
assume that (a,h(a)) € K?. Then for every n > 0, p, := f"((a,h(a))) € CN K2
Moreover p, — o0 as n — o0o. Hence the assumptions (i) and (ii) of Theorem 1.4
are satisfied. Then we only need the following two steps:

(1) show that the assumption (iii) holds for the sequence p,,n > 0;
(2) show that C is not algebraic.

In our paper, we get two applications following this strategy. In these applica-
tions, we consider those f having very strong attraction property at o to get (1).
Step (2) concerns the transcendence of analytic subvarieties, which is in general
a difficult problem. However, in many cases, a geometric transcendence problem
is easier than proving the transcendence of a number. In the dynamical setting,
such a geometric transcendence problem relates to the understanding of invariant



5

subvarieties of f, which is one of the central problems in algebraic dynamics.
In our applications, we get some classification results of invariant subvarieties.
These allow us to check the algebraicity of an invariant analytic subvariety.

1.2. Invariant subvarieties of products of endomorphisms. Let f; : X; —
X;,t = 1,...,m be endomorphisms of projective varieties over an algebraically
closed field k. We want to understand the invariant (or periodic) subvarieties of
T, fi 112, X — T, Xi. We study this problem in two basic cases.

Products of independent endomorphisms. An endomorphism f : X — X of a
projective variety is called amplified [KR17], if it is dominant and there exists a
line bundle L on X such that f*L ® L~! is ample.

Example 1.8. A polarized endomorphism is an endomorphism f : X — X of
a projective variety such that there is an ample line bundle L on X satisfying
f*L = L®MY) for some integer A;(f) > 2. We note that A\;(f) does not depend
on L, indeed \;(f)4™X = deg f. A polarized endomorphism is always amplified.
Dominant endomorphisms of PV of degree > 1 are polarized by L = Opn(1).

For amplified endomorphisms f: X — X and ¢ : Y — Y, we say that (X, f)
and (Y, g) are independent and write (X, f) L (Y,g) (or f L g) if every closed
irreducible (f x g)-periodic subvariety Z C X x Y takes the form Z = Z; x Z,
where 77, Z, are closed periodic subvarieties for f and g respectively. In Section
3.3, we show that this notion behaves well under iterates. Moreover, we prove the
following property (which will be deduced from Proposition 3.8 in Section 3.3):

Corollary 1.9. Let fi,..., fm,91,---,9n be amplified endomorphisms. Assume
that f; L g; fori=1,...,m,5=1,...,n. Then we have

(fi X oo X fin) L (g1 X X gn).

Remark 1.10. In model theory, there are two notions “almost orthogonal” and
“orthogonal” [MS14, Definition 2.8|. In [MS14, Proposition 2.18], Medvedev and
Scanlon proved a similar result for orthogonal endomorphisms or more generally
for orthogonal o-varieties in the terminology of model theory. We note that
two amplified endomorphisms are independent in our terminology if and only if
they are almost orthogonal. A priori, the notion “almost orthogonal” is weaker
than “orthogonal”, hence [MS14, Proposition 2.18] does not apply in this case
directly. We suspect that for amplified endomorphisms these two notions “almost
orthogonal” and “orthogonal” coincide.

Remark 1.11. In the definition of the independence, the amplifiedness assump-
tion is necessary for having a result like Corollary 1.9.

For example, let a;, as € k* be multiplicatively independent i.e. for n,m € Z,
atad = 1 if and only if m = n = 0. For example, when k = C, we may take
a1 = 2,a, = 3. Set az := ajay. Then aq,as,as are pairwise multiplicatively
independent. Let f; : P! — P! ¢ = 1,2, 3 be the endomorphism f; : x; — a;z;.
Let C be an f; x fo-periodic curve in A? C (PY)2. Write C' := {P(x,y) = 0}
for some P(z,y) = k[z,y] \ k. Then P(z,y) = cP(a‘x,aby) for some positive
integer [ > 1 and ¢ € k*. Since ay,as are multiplicatively independent, P is
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a monomial. This shows that the only periodic curves of f; x f;,i # j are
{0} x PL, P! x {0}, {oo} x P! and P! x {oo}. But there is an (f; x f2) X f3-
invariant hypersurface {z1z223 = 1}. It is not a product of invariant subvarieties

of f1 X f2 and fg.

Products of separable endomorphisms of curves. Now we study the case where
X, are smooth projective curves and f; are separable endomorphisms of degree
at least 2. There are three types of such endomorphisms: Lattes, monomial and
nonexceptional (c.f. Section 3.4). Endomorphisms of different types are indepen-
dent to each other (c.f. Section 3.4). By Corollary 1.9, we only need to study
the invariant subvarieties for products of f; of the same type. Basically, endo-
morphims of Lattes or monomial type come from some group structure. The
invariant subvarieties of the product of f; of Lattes or monomial type come from
the subgroups of the corresponding algebraic group. So in this paper, we focus
on the nonexceptional endomorphisms. We note that if f; is nonexceptional, then
X; ~ P We get the following classification result.

Proposition 1.12. Let f,..., f.. be separable endomorphisms of degree at least
2 which are nonexceptional. Let V' be a [[~, fi-invariant subvariety, then there is
a partition {1,...,m} = JoU(U\_, J;), fired points o, of fs for s € Jo, (ILes, f5)-

Xs,j=1,...,1, such that V = szl C;.

invariant curves C; C Hsgjj

See Proposition 3.17 for a more precise form. When char k = 0, this result was
obtained in [MS14] using model theory and in [Xie22, Appendix B] using purely
geometric method. When k = Q, it was also obtained in [GNY18, Theorem 1.2],
as a consequence of their solution of the Dynamical Manin-Mumford Conjecture
in this case. Here we follows the method in [Xie22, Proposition 9.2].

1.3. Transcendence of Bottcher coordinates and multiplicative canoni-
cal heights. This application is strongly inspired by the recent preprint [Ngu]
of Nguyen.

Transcendence of Béttcher coordinates. Assume that d > 2 is an integer which is
not divided by char K. Let
f(2) =aaz® + - +ag € K[2]
be a polynomial of degree d > 2. A Bottcher coordinate of f is a Laurent series
dr(2) € K((z71)) satisfying
(670 f)(2) = ¢5(2)°
and is of order —1 at oo i.e. it takes form

¢f(2) = b12+b0+b,1/z+b,1/22....

It exists when char K fd (c.f. Proposition 4.1) and is unique up to multiplication
by a (d—1)-root of unity (c.f. Lemma 4.4). For v € M, thereis B, > 0, such that
¢¢(2) converges in the neighborhood of infinity Q,(f) := {x € P}| |2(2)|, > B,}
and for every z € Q,(f), f"(z) — oo (c.f. Proposition 4.3).
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Our aim is to understand when a product of Bottcher coordinates is algebraic.
Recall that, for an f € K][z]| of degree d > 2, it is either nonexceptional or
of monomial type (c.f. Section 3.4). If f is of monomial type, any Bottcher
coordinate ¢ of f is algebraic (c.f. Corollary 4.8). Hence for a € K N Q,(f),
¢r(a) is algebraic. With this fact, we only need to consider the products of
Bottcher coordinates of nonexceptional polynomials.

Theorem 1.13. Assume that d > 2 is an integer which is not divided by char K.
Fix a place v € Mg. Let fi,... f, be nonexceptional polynomials of degree d. Let
ai,i=1,...,7 be points in A*(K) with (a;), € Q,(fi;). Then the following holds:

(i) For integers ny,...,n., [[i_; &} (a;) is either transcendental over K or a
root of unity.

(ii) The product [];_, @' (ai) is a root of unity if, and only if, for every j =
1, c. ,l, Zser nsds/j =0.

Here {1,...,r} = I_|§»:1Jj s a partition. This partition and the positive integers
ds/jys € Jj,j = 1,...,1 are purely geometric invariants of the pairs (f;, a;),i =
1,...,r. In particular, they do not depend on the place v. See Section 4.5 or
Remark 4.15 for their definitions.

When char K = 0, Part (i) of Theorem 1.13 was proved by Nguyen in [Ngu,
Theorem 1.4]. Part (ii) of Theorem 1.13 answers the first question proposed
by Nguyen in [Ngu, Section 4.3]. The proof of [Ngu, Theorem 1.4] relies on a
construction of auxiliary polynomials by hand, which is more elementary. Our
proof of Theorem 1.13 is a typical realization of the strategy presented in Section
1.1. It is by combining a stronger version of Theorem 1.4 (c.f. Theorem 2.4) and
the classification of invariant subvarieties of products of polynomials, which is a
special case of Proposition 1.12.

Transcendence of multiplicative canonical heights. For any polynomial f € Q[z]
and a € A'(Q), we denote by Hj(a) the multiplicative canonical height (c.f.
Section 4.3). Our aim is to understand when a product of multiplicative canonical
heights is algebraic. When f is of monomial type, H 7(a) is algebraic. When a
is f-preperiodic, then H f(a) = 1. So we only need to consider the product of
H f;(@;) when f; is nonexceptional and the a; are not f;-preperiodic.

Let Dy be the set of nonexceptional polynomials in @[z] of degree d. Let T; be
the set of (f,a) € Dg x Q, for which there is an embedding 7 : Q < C such that
|7(f"(a;))|,n > 0 is unbounded. If (f,a) € T4, then a is not f-preperiodic. In
Section 4.6, we define an equivalence relation ~,, on 743. The equivalence class
of (f,a) € Ty is a geometric invariant up to Galois conjugations. Moreover, for a
finite set of elements (f;, a;) € Tg,i = 1,...,r which are equivalent w.r.t. ~,,, we
associate to them a point

Q((fisai),i=1,...,r) €PHQ) \ (Ui {z = 0}).

This is also a geometric invariant up to Galois conjugations.
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Proposition 1.14. For (fi,a;),...,(fr,a;) € Dgx Q, n1,...,n, € Z, set T :=
{i =1,....r| (fi;a;) € Ta}. Let T = U\_,J; be the partition associated to ~, .
Then T;_, lf[fi(ai)"" is algebraic if and only if for every j =1,...,1,

Q((f87a5)7 s € ‘]J) S {Z NsZs = 0} - IP)U]'(@) \ (Usejj{zs = 0})

SGJ]'

In Corollary 4.27, we further discuss the case when the product equals 1. Our
Proposition 1.14 is strongly motivated by [Ngu, Corollary 1.6], which is the r = 1
case of our result. Our Corollary 4.27 is also motivated by the disscusion in [Ngu,
Section 4.3].

Remark 1.15. Nguyen’s result [Ngu, Corollary 1.6] (which is the r = 1 case
of Proposition 1.14) answers a question of Silverman [Sil13] for polynomials of
degree at least 2.

Remark 1.16. During the preparation of this paper, we learned from Bell and
Nguyen that they got same results as Theorem 1.13 and Proposition 1.14 in
characteristic 0 independently. Their proofs are based on a refinement of Nguyen’s
original proof of [Ngu, Theorem 1.6]. Moreover, their proof of Theorem 1.13 works
in positive characteristic once we have Proposition 1.12.

1.4. Invariant germs of curve at infinity. Assume that K is of characteristic
zero. In Section 5, we study germs of curve at infinity which are invariant under
certain polynomial endomorphisms of AY. For most of those germs of curve,
Theorem 1.4 can be applied in the way we showed in Section 1.1. We introduce
some classes of polynomial endomorphisms. We get more precise results in smaller
classes.

Let k be a field of characteristic zero. For N > 2,d > 2, denote by P(N,d)
the space of dominant endomorphisms f : AV — A" taking form

fi(xy,...oon) = (filzy, .o 2n), .o (o, .o 2n)

of algebraic degree deg,(f) = d. Recall that the algebraic degree of f is
deg, (f) := max{deg(f1),...,deg(fn)}-

It is an irreducible quasi-affine variety of dimension N (‘Hxﬂ) (c.f. Section 5.1).

Via the standard embedding AY — PV every f € P(N,d) extends to a rational
self-map on PY. Denote by P*(N,d) the space of f € P(N,d) whose extension
is an endomorphism. This space is a Zariski dense open subset of P(N,d) (c.f.
Section 5.1).

Let H,, := P¥ \ A" be the hyperplane at infinity. For f € P*(V,d), denote
by f: Hye — Ho the restriction of f to H.,. Denote by PNS(N,d) the space of
f € P*(N,d) such that for every n > 1 and fixed point z of [, df|, is invertible.

The relations among them are as follows:

PNS(N7 d) gas a dense Gg-set P*(Na d) gas a dense open subset P<N7 d)

Recall that a Gs-set is a countable intersection of open subsets. When k is un-
countable, this means that a very general f € P*(N,d) is contained in PV9(N, d).
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When k is countable, the notion “very general” does not make much sense: even
if a property is satisfied by a very general point, it may not be satisfied by any
k—point. An alternative is to use the notion of “adelic general point”, which was
introduced in [Xie22, Section 3.1]. We show, in Section 5.2, that an adelic general
f € P*(N,d) is contained in PY9(N, d).

When N = 2, we introduce another subspace PNP(2,d) : f € P*(2,d) is
contained in PVF(2,d) if f is not of polynomial type i.e. for every x € H., the

backward orbits Up>of () is infinite. We have
pNS(Q; d) gas a dense Gg-set PNP(27 d) gas a dense open subset P* (27 d) g 7)<27 d)

Now we may present a transcendence result.

Proposition 1.17. Let f € P*(N,d), x € AN(K), and v € Mg such that
f™"(z) = o0 as n — oo in the v-adic topology. Let C, be an irreducible v-analytic
curve at a point o, at infinity defined over K which is f-invariant. If x € C,,
then C, s algebraic over K at o,.

We also have a result for f € P(N,d) (c.f. Proposition 5.5). In that result, we
study not one but finitely many analytic curves C, for maybe different places v.

One may ask: Are there many such C, satisfying the assumptions in Proposi-
tion 1.177 This question is answered by Lemma 5.7, 5.11 and 5.14. Basically, we
show that for every point o in a subset of density 100% in the set of f-periodic
points, there is a unique irreducible formal curve C at o which is f-periodic.
For every archimedean place v, such a formal curve converges to an irreducible
v-analytic curve. Hence Proposition 1.17 applies for C,,.

Remark 1.18. We suspect that such a statement also holds for all non-archimedean
places. However, our proof relies on a version of Hadamard-Perron theorem (c.f.
[Aba01, Theorem 3.1.4]) on stable/unstable manifolds. But the non-archimedean
version of such a Theorem does not exist in the literature.

Once we have such a C,, if we can show that C), is not algebraic, then by
Proposition 1.17, all points in C, are transcendental. Usually it is hard to deter-
mine whether a germ of curve C), is algebraic, but one can determine whether C,
is contained in a curve of a certain degree. In Corollary 5.15, we prove that when
f € PNS(N,d), all f-periodic curves are of degree at most 2. We note that such
a degree bound is not true for general f € P*(N,d).

Example 1.19. Let g be a polynomial of degree d. Set f := g x g. Then
f € P*(2,d). Let Cp,,n > 0 be the Zariski closure of the graph of g" : A! — Al in
P2. One may check that C,, is f-invariant. But deg C,, = d",n > 2 is unbounded.

1.5. Endomorphisms of A2, We now focus on the case N = 2. Let f : A? — A?
be an endomorphism in P*(2,d) for some d > 2.

We say that f is homogenous, if it takes form f : (z,y) — (F(z,y),G(z,y))
where F, G are homogenous polynomials of degree d. We say that f is homogenous
at o = (01, 09) € A%(k) if f is homogenous in the new coordinates ¥’ = x—o0y,y’ =
y — 09. It is easy to see that if f is homogenous at o, then such an o is unique.
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If f is homogenous at o, then for every f-periodic point z € H., the line
L, ; passing through o and z is f-periodic. Hence f has infinitely many periodic
curves. We prove that the reciprocal statement also holds when f € PN (2,d).

Theorem 1.20. For f € PNP(2,d) with d > 2, if there are infinitely many f-
periodic curves, then f is homogenous at some point o € A*(k). Moreover, all
but finitely many f-periodic curves are lines passing through o.

If f ¢ PNP(2,d), such a result does not hold (c.f. Example 6.4). In the proof of
Theorem 6.2, we use the theory of valuative tree introduced by Favre and Jonsson

in [FJ04].
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2. ALGEBRAICITY CRITERION

The aim of this section is to prove a generalization of Theorem 1.4, which
allows us to replace the point o by a closed subscheme. To state and prove
this generalization, we need to introduce some notions and prove a lemma for
constructing auxiliary sections.

Let X be a projective variety over K. Let Z be a proper closed subscheme of
X. Denote by Xz the formal completion of X along Z.

2.1. Analytic subvarities. Fix a place v € Mg. A local analytic subspace
(along Z ) is a closed analytic subspace V of some open subset W of X, (satisfying
Z, CV). In particular, every closed subscheme of X, is a local analytic subspace

A local analytlc subspace V along Z, is defined over K if its completlon VZ C

(Xy)z, = (X k,)z along Z is induced by some closed formal subscheme VZ of X, 7.
We say that V is K-algberaic along Z if there is a subscheme Y of X such that
dimY =V and VNY, contains a neighborhood of Z in V. It is clear that if V is
K-algberaic then it is defined over some finite extension of K.

Remark 2.1. If V is K-algberaic along 7, its irreducible component of maximal
dimension are K-algberaic along its intersection with Z. As mentioned in Remark
1.3, in general, the irreducible component of dimension < dim ) may not be K-
algberaic. One may also generalize the notion of strongly K-algberaicity at a
point in Remark 1.3 to a notion of strongly K-algberaicity along Z. We leave it
to readers.
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Let x,,n > 0 be a sequence of points of X (K,). Let B be any compact subset
of X,. We write lim x,, C B if for every open subset VW of X containing B,

n—oo

{n > 0| z, & W} is finite.

2.2. Green functions for subschemes. Let V be a local analytic subspace of
X,. Let Y be a closed subscheme of X, which is contained in V. We define a
function

9y - V(KU> — (—OO, +OO]

as follows: Let U;, 7 € I be a finite open cover of V such that for each 7 € I, there
is a finite set S; of generators of the ideal I; of Oy(U;) associated to the closed
subspace Y NU; of U;. Because X, is projective and ) is a closed subscheme of
X,, such a cover exists. For every z € V(K,), define

2.1 V.3 = .
(2.1) gy vil®) {—log max{0, |h(z)|,h € S;} if x € U;(K,)

for i € I and
Gyvo(x) == max{gyyi(x),i € I}.
Observe that, up to a bounded function, gy, does not depend on the choice
of the open cover U;,7 € I and the set of generators S;,7 € I. We still denote

by gy,v. a function on V(K,) which equals to the above construction up to a
bounded function and call it a Green function for Y/V and v.

Facts 2.2. The following facts hold:

(i) The function gy /v, is bounded from below.
(ii) For every r € R, gi/lv’v((r, +0o0]) is a neighborhood of Y in V(K). In
particular, for z,, € V(K,), lim gy ,(z,) = +oo if and only if liII(l) T, C
n—oo n—
V.
(iii) For every relatively compact open subset W CC U;, gy/vvi — gy/v,e 18
bounded on W.
(iv) Let V' be a local analytic subspace of X, containing V. Then gy, —
9y v wlvk,) is bounded on V.
(v) Let V' be a closed subscheme of V. Then gy /v, — gy /v, is bounded from
below. Moreover, if the support of ) and ) are the same, then there is
C > 1 such that C™ gy v, — C < gy v < Coyryy + C.
(vi) Let H be a closed subsccheme of X, then gyny/vrme — 9y/volvam(k,) is
bounded.
(vii) When Y is a point 0 € X, (K,), then g,y (-) —(—log d, (o, -)) is a bounded
function on V(K,)'.
(viii) When Y is a Cartier divisor of X, gy/x,.(-)|x(x,)\» equals to a (hence
every) Green function of ) up to a bounded function.

'We may define the distance function d,, on X (K,) via an embedding of X (K,) to a projective
space PV (K,). The equivalent class of d, does not depend on the choice of the embedding.
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2.3. Auxiliary sections. Let L be an ample line bundle on X. We denote by
L, its analytification on X,. Let V be a local analytic subspace along Z which
is defined over K. Let Zz ,y be the ideal sheaf of Oy, associated to Z,. For
m,n >0, H'(V,Z7",,® Ly|y) can be naturally viewed as a space of H°(V, Ly]|v).
The restriction gives a morphism ¢, : H(X, L") — H°(V,L"|y). Because V is
defined over K, ¢, induces ¢, : H*(X, L") — HO(X//;,L"|‘7Z).

Lemma 2.3. Assume that dimV < dim X. For every integer C' > 0, there is

N > 0 such that for every n > N, there is s € H°(X,L") \ {0} such that
On(s) € H'V, (Zz,p)" @ Lylv).

Proof of Lemma 2.3. Let Z;,x the ideal sheaf of Ox associated to Z. Denote
by Z, e the ideal sheaf of O/; associated to Z. and 7, 27, the ideal sheaf of
OAZ associated to Z. Denote by Zg- %, the ideal sheaf of O@ associated to
‘//; Let 7 : Of < Og; be the quotient morphism, then for m > 0, we have
Im . C W_l(Im ). Observe that

Z/X5
/ 7))V = / (IVAZ /X7 (I?/V))

=05 /T;) Toy 7 (Th0) /15 ;)
:(OX/ Z/X)/(I\//;/XZ ( Z/V)/ Z/X)

which is a quotient of the coherent sheaf Ox /Z7) . Hence Oy /17! 5 is a coherent

Z/V
m—1
sheaf of X. It implies that IZ o Z /v is a coherent sheaf of Z.

For every n,m > 0 and s € H°(X, L")\ {0}, ¢n(s) € H'(V,I}7, @ Lyly) if
and only if s is contained in the kernal of the morphism

Fonm  HO(X, L") — H(X, L" © O /T 70)-

Because L is ample, there is ¢; > 0 such that dim H°(X, L") > cndm X for n > 0.

Now we want to bound dim H°(X, L" ® Op/ Z/V) from above. Observe that

) <> dimH(X, L"® I}

dim H*(X, L" ® O /T}} Z/V/ Z/V)
=1

Z/V

Consider the projective morphism g : F := PI‘OJ(EBZ>1IZZ/‘1/ Z/V) — Z. By
GAGA, the analytification of F ®x K, is exactly the exceptional divisor of the

blowup of V along Z,. So dim E = dimV — 1. There is B > 1 such that for i > B,
. 1—1
BOp(i —1) = IZ/v z)7-

Pick an ample line bundle M on E such that M ® Og(—1) is effective. Then for
every 1 > B, we have

dim HO(X, L" @ T":

ol Tyyp) = dim HY(X, B,(8°(L") ® Og(i — 1))

=dim H(E, B (L") ® Og(i — 1)) < dim H*(E, B*(L™) @ M'™1).
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Because [$*L is nef and M is ample, by Fujita’s vanishing theorem [Laz04, The-
orem 1.4.35], there is B; > B, such that for every ¢ > B, j > 1, we have
HI(E,*(L™) ® M'~') = 0. By Riemann-Roch theorem, there is a polynomial
Q(z,y) of degree dim F such that

dim H(E, 5°(L") ® M) = x(E, 5*(L") ® M) = Q(n,i — 1).
So there is ¢3 > 0 such that
Q(z,y) < cy(admE 4 ydmE 4 1)
for 2,y > 0. Because L is ample and Z% L /T? _ is supported on Z, there is c3 > 0

zZ/V! T z)v
such that
By
> dimH(X, L' ® @I, 4/Typ) < cs(n™? 4 1)
=1
for n > 0. Then for m > B,
By m
dim H(X, L" @ O, /T}\5) < D dim HO(X, L' @ ®T, /Ty 0)+ > Qn,i-1)
i=1 i=B1+1
<™+ )46 > (P4 (- 1) 4
i=B1+1

< 64(mndimE +mdimE+1 4 1) —_ C4<mndimvfl + mdimV + 1)
for some ¢4 > 0. For n > 1, take m = Cn, we get

dim H°(X, L" ® O /Ig/nv) < ¢y(C 4 QI VypdimV 4 o) < eypdimV

for some c5 > 0. Because dim V < dim X, there is N > 1 such that for all n > N,

dim H*(X, L") > eyn™™ % > esn®™Y > dim HY(X, L' © O /Ig/”v)

Hence ker kopn, # 0 for n > N, which concludes the proof. O

2.4. Algebraicity criterion. The following result generalizes Theorem 1.4.

Theorem 2.4. Let Z be a closed subscheme of X over K. Denote by h : X (K) —
R any Weil height. Let v € My and letV be a local analytic subspace of X, along
Z defined over K. Let x,,n >0 be a set of K-points in (X \ Z)(K) such that:

(i) x, €V forn > 0;

(i) lim z, C Z, in X(K,) as n — oc;

n—oo

(i) Jim inf,, o, o2l 5 0,
Set H := Ny>o{xn,n >m} C X. Then H,NV is K-algebraic along H,N Z. In
other words, dim H = dim H, N V.

Remark 2.5. Assume that Z is a point o, dim) = 1 and )/)\0 is irreducible.
If H, NV is K-algebraic at o, then V is K-algebraic at o. This is not true in
general. The reason is that, it is possible that V is not algebraic, but it contains
an analytic subspace ) which is K-algebraic along Z and contains all x,,,n > 0.
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Remark 2.6. As showed in Example 1.6, Theorem 2.4 is not true if we replace
“K-algebraic” by “strongly K-algebraic”. However, as showed in Remark 1.7, if
one want to get a result of strongly K-algebraicity, one may apply Theorem 2.4
for each irreducible component for H,N) which is not of maximal dimension and
continue this process until there is no such irreducible component.

Proof of Theorem 2.4. There is mo > 0, such that H = {x,,n > mg}. After
replacing ,,,n > 0 by Z,1m,,n > 0, we may assume that H = {x,,n > 0}. Let
Hy, ..., H, be all irreducible components of H. Since {z,,n > 0} N Z = (), and
{x,,n >0} N H; is Zariski dense in H;, H; £ Z for i =1,...,s.

Write |Z| for the support of Z. There is an effective and ample divisor D of
X which contains |Z| and does not contain any H;,i = 1,...,s. After replacing
Tn,n > 0 by the subsequence consisting of points not in D, we may assume that
x, & D for n > 0.

We may assume that h is a Weil height associated to the divisor D. For w € Mk,
let g, @ X(K,) = (—00,4+o0] be the local height function for h associated to
D. In particular, g, is a Green function on X, for the divisor D. For every
z € (X \ D)(K), we have

h(z) = [Kl i Z Naw G ().

weEM g

where n,, := [K,, : F,] where p is the restriction of w on F. After modifying g,
at finitely many places w, we may assume that g, (z) > 0 for every w € My
and x € X(K,). Because |Z| C D, Assumption (ii) implies that g,(x,) — oo.
Then h(z,) — oo as n — co. Now we may assume that for every n > 0, h(z,) >
ﬁgv(ajn) > 0. By Assumption (iii), we may assume that gz, /v, (2,) > ch(z,)
for every n > 0.

Let 22, n > 0 be the subsequence of z,,,n > 0 consisting of the points contained
in H;. Now we check that the assumptions (i),(ii) and (iii) are satisfied when we
replace r,,n > 0,X,Z,V by z',n > 0,H;,Z N H;,V N H;. Tt is clear that
Assumptions (i) and (ii) hold. By (vi) of Facts 2.2, Assumption (iii) also holds.
Now we may assume that X = H. In other words, {z,| n > 0} is Zariski dense
in X. We only need to show that dimV = dim X.

Otherwise, assume that dim) < dim X. We want to get a contradiction. Pick
an integer C' > 2(cn,)~'. By Lemma 2.3, there are [ > 1 and s € H°(X, O(ID)) \
{0} such that the restriction of ¢(s) to V is in H'(V, (Zz,/v)" @ Ox,(ID,)|v).
View s as a function in Ox (X \ D). For every x € V(K,), there is C; > 0 such
that

—log|s(x)]y = Clgz,jv.o(x) = lgu(x) — C1.
For every w € Mk \ {v} and =z € (X \ D)(K,), there is Cy > 0 such that

—log|s(z)|w = —lgu(z) — C2
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Moreover, there is a finite subset F' of My \ {v}, such that for every w € Mg \
(FU{v}) and z € (X \ D)(K.,),

—log [s() ] = —lgu(2).

We claim that s(z,) = 0 for all but finitely many n > 0. Assuming this claim,
ZTpn,n > 0 is not Zariski dense in X, which contradicts to our assumption.

We now prove the claim. Assume that there is an infinite subsequence x,,,, m >
0 such that s(z,,,) # 0. By product formula, we have

0= —nylog|s(zn,)|u

weMp

> nyClgz,vo(Tn,) =1 Y nugu(Tn,) — n,Cr — |F|[K : F|C;

we Mg
= n,Clgz, jvo(@n,,) — Ih(xy,) — C — |F|[K : F]Cy
> n,Clch(x,,,) — Ih(z,,,) — C1 — |F|[K : F]Cy
=1(Cen, — 1)h(x,, ) — C1 — |F|[K : F|Cy > lh(x,,,) — Cy — |F|[K : F]Cs.

Because h(x,, ) — oo when m — oo, we get a contradiction. d

2.5. Algebraicity of analytic curves. Applying the same method of the proof
of Theorem 2.4, one can easily generalize the algebraicity criterion for adelic
branches of curves [Xiel5b, Theorem 1.5] to any dimension. Because we want to
avoid the definition of adelic branches of curves, we will not do the generalization
in this paper. As an alternative, we prove a result for finite sets of analytic curves.
This is sufficient for our applications in the rest of the paper.

Let H,, = PY\ AN be the hyperplane at infinity. A branch of curve at infinity
over K is a triple (v,0,C,), where v € My, o € Hy(K) and C, is an analytic
curve in PV containing o, which is defined over K at o. We say C, is irreducible

at o if its completion (C,), at o is irreducible.
For v € M, denote by g, : AV (K,) — [0, +00) the naive local height for H,
le.
Ggo((z1,...,2N)) = logmax{1, |z;|,,i =1,..., N},
for (z1,...,2x) € KN. Let h : AV(K,) — [0, 4+00) be the naive height i.e.

W)= [K:F7 Y nag,

for x € KN,

Theorem 2.7. Let (v;,0;,Cy,), i € I be a finite set of branches of curve at infinity
over K. For every x € AN(K), set I(x) :=={i € I| v € C,,}. Let x,,n >0 be a
set of K -points in AN (K) such that:
(i) lim A(z,) = +oo;
n—oo

max;c(zy) 9v; (xn)
h(zn)

(i) iminf, . > 0.
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Then the Zariski closure of {x,,n > 0} is of dimension one. In particular, for
1 € I, if C,, is irreducible and contains infinitely many x,,n > 0, then C,, 1is
algebraic over K at o.

Remark 2.8. If K has the Northcott property [Nord9, BG06] e.g. when F = Q
or a finite field, then the assumption (i) is satisfied when x,,n > 0 are pairwise
distinct.

Proof of Theorem 2.7. The last sentence is trivial if we know that the Zariski
closure {z,,n > 0} is of dimension one.

We now prove that the Zariski closure {z,,n > 0} is of dimension one by
induction on the cardinality |/|. The assumption (ii) shows that |/| > 1. We note
that we can always remove finitely many z,,. When |I| = 1, by (v), (vi) of Facts
2.2, the assumptions of Theorem 2.4 are satisfied. This concludes the proof. Now
assume the |I| =141 > 2 and Theorem 2.7 holds when 1 < |I| <. Pick iy € I.
Consider the subsequence x,,;,7 > 0 of x,,n > 0 of those z,, with ig € I (x,) and
Gvi, (Tn) = MaXie1(2,) Go; (Tn). If Ty, j > 0 is finite, then we may remove them
and remove ig from I. We conclude the proof by the induction hypothesis. If
Tn;,j > 0 is infinite, we apply our theorem to the the case I = {io} and for
the sequence z,,,j > 0. This shows that the Zariski closure of x,;,7 > 0 is
of dimension 1. Let z/,,n > 0 be the subsequence obtained from z,,n > 0 by
removing those w,,;,j7 > 0. If 27,,n > 0 is finite, then we done. If 27,7 > 0 is
infinite, we apply the induction hypothesis for the set I\ {ig} and z/,,n > 0 to
conclude the proof. O

3. INVARIANT SUBVARIETIES FOR PRODUCTS OF ENDOMORPHISMS

In this section, k is an algebraically closed field.

3.1. Semi-conjugacies by dominant finite morphisms. Recall that every
dominant endomorphism on a projective variety is finite [Fak03, Lemma 5.6].

Let f: X — X,9:Y — Y be dominant endomorphisms of projective varieties.
Write f 2 g if there is a dominant finite morphism 7 : X — Y such that
mo f=gom. We also write f 2, g when we want to emphasize 7. If f = g and
g 2 h, then f = h.

Easy to see that the following statements are equivalent:

(i) There is a dominant endomorphism h : Z — Z of a projective variety
such that h 2 f™ and h 2 g" for some n > 1.

(ii) There is a closed irreducible (f x g)-periodic subvariety in X x Y whose
projection to each factor is finite and dominant.

Write f ~ ¢ and say f semi-equivalent to g if the above equivalent conditions
holds. Note that f ~ g if and only if f™ ~ ¢g" for some n > 1.

Remark 3.1. If f ~ g, then dim X = dimY’, deg f = degg and deg, f =
dege, -

Lemma 3.2. The relation ~ is an equivalence relation.
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Proof of Lemma 3.2. We only need to show the transitivity. Assume that f; ~ fo
and fy ~ f3, we want to show that f; ~ f5. After replacing fi, f2, f3 by some
common positive iterate, we may assume that there are dominant endomorphisms
91,92 of a projective varieties such that g1 Zx, fi, 91 Zn fo and go 24, fo,
92 26, f3. Then g1 X go Zrxey f1 X fo. Let T'y, be the image of m X 7y, which is
(f1 X fa)-invariant. Let W be an irreducible component of (7 x ¢1) (', ). Then
W is (g1 X go)-periodic. Then there is a dominant endomorphism h : Z — Z of a
projective variety such that h 2 g7, h 2 ¢4 for somen > 1. Hence h 2 fI',h 2 f¥,
which concludes the proof. Il

3.2. Amplified endomorphisms. An endomorphism f : X — X of a projec-
tive variety is amplified [KR17], if it is dominant and there exists a line bundle

L on X such that f*L ® L~! is ample.
We have the following properties.

(i) The identity endomorphism id : X — X is amplified if and only if X is a
point.

(ii) A dominant endomorphism f on a curve is amplified if and only if deg f >
2.

(iii) Let n be a positive integer. Then f is amplified if and only if f" is
amplified [Xie22, Lemma 5.1].

(iv) If f is amplified and V' is an f-invariant closed subvariety of X, then f|,
is amplified.

(v) Let f: X — X,g9: Y — Y be endomorphisms of projective varieties.
Assume that f ~ g, then f is amplified if and only if ¢ is amplified.

(vi) Let f : X — X,¢9 : Y — Y be amplified endomorphisms of projective
varieties. Then (X, f) x (Y, g) := (X X Y, f X g) is amplified.

For an endomorphism f, denote by Fix(f) its set of fixed points and Per (f)
its set of periodic points. The proof of [Fak03, Theorem 5.1] shows the following
important property of amplified endomorphisms.

Proposition 3.3. If f is amplified, then Per (f) is Zariski dense and for all
n > 1, Fix(f") is finite.

Denote by k(X)/ the field of f-invariant rational functions on X.
Proposition 3.4. If f is amplified, then k(X)/ = k.

Proof of Proposition 3.4. Assume that there is ¢ € k(X)/ \ k. We get a rational
map ¢ : X --» P Let Y C X x P! be the graph of ¢ and nx : ¥V — X,
Y 'Y — P! be the projections. Then 7 is birational and g := 7=t o fo 7 is
an endomorphism on Y and ¢ o g = 1. For every ¢ € P!, set Y. := ¥ ~*(c) and
X, = mx(Y.). We note that X, is f-invariant. Let n be the geometric generic
point of P'. Then f induces an endomorphism f, on X, which is also amplified.
By Proposition 3.3, Per ( f,,) is Zariski dense in X,,. After replacing f by a suitable
iterate, there is an f-fixed point o € X,, such that 7y is well defined at o. Since
Y(ry'(0)) = 0, the Zariski closure C' of 0 in X is a curve. Because o is f,-fixed,
fle =1id. So f|¢ is not amplified which contradicts Property (iii) above. O
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3.3. Independence.

Definition 3.5. For amplified endomorphisms f: X — X and g : Y — Y, we
say (X, f) and (Y, g) are independent and write (X, f) L (Y,g) (or f L g) if for
every closed irreducible (f x g)-periodic subvariety Z C X x Y, Z takes form
7 = 7 X Zy where Zy, Zy are closed periodic subvarieties for f and g respectively.

Remark 3.6. We may replace periodic subvarieties by preperiodic subvarieties
to get the same definition.

It is clear that f L ¢ if and only if there is some n > 1 such that f™ L ¢".

Remark 3.7. Let f: X — X and ¢ : Y — Y be amplified endomorphisms. Let
m: X — Y be a morphism satisfying gomr = mo f. Let h : Z — Z be an amplified
endomorphism. One may check the following properties.

(i) If g L h and 7 is finite, then f L h.

(ii) If f L h and 7 is surjective, then g L h.

Proposition 3.8. Let f : X — X, g:Y — Y and h : Z — Z be amplified
endomorphisms. Assume that f L h and g L h, then (f x g) L h.

We need the following two lemmas.

Lemma 3.9. Let X,Y be two normal projective varieties of dimensions dx, dy
respectively. Let W be a closed irreducible subvariety of X XY of dimension dy, .
Let wx,y be the projections from X XY to X andY respectively. Assume that
mx(W) =X and my (W) =Y. Then there is a numerical class & € Ngy,—ay (X)
such that for a general point y € Y (k), dim(ry' (y) "W) = dw —dy and for every
irreducible component R of my (y) N W, [R] = (Tx o1 ()" € Nay—ay (5 ().

This lemma is a generalization of [Xie22, Lemma 9.3] with a similar proof.

Proof of Lemma 3.9. Let ¢ : B — Y be the normalization of Y in the field
k(W). Consider ¢ :=1id xy ¢ : (X XY) Xy B=X x B — X x Y. Denote by
7 : X X B — B the projection to B. The Stein factorization of my |y : W — Y
induces a closed immersion ¢ : W — X x B. We denote by V its image. In
particular, the composition ¥ o is exactly the inclusion W — X x Y. We get the
following commutative diagram.

There is a nonempty open subset U C Y such that my|yw is flat above U and
for every b € ¢! (U), the fiber V; of V above b is reduced and irreducible. Af-
ter shrinking U, we may assume that ¢|,-1y) : ¢~ '(U) — U is finite. Then
PV N (X x ¢~ 1(U))) = WnNa, (U). Moreover, for every b € ¢~H(U), ¥|xxs
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X x b— my ' (¢(b)) is an isomorphism and sends Vj, to an irreducible component
of (my|w) 1 (p(b)). For every b € ¢~(U), the numerical class of wx(¢(V})) in
Ny —ay (X) is the same class a. For every y € U(k) and every irreducible com-
ponent R of (my|w) !(y), there is b € ¢~(y), such that R = ¥ (V}). So we get
[R] = (¥]xx)([Va]) = (¥lxx0)s (mx 0 | x0) v = (x| o1 O

Lemma 3.10. Let X, Y be two normal projective varieties of dimensions dx, dy
respectively. Let W be a closed subvariety of X XY of pure dimension dy,.Let
Tx, Ty be the projections from X XY to X and Y. Let Bx be an ample numerical
divisor class on X. Then the following two statements are equivalent:

(i) W=V xY for some closed subvariety V of X ;
(ii) W - g pov v+ =,
In particular, if W is numerically equivalent to ¢V x'Y for some closed subva-

riety V of X and some ¢ > 0, then W = V' XY for some closed subvariety V' of
X.

Proof of Lemma 3.10. 1t is clear that (i) implies (ii). Now we prove that (ii)
implies (i). After replacing Sx by a suitable multiple, we may assume that it is
represented by a very ample divisor  on X. Let Hy,..., Hg,, _4,+1 be general
elements in the linear system |H|. Then W intersects 7% (H1) - 7% (Hay —dy+1)
properly. Because W75 W N+ — 0, W (a (H)N- - -0 (Hay—ay+1)) = 0.
Hence mx(W)N Hy N -~ N Hyy—ay 11 = 0. Then dimwx (W) < dy — dy. For
every point x € mwyx (W), dim(ry'(z) N W) = dy — dimmx (W) > dy. Hence
dim (7 (z) N W) = dy, which implies that 7' (z) N W = z x Y. It follows that
W =mx(W) x Y, which concludes the proof. d

Proof of Proposition 3.8. We do the proof by induction on dim X +dim Y +dim Z.
It is clear that Proposition 3.8 holds when one of dim X, dim Y, dim Z is 0.

Let W be an irreducible closed (f x g x h)-periodic subvariety of X x Y x Z.
After replacing f, g, h by f™, g™, h™ for some m > 1, we may assume that W is
(f x g x h)-invariant. We want to show that W = W x Wy where Wy, W, are
closed invariant varieties for f x g and h respectively.

Let wx,my, 7z be the projection from X x Y x Z to XY, Z respectively. If
my (W) # Y, then 7y (W) is g-invariant. By Remark 3.7, g|r, v) L h. Because
dimmy (W) < dimY, we conclude the proof by the induction hypothesis. By
similar argument, we may assume that 7x (W) = X, 7y (W) =Y and mz (W) = Z.

Let mxxz : X XY x Z — X X Z be the projection. By Lemma 3.9, there is a
numerical class a € Ny, 4, (X X Z) and a Zariski dense open subset U of Y such
that for every y € U(k), dim(ry' (y) N W) = dy — dy and for every irreducible
component R of 7,' (y) N W,

[R] = (7TX|7r;1(y))*04 € Nay —ay (W;I(Z/))-

In particular [ry!(y) N W] = C(T('XXz|ﬂ_;1(y))*Oé € Nuy,—ay (737 (y)) for some con-
stant ¢ > 0.

By Proposition 3.3, after replacing f, g, h by f™, g™, h"™ for some m > 1, we
may assume that there is a g-fixed point b € U which is smooth. Every irreducible
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component 7" of 7r{,1(b) NW is f x g X h-periodic, hence takes form 77 x Ty where
T1, T, are closed periodic subvarieties of f and h respectively.

First assume that T, = Z. By Lemma 3.10, 7' (b)) N W = T}, x Z for some
closed subvariety T, of X. By Lemma 3.10 again, we get that for every y € U,
Ty (y)NW = T, x Z for some closed subvariety T, of X. Let mxyy : X XY x Z —
X xY be the projection. We have that, for every t € mx .y (W), Tx%y (1) =t X Z,
hence W = mx«y (W) x Z which concludes the proof.

Now assume that Ty # Z. Pick a general point z € Z(k), we have 73, (2)NT = 0,
hence 7% (z2) - (7TX><Z|7T;1(b))*Oé = 0. Then 75(2) - (7 (b) N W) = 0. Because 2
is general, the intersection of 7%(z) and (wy'(b) N W) is proper. So 7,'(2) N
(my (D) N W) = 0. Let myxz : X XY x Z — Y x Z be the projection. Then
(b, 2) & Ty xz(W). Since my«z(W) is g X h-invariant, it takes form Y; x Z; where
Y1, Z; are invariant under g, h respectively. Moreover, we have dim Y; +dim Z; <
dimY +dimZ — 1. We have W C X x Y] x Z;. By Remark 3.7, f L hl|z and
gly, L h|z,. We conclude the proof by the induction hypothesis. O

Corollary 3.11. Let f; : X; — X;,0 = 1,...,m be amplified endomorphisms.
Assume that f; L f; for i # j. For every point p == (x1,...,Ty) € X3 X -+ X
Xn(k), its orbit under f := f1 X -+ X fn, is Zariski dense in X1 X -+ X X, if
and only if for every i =1,...,m, the orbit of x; under f; is Zariski dense in X;.

Remark 3.12. Under the assumption of Corollary 3.11. Proposition 3.4 and
Corollary 3.11 imply that the Zariski dense orbit conjecture [MS, Conjecture
5.10] and its adelic version [Xie22, Conjecture 1.10] for f; x -+ x f,, can be
reduced to the same conjectures for each f;.

Proof of Corollary 3.11. 1If the f-orbit of p is Zariski dense in X; x - - - x X,,,, then
for every i = 1,...,m, the orbit of x; under f; is Zariski dense in Xj;.

Now assume that for every ¢« = 1,...,m, the orbit of z; under f; is Zariski dense
in X;. Let Z be the Zariski closure of the orbit of p. After replacing f by a suitable
iterate and p by f!(p), we may assume that Z is irreducible and f-invariant. Then
we have Z = Z; X - - - X Z,, for some closed f;-invariant subvarieties Z; of X;. Our
assumptions shows that Z; = X, for ¢+ = 1,..., m, which concludes the proof. [

Examples of independent endomorphisms.

Example 3.13. Let f; : C; — C;,7 = 1,2 be endomorphisms of projective curves
of degree at least 2. Then f; Y fy if and only if f; ~ f5

Proposition 3.14. Let f; : X; — X;,2 = 1,2 be two polarized endomorphisms.
If M(fr) # Ai(f2), then fi L fo.

Proof of Proposition 3.14. Let V be an irreducible closed ( f1 X fo)-periodic subva-
riety of dimension d. After replacing fi, fo by a suitable common positive iterate,
we may assume that V is (fy X fa)-invariant. Let m; : X; X Xy — X; be the
projection to the i-th coordinate. Set V; := m;(V) and d; := dimV;. We have
dy 4+ dy > d and the equality holds if and only if V' = V] x V5. So we may assume
that dy + dy > d.
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Let L; be an ample line on X; such that f*L; = L?Al(fi). Denote by «; the
numerical class associated to 7} L;. Observe that for j € {0, ..., d}, oz{ -ag_j-V >0
and it > 0if j =dy or d — j = ds.

Set f := f1 X fa. For every real numbers u;,us € R, we have

deg(fv)(V - (uron + uga2)?) = (f.V - (wron + uprz)?)

= (V ) (Ulf*@l + U2f*042)d) = (V : (Ul)q(fl)()él + Uz)\1(f2)042)d)

Compare the coefficients of the two different terms u'ud~" and uf~®ul2, we get

deg(flv) = AM(f) " A ()" = A (1) B (f2) ™.

It implies that (A (f1)/Ai(f2))¥F%~% = 1, hence A (f1) = Ai(f2). This contra-
dicts our assumption. U

Proposition 3.15. Let f : X — X be an amplified automorphism of a projective
surface and g : C' — C be an endomorphism of a projective curve of degree at
least 2. Then f L g.

Proof of Proposition 3.15. Let mx : X x C — X,7m¢ : X x C — C be the
projections. Let V' be a closed irreducible (f x g)-periodic subvariety. After
replacing f, g by a suitable common positive iterate, we may assume that V
is (f x g)-invariant. We may assume that dimV < 2, dim7x(V) > 1 and
dim7(V) = 1. Because any automorphism of a curve is not amplified, there
is no f-periodic curve. So dimmx (V) = 2. After replacing f,g by a suitable
common positive iterate, we may assume that there is a fixed point o € C(k).
Then mx(m;'(0)) is an f-invariant curve, which is a contradiction. O

3.4. Products of separable endomorphisms of curves. Let C' be a smooth
projective curve. Let g : C' — C be a separable endomorphism with degg > 2.
Then C is either P! or an elliptic curve.

We say that g is of Lattés type, if it semi-equivalents to an endomorphism of
an elliptic curve i.e. there exists an endomorphism of an elliptic curve h : E — E
and a finite morphism 7 : E — C such that fom =moh.

We say that g is of monomial type, if it semi-equivalents to an endomorphism of
a monomial map i.e. there exists a monomial endomorphism A : P! — P! taking
form x + 2%¢,d > 2 and a finite morphism 7 : P! — C such that fom = 7o h.
We note that in this case C' ~ P!

We say that g is exceptional if it is of Lattés type or monomial type. Otherwise,
it is said to be nonexceptional.

For every separable endomorphism g : P! — P! of deg g > 2, it has exactly one
type in Lattés, monomial, and nonexceptional. Moreover, the types of g",n > 1
are the same.

The following facts are well known.

(i) If two endomorphisms of curves are semi-equivalent, then they have the
same type. In particular, for endomorphisms f, g of curves, if they have
different types, then f L g.
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(ii) If there is a nonzero rational differential form w, such that g*w = uw for
some p € k*, then g is exceptional.
(iii) If f: C' — C is nonexceptional and C, then C' = P!

Nonexceptional endomorphisms. When chark = 0, the following result on the
invariant subvarieties was obtained in [MS14] using model theory and in [Xie22,
Proposition 9.2] using purely geometric method. When k = Q, it was also ob-
tained in [GNY18, Theorem 1.2], as a consequence of their solution of the Dynam-
ical Manin-Mumford Conjecture in this case. The proof of [Xie22, Proposition
9.2] can be easily generalized in positive characteristic when all f; are separable.
Hence we get the following result.

Proposition 3.16. Assume that N > 2, deg f; > 2,i=1,...,N and all f;,i =
1,..., N are separable and nonexceptional. Let V be a proper irreducible closed
subvariety of (PY)N which is invariant under f. Then there exists 1 < i < j <

N such that V C m; ) (C) where m; : (PY)N — (P')? is the projection to the
i, j-th coordinates and C is an (f; X f;)-invariant curve in (P')2. Moreover, the

normalization C of C' is P! and the endomorphism on C' induced by (fi X f;)lc
s nonexceptional.

Easy to see that in Proposition 3.16, we may replace the invariant subvarieties
by the periodic or preperiodic subvarieties.

Invariant subvarieties. By Remark 3.1, for semi-equivalent endomorphisms f, g
of projective curves, they have the same degree; they are separable at the same
times; and they are nonexceptional at the same times.

Let S be the set of equivalent classes under ~ of all separable endomorphisms
of smooth projective curve of degree at least 2. Let S’ be the subset of S of those
equivalent classes of nonexceptional endomorphisms. The following result was
obtained in [MS14] in characteristic zero for polynomial endomorphisms.

Proposition 3.17. Let s1,...,8,, € S. Fori=1,...,m, let I; be a finite subset
of s;. Then we have the following statement:
i) Every irreducible closed [ [,_, | |.., f;-invariant subvariety takes form [[._, V;
i) 'd'blld;nljelzj' jant subvariety tak Vi
where V; is a HjeIi fj-invariant subvariety.
ii) Assume that s; € S', an is a |]..; fi-invariant subvariety. en
ii) A that S’ dV i jer, fit jant subvariety. Th
there is a partition I; = Jy U (I_Ié»zle), fixed points os of fs for s € Jy,
fs),7 = 1,... l-invariant curves C; C il suc a =
ses, [s):3 = 1,... l-invariant C; € (PHlil h that V
H§':1 C;. Here we identified (P*)I5 with (Hé’:1 P11l

In the second part of Proposition 3.17, C; may be singular. One may reformu-
late it as follows to avoid the singularities.

Proposition 3.18 (Reformulate of (ii) of Proposition 3.17). Assume that s; € ',
and V' 1is a Hjeli fi-invariant subvariety. Then there is a partition I; = Jy U

(L2 J;), fized points oy of fs for s € Jo, endomorphisms g; : P — P, j =1,...,1
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with g; Zx.,. fs for every s € J;, such that for every j =1,...,1,

s/j

®; = (my)ses, 1 P — ()]

is birational to its image and V' = (], , 0s) X (H;:1 ®,(P')). Here we identified
(PYIE with Hézl(Pl)Uj'. The partition I; = U\_yJ;, the points o5, s € Iy are
unique and the (g;; s/, s € J;) is unique up to change the coordinate on P! i.e.
c/;clzpﬁge (9j; s/, 8 € J;) to (h~rogjoh;my j0h, s € J;) where h is an automorphism
of P*.

Remark 3.19. In (ii) of Proposition 3.17, if the projection of V' on each factor
is dominant, then J, = 0.

Remark 3.20. It is easy to check that, in Proposition 3.17, we may replace
invariant subvarieties by periodic or preperiodic subvarieties.

Remark 3.21. For s € &', if there is one f € s is a polynomial endomorphism,
then every element in s conjugates to a polynomial endomorphism. Because
a nonexceptional polynomial endomorphism has exactly one point with finite
backward orbit, every conjugation between two nonexceptional polynomial endo-
morphisms is an affine automorphism. So, in (ii) of Proposition 3.17, if f;,j € I;
are polynomials, one may ask that all g; and all m,/; are polynomials. Moreover,
(gj;7s/5, 8 € J;) is unique up to change the affine coordinate on A' C P'.

Proof of Proposition 3.17. (i) is directly implied by Corollary 1.9. (ii) is implied
by Proposition 3.16 by induction on |I;]. O

4. TRANSCENDENCE OF BOTTCHER COORDINATES

4.1. Bottcher coordinates. In this section, we recall the definition and some
basic properties of Bottcher coordinates.
Let
f(2) =agz? + - +ag € K[2]
be a polynomial of degree d > 2. To avoid confusion, in this section, we use f"
to denote the n— power of f and f™ for the n-th iterate of f.
A Béttcher coordinate of f is a Laurent series ¢;(2) € K((27!)) satisfying

(070 )(z) = ¢s(2)"
and of order —1 at oo i.e. it takes form

¢f(2> = b12+b0+b_1/2+b_1/22....

Proposition 4.1. When char K fd, the Bdéttcher coordinate ¢¢ exists and have
the following properties:

(i) bilil = Qd;

(i) the coefficients b;,i < 1 are indeed contained in K (by).

The proof of Proposition 4.1 can be found in [FG, Section 2.4] when char K = 0.
The same proof holds when char K /fd.
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Remark 4.2. When char K|d, Bottcher coordinate may not exist. One may
check that when p = char K > 0, the Bottcher coordinate does not exist for
f(z) = 2P + 2P~ 1.

We now assume that char K fd. We view f as an endomorphism of A! which
extends to an endomorphism of P!. Fix a place v € M. The following property is
[FG, Proposition 2.13] when char K = 0, the same proof works when char K fd.

Proposition 4.3. There is B, > 0, such that ¢(z) converges in the neighborhood
of infinity Qu(f) := {x € PL| |2(z)|, > B,} and for every z € Q,(f), f™(z) =

Q.

The following lemma implies that the Bottcher coordinate for f is unique, up
to multiplying by a (d — 1)-th root of unity.

Lemma 4.4. Let s > 1 be a positive integer. Let ¢p € K((z71)) be a Laurent
series of order —s at oo which satisfies

(¥ o f)(z) =y(2)"
Then we have (z) = ups(z)* for some (d — 1)-th root of unity p.

Remark 4.5. For every n > 1, the Bottcher coordinates of f™ are Laurent series
taking forms p¢s(z) where p-is a (d" — 1)-th root of unity.

Proof of Lemma 4.4. View K ((27!)) as a non-archimedean field with the z~!-adic
norm | - |. It is clear that f(™(z) — oo.

Both ¢ (y) and ¢f(y)* are of order —s at oo and have coefficients in K. So
there is ¢ € K such that

(¥/07)(y) = ¢
when y € K((271)) tends to co. Because (¢o f)*(2) = (¢5(2)*)? and (vo f)(z) =
P(2)%, we get

(4.1) (W/87)(f™(2) = (/52D
for every n > 0. Then we get
(42) Tim (/63 (2)"" = lim (&/63) (") () = c.

In particular, we get
L= lim (/¢7(2)" /(/¢7(2)" = (lim (/§5(z))" )" ="

Hence c¢ is a (d—1)-th root of unity. Set g := ¢ /(c¢}(z)) € K((27")). By Equality
4.2, lim ¢ = 1.

n—oo

Lemma 4.6. There is m > 1 such that g% = 1.

In particular, we get ¢ € K. By Equality 4.1 with n = 1, we get ¢ ' = 1
Hence (2)/¢s(2)° = cg is a (d — 1)-th roots of unity. O



25
Proof of Lemma 4.6. There is m > 1 such that |¢g¢" — 1| < 1. Set § := ¢?" — 1
and assume that § # 0. Then for n > m, we get

g =140 =1 4+d 5+ e
where || < |§]. Then |g?" — 1] = |d"~™6| = |§] > 0 which is a contradiction. [J
Corollary 4.7. If g 2. f, where f, g are polynomials of degree d, then ¢jom =
Mo
Proof of Corollary 4.7. Because
(65 0m)(9(2)) = (b 0 f)(m(2)) = (¢5 0 m)(2)",

we conclude the proof by Lemma 4.4. U
d

™ where p-is a (d — 1)-th root of unity.

Since id is a Bottcher coordinate for the map z — 2% we get the following

result.

Corollary 4.8. When f is of monomial type, then every Bottcher coordinate of
f is algebraic.

4.2. Orbit of a point. Let X a variety over a field k. Let f : X — X be an
endomorphism and z € X. We denote by Of(x) the f-orbit of z. Denote by
Z¢(x) the Zariski closure of O(z). It is clear that f(Z;(z)) C Zs(x). In this
section, we study the structure of Z;(x) and the action of f on it.

Write Zy(x) = Ty(z) U Py(x) where Ty(x) is the union irreducible components
of Z¢(x) of dimension 0 and Py(x) is the union irreducible components of Z;(x)
of dimension > 1. Note that P(z) = 0 if and only if x is preperiodic for f. If
z € X(k), then every irreducible component contains a Zariski dense set of k
points, hence geometrically irreducible by [AV92, Lemma 1].

It is clear that f(P(x)) € Pr(x). Set ty(z) := |T¢(x)| > 0. Then T¢(z) =
{f"(x)] 0 < n < tg(x) — 1}. Becasue Of(x) is contained in {f*(z)] 0 < n <
tr(x)} U f(Ps(z)) and every irreducible component of Pf(x) has positive dimen-

sion, Ps(z) = f(P¢(z)). Hence every irreducible component of Py(x) is periodic.
Let Z be an irreducible component of Z;(x) containing f/®)(x). There is a min-

imal m > 1 such that f™(Z) C Z. Then P;(z) = U fi(Z).

Lemma 4.9. For every n > ts(x), there is a unique i € {0,...,m—1} such that

fr(x) € f1(2).

Proof of Lemma 4.9. Assume that there are i # j € {1,...,m — 1} such that
fM(@) € f(Z)Nf(Z). Because f"(f{(Z)N[7(Z)) € fH(Z)N[I(Z), Of(f"(x)) C
U;”:_ll(f”j(Z) N fi(Z)) which is not dense in P(x). We get a contradiction. [

Now we summarize what we get. For a € Z and b € Z*, denote by e(a/b) the
unique element in {0,...,b— 1} such that a = e(a/b) mod b. For any endomor-
phism f: X — X and x € X, we may associated to them the following datas:
Integers t7(z) > 0 and py(z) > 1, a closed irreducible subvariety Py (z) such that

Zp(x) = {f"(2)] 0 < n < tp(x) — 1} U (U Fi(Pf(2)),
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and for every i > t(x), the unique j € {0,...,ps(z) — 1} satisfying f7(P; (z)))
is e(i/ps(x)). In particular frr@ (P} (x)) = Pf ().

4.3. Canonical heights. In this section, we recall some basic facts on canonical
height for polynomial dynamics. All these are well known and can be found in
[Sil07] and [FG].

Let f € Klz] be a polynomial of degree at least 2. The canonical Green
functions and canonical height of a € K for f are

grwla) = nh_glo deg(f) " logmax{1,|f"(a)|,}

and

ﬁf(a) = Z Nugfo(a).

By Tate’s limiting argument, these limits exists and non-negative. Moreover
gso(a) = 0 for all but finitely many v € My, hence hy(a) is well defined and
non-negative. We also concern the multiplicative Green functions and canonical
height

Gyola) = e950(@)

Hyla) = @ = ([T Graaym)
UEMK

for a € K.
Recall that the naive height of a is

h(a) = [K :F]™' ) nylogmax{1,|al,}.
veEMK
Then we have

hy(a) := lim deg(f)"h(f"(a)).

If we change K" by any finite extension of K, the values of naive and canonical
heights do not change. So h and h; are indeed functions from K to [0, +00). We
have the following basic properties:

(i) hs(-) = h(-) is bounded on K;
(ii) hy(f(a)) = deg(f)hs(a) for every a € K;

(iii) for n > 1 and a € K, hy(a) = hgn(a).

There is a way to compute the canonical Greens functions using Bottcher co-
ordinates: Assume that char K fd. For every a € K, we have

_J0 if {|f™(2)]v}n>0 is bounded;
(43) 90(0) = {|¢f(fm(a))|11,/dm if f(x) € Q,(f) for some m > 0.

Recall €,(f) is defined in Proposition 4.3. Note that if {|f"(z)],}n>0 is not

bounded, then there is m > 0 such that f™(x) € Q,(f), moreover |q§f(fm(a))]11,/dm
does not depend on the choice of m.
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4.4. Equivalent dynamical pairs. For d > 2 and char K /Ad, let Dy be the
set of polynomials f € K|[z] which is nonexceptional as an endomorphism of P'.
When char K = 0, such polynomials are called non-integrable in [FG] and [Ngu].

Remark 4.10. A polynomial of degree d is not in Dy, if and only if it is of
monomial type.

Denote by Py, the set of (f,a) € Dy x F such that a is f-preperiodic.

Remark 4.11. When F = Q, by the Northcott property, (f,a) € Py if and only
if hf(&) =0.

Denote by DP, := (DyxF)\P,;. An element (f,a) € DP; is called a dynamical
pair. For (f,a),(g,b) € DPy, we say that (f,a) and (g, b) are equivalent and write
(f,a) ~ (g,b) if the (f x g)-orbit of (a,b) € (P')? is not Zariski dense. In this
case every irreducible component C of Pyy,((a,b)) is a curve. Let m; : (P')? —
P! i = 1,2 be the projection to the i-th coordinate. Then 7;(C) = P! and the
ratio

d((f,a)/(g,b)) := degm|c/ deg ma|c € Q"

does not depend on the choice of irreducible component C. If (f,a) ~ (g,b) and
(g,b) ~ (h,c), then by Proposition 3.17, (f,a) ~ (h,c). It shows that ~ is an
equivalent relation. Moreover, we have

d((f,a)/(h,c)) = d((f,a)/(g,b))d((g,0)/(h,c)).

Hence, for a finite set of equivalent dynamical pairs «;,7 € I, it defines a point
d(Oéi7i € I) € P'Il_l \ (Uiel{zi = 0}) such that

(21/2)(d(0s, i € 1)) = d(ou/ ;)
for every i,7 € I.
Remark 4.12. If (f,a) ~ (g,b), then f ~ g.

Now assume that charF /d. Let (f,a),(g,b) € DP,; be two equivalent dy-
namical pairs. Let K be a finite extension of [F, which contains a, b, all coeffi-
cients and all (d — 1)-roots of leading coefficients of f and g. For v € Mg, we
have nh_>nolo |f™(a)], — oo if and only if nh_):frgo lg"(b)|s — oo. By Corollary 4.7, if

a € Q,(f) and b € Q,(g), then ¢s(a)” = ¢,(b)™ for some m,n € Zx; satisfying
m/n =d((f,a)/(g,b)). Then by Equality 4.3, we get the following result.

Proposition 4.13. Assume that charF fd. Let (f,a),(g,b) € DP; be equivalent
dynamical pairs defined over a number field K. Then the following holds:

(i) For every v € Mg, gro(a) = 0 if and only if g,,(b) = 0. Moreover, if
9gro(a) # 0, then gro(a)/gen(b) = d((f,a)/(g,0)).

~

(ii) The canonical heights hy(a) and lAzg(b) are zero at the same time. More-

over, if they are not zero, hy(a)/hy(b) = d((f,a)/(g,b)).
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4.5. Transcendence of Bottcher coordinates. Let f1, ..., f. be polynomials
of degree d. Assume that K contains all coefficients of every f; and the (d —1)-th
roots of its leading coefficient. For v € M, let £, (f;) be defined as in Proposition
4.3. We view the Bottcher coordinates ¢y, as functions on ,(f;).
Fori=1,...,r, let a; be a K-point in €,(f;). We will show that the algebraic-
ity of []\_, ¢’ (a;) is completely determined by some geometric datas associated

to (f1,---, frya1,...,a,).

Remark 4.14. By Corollary 4.8, if f; is of monomial type, then ¢y, (a;) is alge-
braic.

Now we assume that fi,..., f. € D,. Our assumption shows that (f;, a;) € DPy
forevery i =1,...,r.

Geometric datas. In this section we will associated to (f1,..., fr,a1,...,a,) a
partition {1,...,r} = |_|§.:1Jj and a group of positive integers dy;; > 1,5 €
Jni=1,...1

Consider the endomorphism F' := [['_, fi : A" — A" which extends to an
endomorphism of (P')". Set a := (ay,...,a,) € (P')". Following Section 4.2, we
may associated to F,a the data (tp(a),pr(a), P (a)). In particular, P/ (a) is F
periodic with the minimal positive period pr(a). Because lim |f"(a;)|, — 00, =

n—oo

1,...,r, the projection of Pg(a) to every factor of (P!)" is dominant.

By Proposition 3.17 and Proposition 3.18, we may associated to pr(a), P{ (a)
the following data: there is a partition {1,...,7} = I_Ié-zle, a polynomial g; :
P! — P',j =1,...,] such that g; 2. pr(a) g ¢ J; where 7,,; is a polynomial
of degree d,/; such that for every j =1,...,1,

D = (Tyy5)seq; : P' = (Ph)il

is birational to its image and Pj (a) = (Hé.:1 ®;(P)). Here we identified (P!)!!
with (szl P')Mil. The partition {1, ..., 7} = L_, J; is unique and the (g;; 7y, s €
J;) is unique up to change the affine coordinate on A' C P!'. In particular,
the degrees d,;; > 1,5 € J;,5 = 1,...,1 does not depend on the choice of
(g]77rs/j7 5 € Jj)75 € Jj?j = 17 s 7l'
Remark 4.15. Another discerption of the datas {0,...,r} = U,_,.J; and dy/; >
1,s€ Jj,7=1,...,1lis as follows:
(a) There is a unique partition {0,...,7} = U._,.J;, such that P (a) =
Hé‘:1 C; after identifying (P!)/%l with Hé.:l(IP)l)uf", where Cj, 7 =1,...,1
is a (Hser fs)P#@-invariant curve of (P')Iil. Indeed, C; = ®;(P!) for
j=1,....1
(b) For s € J;,j =1,...,1, dy; = deg(m|c,) where 7, : (P')! — P! is the
projection to the s-th coordinate.
Remark 4.16. A simple way to view the partition {0,...,r} = U\_,J; is as
follows: For s,t € {0,...,r}, they are contained in the same J; for some j =
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..., Lif and only if (fs, as) ~ (fi, ar). Moreover for s,t € J;, we have d,/;/dy/; =
d((fs, as)/ (i, ar)).
Remark 4.17. Easy to see from Remark 4.15 that, if we replace Py (a) by
F™(Pf(a)) for any n > 0, we get the same datas {0,...,r} = U’_,J; and
ds; > 1,5 € Jj,j = 1,...,1. Hence, if one replace (fi,..., fr,a1,...,a,) by
(.o fm fi(ay), ..., f¥(a,)) for any m > 1,n > 0, we get the same datas
{0,...,7“} = |_|§-:1Jj and ds/j > 1,8 S Jj,j = 1,...,[.

Transcendence of Bottcher coordinates.

Theorem 4.18 (=Theorem 1.13). The following statements hold.

(i) For integers ni,...,n., [[;_; ¢ (a;) is either transcendence over K or a
root of unity.

(ii) The product T],_, @' (a;) is a root of unity, if and only if, for every j =
]., ce ,l, ZSGJ]' nsds/j =0.

Part (i) of Theorem 4.18 was proved in [Ngu, Theorem 1.4] in the number
field case. Part (ii) of Theorem 4.18 answers the first question proposed in [Ngu,
Section 4.3].

Proof of Theorem 4.18. Assume that b := []_, @Y (a;) is algebraic over K. After
replacing K by a finite extension, we may assume that b € K. Let X := (P!)"*!
and let G : X — X be the endomorphism

G: (2, ay) = (flz), - filz) y).
Set x := (ay,...,a,,b) € X(K). For n > 0, set

T, = G"(x) = (fM(a1), ..., f(a),b"") € X(K).
Let 7 : (P')"*! — (P')" be the projection to the first r-coordinates. We have 7 o
G = Fom. Set Hy, := (P)"™\ (A1) Set H := Nyp>o{zn,n > m} C X. Because
{z,,n >m} N Hy = 0, no irreducible component of H is contained in H,.. It is
clear that 7(H) = Pr(a). By Remark 4.17, we may replace (fi,..., fr,a1,...,a;)
by (ff*, ..., f" fi(a1), ..., f*(a,)) for some suitble m > 1,n > 0 to assume
that H = {x,,n > 0} and is irreducible. Hence the Zp(a) = Pr(a) = P (a) is
irreducible. In this case, tp(a) =0 and pp(a) = 1.
We first prove the “if” part of (ii). Because Zr(a) = P (a), thereis (uy,...,u;) €

(Hé.:l ®,)"((a4,...,a,)). By Corollary 4.7, we have

H¢g]S€J nsd s/J UJ H H ¢ 9/] MH¢

Jj=1s€elJ;
for some (d — 1)-th root of unity. If Zser nsds); = 0 for every j = 1,...,1, the
left hand side of the above equality is 1, so [[;_; ¢7(a;) is a root of unity.

Now we only need to prove (i) and the “only if” part of (ii). Consider the
analytic subvariety V' C [i_;(Qu,(fi) \ {o0}) x A} defined by y = [] o7 ().
Because ¢y,,7 = 1,...,r is meromorphic at oo, V' extends to a closed analytic
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subvariety V C [[;_,(Q,(f;)) x PL. Set Z, := V N Hy. Because all coefficients of
¢s,,1=1...,7 are contained in K, Z, is the analytification of a K-subvariety of
H,, and V is defined over K along Z.

Because |f(a;)|, — oo for every i = 1,...,7, lim x,, C Hy, in the v-adic
n—oo

topology. Because z,, € V for n > 0, lim z,, C Z,. Let h be the naive height

n—00

on PY(K) ie. for every z € PYK), hy(z) = logmax{1,|z|,},w € Mg and
hz) = [K :F7' 30 car, Twhw(2). There is €1 > 1 such that Ctd™ < hy(z,) <
h(z,) < Cid" for every n > 0. By (vi) of Facts 2.2, h,(2) = gz,/v..(2) + O(1) for
every z € V(K,). Then all assumptions in Theorem 2.4 are satisfied. By Theorem
2.4, there is an open neighborhood Q of (oo, ...,00) € (P')" in [];_,(2,(fi) such
that F(Q) C Q, VNH, N7 Q) C HNn7w Q) and dim H = dimV N H,. In
particular, VN H,N7~ () contains a non empty open subset W of H, N7~ (),
where Q' := Q\ {(c0, ...,00)}. Because G(x,,) = x,41, H is G-invariant. Because
V\ Heo o =V is asection of mon [[/_, (Q,(f;) \ {o0}), H\ Ho # 0 and dim H =
dimV N H,, H # n(H) x P'. By (i) of Proposition 3.17, H takes form 7(H) X ¢
where ¢ is a (d — 1)-th root of unity. Because xy € H, we get b = ¢ is a
(d — 1)-th root of unity, which implies (i). Then 7(W) is open in m(H) and
i rW)NY=W.

Note that 7(H) = P; (a) is an irreducible closed F-invariant subvariety. More-
over, we get

{(z1,...,20,0)| (21,...,2.) ET(W)} =W

{(z1, ... zr,quf (z)| (z1,...,2) € T (W)}

Hence for every (z1,...,2,) € 7(W), one has [[;_, ¢} (2i) = b. By Corollary 4.7,
for every (wy,...,w;) € (Hé-:l Q) Hr(W)), we get

l
(4.0 [Tos " ) =TT TT 05"
j=1

j=1selJ;

Zs nsdg .
for some (d — 1)-root of unity pu. We note that H§'=1 by, Sl (w;) is a mero-
morphic function on (Hé.:l ®,;)~H() and (Hé‘:1 ®,)~H(m(W)) is a nonempty open

subset of (Hl_l ®,)~H(Q), Equality 4.4 holds on (Hl.zl ®,)7(2). We note that

(H] LD ( ) is a neighborhood of (0o, ...,00) € (P')!. Because for every
j=1....1 hm |}y, (w) /wl, = ¢; for some ¢; € (0,+00), there is B > 1, such
that for (wq,...,w;) € (szl ) HQUK,)),

» < B.

B < |H seJ nsdsy/j

Hence for every 7 =1,...,1, zser nsds/; = 0. This concludes the proof. U
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4.6. Algebraicity and Q-linear relations of canonical heights. In this sec-
tion, K is a number field. Denote by M3 the archimedean places of K and M };
the non-archimedean places of K.

Proposition 4.19. For f € Dy with coefficients in K and a € K, Hy(a) is
algebraic if and only if for every v € M, |f™(a)|y,n > 0 is bounded.

This result is [Ngu, Corollary 1.6]. It is directly implied by (i) of Theorem 4.18
and the following well known fact.

Lemma 4.20. [Ngu, Lemma 2.1] If v € M}, then G;,(a) = p° for some ¢ € Q.

Remark 4.21. The proof of Lemma 4.20 shows that G, (a) is indeed computable
for v € Mj,.

In [Ngu, Section 4.3], Nguyen suggested to study the Q-linear relations of the
canonical heights. He also proved a partial result [Ngu, Corollary 1.8] in this
direction. He suspected that some result like (ii) of Theorem 4.18 may be helpful
for this problem. In this section, we follows Nguyen’s suggestion to get some
applications of Theorem 4.18.

Recall that we have defined an equivalence relation ~ on DP; in Section
4.4. We now introduce another equivalence relation: Set G := Gal(Q/Q). For
(f,a),(g,b) € DPy, we write (f,a) ~, (g,0) if there is ¢ € G such that (f,a) ~
o(g,b) := (0(g),0(b)). We say such (f,a), (g,b) are weakly equivalent. Because ~
is an equivalence relation and G is a group, ~,, is an equivalence relation. It is
clear that (f,a) ~ (g,b) implies (f,a) ~y (g,b).

Remark 4.22. Weak equivalence does not implies equivalence. For example,
let fi = fo = 2(z+1/2), a; = 3 —2v2 and ay = 3 + 2v/2. Because (f1,a;)
and (fa,az) are conjugate by some o € G, (f1,a1) ~w (f2,a2). On the other
hand, when n — oo, |f'(a1)] — 0 and |f}(az)| — oo. By Proposition 4.13

(f1,01) % (f2, a2).

Remark 4.23. For (f,a) € PD,; and ¢ € G, hs(a) = ﬁa(f)(a(a)). Hence, by
Corollary 4.13, for (f,a) ~u (9,b), hy(a)/hs(b) € Q*.

For a finite set of weakly equivalent elements (f;,a;) € DPy,i = 1,...,r, define

QUfiar)i=1,....r) = [hp(ar) s - hy(a,)] € P7HQ)\ (U {z = 0}).
It can be computed as follows: there are o; € G,7 = 1,...,r, such that o;(f;, a;),7 =
1,...,r are equivalent. Then we have

Q((fl,az),z = ]., e ,7’) = d(a,-(fi,ai),i = 1, e ,T).

Remark 4.24. Thought the definition of Q((fi,a;),i = 1,...,r) involves the
canonical heights, the above argument shows that, up to some Galois conjuga-
tions, it is indeed a geometric invariant.

Define 7; to be the set of (f,a) € Dy x Q for which there is an embedding
7 : Q = C such that |7(f"(a;))],n > 0 is unbounded. We have Ty C DP,.
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Moreover, by Proposition 4.19, (f,a) € 75 if and only if H #(a) is not algebraic.
By Lemma 4.23, for (f,a),(g,b) € DPy, if (f,a) ~y (g,b), they are contained in
T, in the same time.

The following result generalizes Proposition 4.19.

Proposition 4.25 (=Proposition 1.14). For (f;,a;),...,(f,,a.) € DgxQ, ny,...,n, €
Z,setT :={i=1,...,7| (fi,a;) € Ta}. Let T = U’_, J; be the partition associated
to ~y, . Then [._, I:Ifi(ai)"i is algebraic if and only if for every j =1,...,1,

Q(fs,as),s € J;) € {D_ nyz, =0}

SEJj

Remark 4.26. By Proposition 4.13, if Q((fs,as),s € J;) € {d ) nszs = 0},
[Les, Hy(a;)" = 1. Hence we get that [[_, Hy,(a;)™ is algebraic if and only if
HieT Hfi(ai)ni =

Proof of Proposition 4.25. The “if” part is obvious. Now we prove the “only if”
part.

By Proposition 4.19, we may assume that (f;, a;),...,(fr,a.) € Tg. Let K
be a number field which contains ay,...,a,, all coefficients and all (d — 1)-th
roots of leading coefficients of f;,;7 = 1,...,r. After enlarging K, we may as-
sume that K/Q is Galois and K can not be embedded in R. After replacing
(fiya;) by (0i(f:),0i(a;)) for some o; € Gg := Gal(K/Q) for each i, we may
assume that for 4,5 = 1,...,r, (fi,a;) ~ (fj,a;) if and only if (fi,a;) ~u
(fj,a;). Hence, for every o € Gk, (o(fi),o(a:)) ~ (o(fj),o(a;)) if and only
if (o(fi),o0(a;)) ~w (o(f;),0(a;)). Now we only need to show that for every
j=1,...,1, Zser nshy (as) = 0.

Write ; :
Hﬁfz<al>nl :H H éfim(ai)nmv
=1 i=1 veMg
= (T II Grotamm) < T I Grola)™™)
i=1 ve M2 i=1 yenrt

By Lemma 4.20, [T;_; [T ez Gy,.o(a;)"™ is algebraic.

Fix an embedding K — C to view K as a subfield of C. We will omit the
place vy associated to this embedding when it appears in any notation. For
example, the Green function G .00 Will be written as G f,- Because K has no
real embedding, for each v € M%®, n, = 2 and it corresponds to exactly a
pair of conjugate elements 0,6 € Gg. We note that, over C, ¢z(s)(d(x)) =
bosy(o(x)) for every i = 1,...,r and x € K NQ(o(f, )) Q(a(f;)). For every
i,0, we denote by G(o,1) the Green function G, ,(a;) = ( (a;)) where v is
the place associated to o and by h(i) the canonical helght of h 7,(a;). For pairs
(i,0),(5,0) € {1, r}ng, write (4,0) ~ (5,0) if (0(fi), o(ai)) ~ (6(f;),0(ay))
and (i,0) ~, (.0) if (a(£),0(a:)) ~u (3(£):5(ay).
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Let A be the set of (0,4) such that G(o,i) > 1. Note that (0,7) € A if and
only if (7,7) € A. Moreover if (i,0) ~ (j,0) then they are contained in A at the
same time. After replacing a;,i = 1,...,r by f(a;),i = 1,...,r for some large
enough n > 0, we may assume that o(a;) € Q(o(f;)) for every (o,i) € A. For
every (0,1) € A, set ®(0,1) 1= ¢ys)(a;). For u = (0,i) € A, set 0, := o and

1y := 1. Then
T I Grota) ™ =] I G(o.i)™.
i=1 veME i=1 0€Gx
= [Tt = T @ = T] o

u€A u€A u€A

is algebraic. By Theorem 4.18 and Proposition 4.13, [T, .4 [®(u)
every equivalence class « € A/ ~, we have

(4.5) > ni,h(iy) = 0.

ucw

Muw = 1 and for

For every i = 1,...,r, define G, := {0 € Gg| (0,i) € A}. Because T' =
{1,....r}, G # 0. If (fi,a;) ~ (fj,a;), then G; = G;. Hence for every j =1,...,1
the set G, does not depend on s € J;. We denote it by G7. Then

1Y nshp(a) = Y ni,h(i).
s€J; uEA,iy€J;
By Equality 4.5, we only need to show that that for (o, s) ~ (6,1), if (0,s) € {u €
A| i, € J;}, then (0,t) € {u € Al i, € J;}. Because (o,5) € {u € Al i, € J;},
s € J;. Because (0,s) ~ (d,t), (id,s) ~, (id,t). By our assumption, we have
(id, s) ~ (id,t), which shows that ¢ € J;. This concludes the proof. O

Proposition 4.13 and Proposition 4.25 directly imply the following result on
Q-linear relations of canonical heights.

Corollary 4.27. Let (fi,a;),...,(fr a,) € (Dg x Q) be dynamical pairs. Set
T:={i=1,....r| (fi,a;) € Ta} and U :={i=1,...,7| (fi,a;) € DPy\ Ta} Let
T = I_Ié-zljj, U =1 _1 M, be the partition associated to ~.,, . Let ny,...,n, € Z.
Then the following holds:

(i) If for every j=1,...,l,m=1,...,n,
Q((f&as)as € J]) € {Znszs - 0} and Q((fsaa8)7s € Mm) € { Z Nmeim = 0}7

s€Jj meMp,

then 7, ()" =
(i) IfU =0, and >_._, hy,(a;)" =0, then for every j =1,....l,m=1,...,n,

Q(fs,as),s € J;) € {D_ nyzy =0}

SEJj

In particular, if (fi,a:), ..., (fr,a.) €T, ilfi(ai),l- =1,...,r are linearly inde-
pendent over Q if and only if (fi,a;) # (f;,a;) for every i # j.
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Example 4.28 shows that the condition in (i) is not necessary.

Discussion. Now we discuss the linear relations between canonical heights of
dynamical pairs. For every pair a = (f,a) € D, set h(a) = hs(a). Write
Dy =PsUTaU(DPy\ Ta). Because h(Py) = 0, the pairs in P, are not interesting
for our discussion.

Let (h(72)) and (h((DPs\ Ta))) be the Q-spaces generated by T; and DPy\ Ty
respectively. By Corollary 4.27, these two space are Q-linearly independent. So
we only need to study the linear relations in h(7;) and in h((DP,;\ T4)) separately.

Corollary 4.27 completely classified the Q-linear relations in h(7;). After Galois
conjugations, all the relations come from geometry.

For h((DPg4\ Ta)), the situation is different. The condition in (i) of Corollary
4.27 is not necessary. In other words, not all Q-linear relations in h(7;) come
from geometry even up to Galois conjugations.

Example 4.28. Let f = 2(2+1/2), g = 2(2+3/8), a = b = 1/16. Easy to check
that (f,a), (g,b) € DP4\Ta. We first view them as complex dynamical systems via
the unique embedding Q — C. Because the unique critical point of f (resp. g) in
C is contained in the attracting basin of the attracting fixed point 0 of f (resp. g),
0 is the unique attracting periodic point of f (resp g). Because the multiplers 1/2
and 3/8 for f and g are multiplicatively independent, f 7 g. Hence (f,a) 7 (g,b).
Because (f,a) and (g, b) are defined over Q, (f,a) 7, (g,b). Easy to check that
Grw(a) = ggu(b) = 0 for all v € Mg \ {2} and gs2(a) = gy2(b) = 4log2. Hence
hy(a) = hy(b) = 4log 2.

However, as said in Remark 4.21, the non-archimedean Green functions are
computable for dynamical pairs. For pairs in DP, \ Ty, their archimedean green
functions are 0 and their non-archimedean green functions are computable, hence
their canonical heights are computable. By Lemma 4.20, those canonical heights
take form

(4.6) Z cplogp
p primes

where ¢, are rational numbers which are 0 except finitely many. Because logp, p primes
are Q-linearly independent, it is easy to find all Q-linear relations between finitely
many real numbers having form (4.6).

5. INVARIANT GERMS OF CURVES AT INFINITY

In the section, K is of characteristic zero.

5.1. Some classes of polynomial endomorphisms. Let k be a field of char-
acteristic zero. For N > 2 d > 2, denote by P(N,d) the space of dominant
endomorphisms f : AV — A¥ taking form

[z, .. zen) = (il zn), oo (e, .o 2n)
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of algebraic degree deg,(f) = d. Recall that the algebraic degree of f is

deg,(f) := max{deg(f1),...,deg(fn)}

Write f; = Z|1|<dai,l$l»i = 1,...,N where I = (iy,...,iy) € Z>0, =
i xt and |I| =iy + - 4 i

The Jacobian Jy g4 of f is a polynomial in variables zy,...,zy and a;;,7 =
1,...,N,|I| <d of degree at most d™ in z1,...,zy. So we may write

Ina= Y bilaini=1,... NI <d)a’

|J|<dN
where b; are polynomials in a; 7,7 =1,..., N, |I| < d. Then we get

P(N, d) = Spec (k[a“, 1 < 1 < N, ’]| < d])\((U|J|§dN{bJ = O})U(ﬂlSiSNM:d{aw

d+N+1).

which is an irreducible quasi-affine variety of dimension N ( N

For general N > 2, we will introduce two spaces P*(N,d) and PV9(N,d) of
P(N,d). The relations among them are as follows:

PNS(N d) —as a dense Gj-set 7) (N d) —as a dense open subset 7)<N d)
When N = 2, we introduce another subspace PNF(2,d). We have

PNS(2 d) —as a dense Gg-set PNP(Z d) =as a dense open subset P* (2 d) C 7)(2 d)

In Section 5, we will prove algebricity results for invariant analytic germs of curves
for f € P(N,d). Moreover, we will show that there are a lot of invariant analytic
germs of curves when f € P*(N,d). For f € PN9(N,d), we will show that
the f-periodic curves are of degree at most 2. This leads to a criterion for the
transcendence of them. In Section 6, we will focus on those f € P¥P(2,d) and
classify such f having infinitely many invariant curves.

Extendable endomorphisms. Via the standard embedding AN «— PV, every f €
P(N,d) extends to a rational self-map on PV. Denote by P*(N,d) the space
of f € P(N,d) whose extension is an endomorphism. This space is a Zariski
dense open subset of P(N,d). Indeed, P*(N,d) can be viewed as follows: Let
H,, = PY \ AN be the hyperplane at infinity. Then f induces a rational self-
map f := f|g. on Hy. Then f € P*(N,d) if and only if f|g._ is everywhere
well-defined. For eachi=1,...,N, let f; = Z|I|:d a; 1z’ be the leading terms of
fi. Then f is the endomorphism H,, = PY~! — PN¥~! sending [z, : --- : n] to
[fi:--: fn]. Denote by Rad(NN — 1, d) the space of rational self-maps on PN~! of
degree d. It is clear that Rad(N — 1,d) = Proj Kla; s, 1 < N, |J| = d] = PN(¥),
The morphism ® : P(N,d) — Rad(N — 1,d) defined by f ~— f is surjective.
Observe that f is everywhere well defined if and only if the zero set

F={fi=--=fy=0}CP"!

0})),
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is empty. This happens if and only if fi #0fori=1,..., N and the intersections
of the divisors {f; = 0},i =1,..., N on PV~ is a proper intersection. Hence the
space of endomorphisms of PV~ of degree d

End(N —1,d) := {f € Rad(N —1,d)| I # 0}
is Zariski dense and open in Rad(N — 1,d). Then
P*(N,d) = > (End(N — 1,d))
is a Zariski dense open subset of P(N,d).

Endomorphisms without supperattracting periodic points. For f € End(N —1,d),
we say that f has NS property if for every n > 1, every fixed point z of df|,
is invertible. For every f € P*(N,d), we say that f has NS property at infinity
if f has NS property, and define PV5(N,d) to be the set of f € P*(N,d) of has
NS property at infinity. For every f € P*(N,d), by Proposition 3.3, Fix(f")
is finite for every n > 0. Hence for every n > 1, one get a function 6, on
P*(N,d) sending f to [[,cpiy(sn) det(df"[.). Here we count the fixed points with
multiplicities. Because 6,, does not vanish at a general point of P*(IV, d), its zero
set Z, := {6, = 0} is a proper closed subset of P*(N,d). Then we have

,PNS(N’ d) = P*(N,d) \ (Up>1Zn).

As a consequence, a very general f € P*(N, d) satisfies the NS property at infinity.
When k is uncountable, this implies that most of f € P*(IV,d) satisfies the NS
property at infinity. When k is countable, the notion “very general” does make
much sense: even a property is satisfied by a very general point, it may not be
satisfied by any k—point. An alternative is to use the notion of “adelic general”
which was introduced in [Xie22, Section 3.1]. We will show that the NS property
at infinity is satisfied by an adelic general point in Section 5.2.

Endomorphisms of NP type. In this section, we focus the case N = 2.

For an endomorphism f : P! — P! of degree d > 2. A point z € P'(k) is
called exceptional, if its inverse orbit U,sof () is finite. It is well known that
for every f there are at most 2 exceptional points. We say that f is of NP-type
if it does not have any exceptional point. Easy to see that f is of NP type if and
only if f" is of NP type for some n > 1. Moreover, for two endomorphisms f, g
of P! of degree d > 2. Then f is of NP type if and only if g is of NP-type.

Let Rad™"(1,d) be the space of f € Rad(1,d) which is of NP-type. It is a
Zariski dense open subset of Rad(1,d). Indeed, for f € Rad(1,d), it is not of
NP-type, if and only if there is a fixed point = of f? satisfying f~2(x) = z. This
a closed condition. So Rad™¥'(1,d) is Zariski open in Rad(1,d). Easy to check
that the map z — (224 0.001)/(0.00122 + 1) is of NP-type, hence Rad™*(1,d) is
non-empty.

For f € P*(2,d), we say that f is NP at infinity, if f is of NP type. Then
PNP(2.d) == & (RadV"(1,d)) is the space of f € P*(2,d) which are NP at
infinity, Because ®|p«(2,q) is dominant, PXF(2,d) is a Zariski dense open subset
of P*(2,d).
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5.2. Adelic denseness of NS endomorphisms. In this section, we will show
that the NS property at infinity is satisfied by an adelic general point.

We first gather some of the properties satisfied by the adelic topology. See
[Xie22, Section 3] for its precise definition and more properties. Assume that k
is an algebraically closed extension of Q of finite transcendence degree. Let X be
a variety over k. The adelic topology is a topology on X (k), which is defined by
considering all possible embeddings of k in C and C,, for all primes p.

An impotent example of adelic open subsets is as follows: Let L be a subfield
of k such that its algebraic closure L is equal to k, L is finitely generated over
Q, and X is defined over L i.e. X = X ®p, k for some variety X over L. Fix
any embedding 7 : L < C,(resp. C). Then, given any open subset U of X (C,)
for the p-adic (resp. euclidean) topology, the union X (r,U) := U,®1(U) for all
embeddings ¢: k — C, extending 7 is, by definition, an open subset of X (k) in
the adelic topology. Moreover X (7,U) is empty if and only if U = ().

The adelic topology has the following basic properties.

(1) It is stronger than the Zariski topology. If dim(X) > 1, there are non-
empty, adelic, open subsets U and U’ of X (k) such that U \ U’ is Zariski
dense in X.

(2) It is 17, that is for every pair of distinct points x,y € X (k) there are adelic
open subsets U, V of X (k) such that z e U,y U and y € V,x & V.

(3) Morphisms between algebraic varieties over k are continuous in the adelic
topology.

(4) Flat morphisms are open with respect to the adelic topology.

(5) The irreducible components of X (k) in the Zariski topology coincide with
the irreducible components of X (k) in the adelic topology.

(6) Let L be a subfield of k such that (a) its algebraic closure L is equal to k,
(b) L is finitely generated over @, and (c¢) X is defined over L. Endow
the Galois group Gal(k/L) with its profinite topology. Then the action
Gal(k/L) x X (k) — X (k) is continuous for the adelic topology.

Remark 5.1. From (5), when X is irreducible, the intersection of finitely many
nonempty adelic open subsets of X (k) is nonempty.

We say that a property P holds for an adelic general point if there exists an
adelic dense open subset U of X (k), such that P holds for all points in i.

Theorem 5.2. Assume that k is an algebraically closed extension of Q of finite
transcendence degree. For N > 2, an adelic general f € P*(N,d) (resp. [ €
Rad(N — 1,d)) satisfies the NS property at infinity (resp. NS property).

Proof of Theorem 5.2. By (3), ® is continuous w.r.t. the adelic topology. Since
®(P*(N,d)) contains a Zariski dense open subset of Rad(N — 1,d), by (1) and
(5), we only need to show that an adelic general f € Rad(N — 1,d) satisfies the
NS property.

Let L be a subfield of k such that its algebraic closure L is equal to k, L is
finitely generated over Q. Because Rad(/N — 1,d) is defined over Q, it is defined
over L.
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Lemma 5.3. There is an endomorphism g € Rad(N — 1,d), a prime p > 0 a
field embedding T : k — C,, such that g ®x C, has good reduction i.e. it extends
to a finite endomorphism on ng and for every fized point T € Fix(g"),n > 1

where g is the specialization of g @k C,, dg™|z is invertible.

The ¢ in the above lemma satisfies the NS property. Our idea is to should
that a small perturbation of g, w.r.t. the topology induced by 7, still satisfies
the NS property. One may write g = [g1 : -+ : gy] where g;,i = 1,...,N
are contained in 77'(C?) Nk and the leading coefficients of 7(g;),7 = 1,..., N
are of norm 1. Via 7, view g as an endomorphisms over C,. Consider the p-
adic open neighborhood U of g in Rad(/N — 1,d)(C,) of endomorphisms taking
form [zy : -+ an] = (g1 + Fi(xy,...,xn) 0 oo 0 gy + En(z, ..., 2zn)] where
Fi,i = 1,...,N are homogenous polynomials of degree d with coefficients in
C*° ={a € C,| |a|, < 1}. For every f € U, we have f = g. Hence for every fixed
point € Fix(f"),n > 1, df"|z is invertible. This implies that for every f €
®-1(U), f satisfies the NS property. Because the the NS property is an algebraic
property, for every f € ®(P*(N,d)),(7|.,U), f satisfies the NS property, which
concludes the proof. O

Proof of Lemma 5.3. Because Q C k, we may assume that k = Q. I learned the
following lemma from Charles Favre.

Lemma 5.4. For every d > 2, there is an endomorphism h : P! — P! of Lattés
type of degree d defined over Q.

An endomorphism h of Lattes type is hyperbolic PCF i.e. all critical points
of h are preperiodic, but not periodic. We may assume that h is defined over
a number field K. There is a finite set of places S of K containing Mz such
that h extends to a finite endomorphism hog of IP’IOS over Og and for every place
v e M\ S, the specialization h of h satisfies the following property: all critical
points of h are preperiodic, but not periodic. In other words, for every fixed
point z € Fix(h")(K,),n > 1, dh™|z # 0. Here Og is the ring of S-integers in
K. Consider the diagonal endomorphism h x -+ x h : (P1)N=! — (PH)N=1 The
symmetric group X y_; acts on (P')¥~1 by permuting the the coordinates. This
action commutes with the endomorphism h x - - - x h. By [Maa05, Corollary 2.6],
one gets (P1)N=1/3y_; ~ P¥~L Hence h x - - - x h descends to an endomorphism
gon (PHYN=1/¥n 1 ~ PN~1 Moreover it extends to a finite endomorphism (h x
X h)og = hog Xog - Xog hog on (P4, )N . After enlarging S, we may assume
that (PH,)N~'/Sy_1 ~ Py and g extends to a finite endomorphism go, on
Pg;l. For every closed point y € (P, )Y~ which is fixed by (h x --- x h)g_ for
some n > 1, (b X -+ x h)o, induces an étale endomorphism on the local ring
O([ploS)N—lyy. Let ¢’ be the image of y in Pg;l. It is fixed by g5,. Indeed all
periodic points of go are image of periodic points of (h X --- X h)p, By [Stal9,
Proposition 41.20.6], the morphism go4 induces an étale endomorphism on the
local ring (’)Pgs_l’y,. Pick v € Mk \ S and let p the prime number associated to
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v. Then v induces an embedding 7' : K — C,, which extends to an embedding
7 : k = C,. Then for every fixed point = € Fix(¢"),n > 1, dg"|; is invertible. [

Proof of Lemma 5.4. First assume that d = m? a prefect square. Pick any elliptic
curve E over Q, let [m] : E — E be the multiplication by m. Then [m] descents to
an endomorphism g on P! = F/[£1]. Then degg = m? = d. Otherwise, d = m?l
where m € 7Z and [ is a square free integer. Let E be any elliptic curve over
Q with End(E) ® Q = Q(v/—I). Then multiply by m+/—I defines a complex
multiplication on E. It descents to an endomorphism g on P! = E/[+1]. Then
deg g = |mv/—1|? = d. d

5.3. Algebraicity of invariant branches of curves at infinity. Let d > 2
and f : AN — A" be an endomorphism in P(N, d)(K). We embed A" in PV and
denote by H,, := PY \ AN the hyperplane at infinity. Let g,,v € My and h be
the naive Green functions and naive height on A" respectively.

Let S be a finite set of places S C My containing My such that f extends to
an endomorphism fo, : AJ, — AJ_ where Og is the ring of S-integers in K. Let
(v, 04, Cy) be a branch of curve at infinity defined over K. We note that if C,, is
irreducible and not contained in H,, C, N (Hy), is finite and it contains o,. We
say that C, is f-invariant if f(C, \ {0,}) C C, \ {o,}. if C, is f-invariant, then
f(C,) contains an open neighborhood of o, in C,,.

The following proposition is directly implied by the Northcott property of K
and Theorem 2.7.

Proposition 5.5. Let x be a point in AgS(OS) which is not f-preperiodic. As-
sume that for v € S, there is a branch of curve (v,0,,C,) at infinity defined over
K which is f-invariant and containing x. Then the Zariski closure of Of(x) has
dimension 1. Moreover, for v € S, if g,(f"(x)),n > 0 is unbounded and C, is
irreducible at o, then C., is algebraic over K.

If further f € P(N,d)(K), we get a result which applies for a single branch of
curve.

Proposition 5.6 (=Proposition 1.17). Let x € AN(K) and v € Mg such that
gu(f"(x)) = o0 as n — oo. Let (v,0,,C,) be an irreducible branch of curve
at infinity defined over K which is f-invariant and containing x. Then C, is
algebraic over K at o,.

Proof Proposition 5.6. 1t is well known that there is B, > 0 such that for every
y € KY with ¢,(y) > B,, we have

T g,(/" (1)/d" € (0, +00).

On the other hand, because x is not preperiodic, its canonical height exists and
positive i.e.

lim A(f"(x))/d" € (0,+0).

n—oo

Then we conclude the proof by Theorem 2.7. U



40 JUNYI XIE

5.4. Periodic points at infinity. Let d > 2 and f : AY — A" be an endomor-
phism in P*(N,d)(k). For n > 0, let F'(f™) be the set of fixed points x € Hy, of
" Hy — Hy, such that df |, is invertible. We note that when f € PN9(N, d),
F'(f") = Fix(fn) for every n > 1. The following lemma shows that even in the
general case, most of the fixed points of f" are contained in F”’ (f™).

Lemma 5.7. For f € P*(N,d)(k), we have
[F'(fI/IFix(f)] = 1 and [Fix(f7)|/d®0" =1
for n — oo. Moreover U,>1 F'(f") is Zariski dense in Hy.

Proof of Lemma 5.7. Fix an embedding 7 : k — C. Via 7, we view f as a complex
dynamical system. For n > 0, let F”(f") be the set of repelling fixed points of
fn. Then we have

F"(f") S F'(f") € Fix(f).
By Lefschetz fixed point theorem, we have

lim sup |Fix(f7)|/d™ D" < 1.

n—oo

By [DNT15, Theorem 1.1],
liminf [F'(f*)]|/dN =" > lim |F"(f™)|/dN D" = 1.

n—00 n—o0
Then we get

[F'(f")I/|Fix(f7)] = 1 and [Fix(f7)] /™" =1
for n — oo. We now prove that Un>1F'(f™) is Zariski dense in H.

We note that f(F'(f")) = F'(f") for every n > 0. Let Z be the Zariski closure

of Up>1F'(f™), then we have f(Z) = Z. After replacing f by a suitable positive
iterate, we may assume that every irreducible component of 7 is fixed by f. Let

Zi,i =1,...,r be all irreducible component of Z. Set f; := 7’27, : Zi — Z;. Then
fi(O(M)]z,) = 0(d)

Lemma 5.8. Let g : X — X be an endomorphism of a projective variety. Let L
be an ample line bundle on X satisfying g*L = L®? for some d > 2. Then there
is C' > 0 such that |Fix(g")| < Cd™¥™X for every n > 0.

Then we have Y., |Fix(¢?)| < C"d"¥™Z for some C’ > 0. On the other hand,
we have Y7 [Fix(g?)| > |F'(f™)] > cd®™ =Y n > 1 for some ¢ > 0. Then we get
dim Z > N — 1, which implies that Z = H.. Il

Zi

Remark 5.9. Lemma 5.8 holds in any characteristic.

Proof of Lemma 5.8. After replacing X by its normalization, we may assume that
X is normal. We denote by A the diagonal of X x X and I',,,n > 1 the graph
of ¢g". Let m; : X x X — X the projection to the i-th coordinate. We have
Fix(¢") = m (I, N A),n > 1. Since Fix(g") is finite and 7| is an isomorphism,
we get |Fix(¢")| = [T, N A|. Because X may be singular, the intersection of I';,
and A may be not well-defined. That is why we insist of counting fixed points
without multiplicities. Set M := n]L ® w5L. It is ample on X x X. Let Za be
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the ideal sheaf of A. There is a > 0 such that M®* ® T, is generated by global
section.

Lemma 5.10. We have
T, NA| < aly, - e (M)3™~,

We now compute T, - ¢;(M)3™X. Set D := ¢,(L), D; := 7;(D),i = 1,2. Then
c1(M) = Dy + Dy. We have

. . dim X . ) .
Fn . Cl(M)dlmX — Fn . (Dl + Dz)dlmX _ Z ( III.I )(Fn . Dith_Z X D;)
1
1=0
dim X . dim X .
dim X ) . ) dim X S . .
_ n *Dz . DdlmX—z — dnz Dz . DdlmX—z
> (M) =3 (M) )
—_ (dn + 1>dimX(DdimX).
Then we get
]Fix(g")| S a(d" + 1)dimX(DdimX>’
which concludes the proof. O
Proof of Lemma 5.10. Let s1, ..., Sqim x be general elements in HO(M®* @ Z,) C

H°(M®*). Let H; be the zero locus of s; € H*(M®*). Then Hy NN Hgim x Ny,
is zero dimensional. Because A C Hy - - - Hgym x, We get

T, NA|<|HiN N Haimx N, < Ty (Hy - Haimx) = aly - o (M),
which concludes the proof. O

5.5. Existence of invariant branches of curves at infinity. In this section,
set k= K. Let d > 2 and f: AN — A" be an endomorphism in P*(N, d)(k).

Lemma 5.11. For every o € F'(f), there is a unique irreducible formal curve C
at o which 1s f-invariant and not contained in H,. It intersects Hy, transversally
at o. If both f and o are defined over K, then C' is defined over K at o.

Proof of Lemma 5.11. In some suitable coordinates, we may assume that o = [0 :
-+-:0:1] and Ho = {z; = 0}.

Step 1: We first show that such a formal curve exists after some base changing
k by a field extension L over k. Let L := k((t)) with the t-adic norm. Then f
induces an endomorphism f7, on PY. Let U be the affinoid subdomain of (PY )™
defined by U := {[zy : -+t any_q 1| |z < Jt|,i=1,..., N—1}. Then f induces
an endomorphism ¢ := fr|y : U — U which fixes the hyperplane Y := (H)3"NU.
Because df|, is invertible, gy : Y — Y is an automorphism. Let g, U , Y be the
reduction of g, U and Y. Then g(U) =Y. Then, by [Xie22, Theorem 8.3], there
is a unique morphism ¢ : U — Y such that ¢ o g = g|y o ¢. In particular,

~ —~ —1

¢ = gly ©og. One may check that dg has rank N — 1 everywhere, so d(Z has
rank N — 1 everywhere. Hence, for every point z € Y (L), ¢~ !(x) is a smooth
irreducible curve which intersects Y transversally. Because o is fixed by ¢, ¢~ (o)
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an analytic curve passing through o, which is invariant under g. Its completion
at o defines a formal curve C';, with coefficients in L. It is invariant under fr.

Step 2: Show the uniqueness of suc}i\foglal curves even after any base of
k. Let k' be a field extension of k. Let C;,Cy be two irreducible formal curves
passing through o in Pjy which are invariant under fi; and not contained in H,..
Let L := k/((t)) with the t-adic norm. Then f induces an endomorphism f,
on PY. Let U be the affinoid subdomain of (PY)®" defined by U := {[z; : -+ :
xn_1 1] |z < Jtl,i =1,...,N — 1}. We get exactly the same situation as in
the previous parag/r\aph. We keep the notation in the previous paragraph. We
note that C and C5 induce closed analytic curves C, Cs /i\n U /r\espectively. We
claim that both Cy, Cy equal to ¢~'(0). This implies that C; = Cy. Now we prove
the claim. We only need to show it for C;. Assume that ¢(Cy) # o. Then ¢(CY)
is an irreducible curve in Y. In particular, ¢(C}) is g|y-invariant, compact and
connected. Set C" := M,>09|3(4(C1)). Then C” is compact and is invariant under
gly and g|;'. By the following lemma, C” is connected.

Lemma 5.12. Let Y,,n > 0 be a sequence of decreasing connected compact sets.
Then Ny>0Y,, is connected.

We also note that o € (.
Lemma 5.13. We have C" # {o}.

Then C’ contains infinitely many points. For every y € C' and n > 0, we have
gly"(y) € C" € ¢(C). Hence, there is y,, € C such that g|;"(y) = ¢(yn). By (vi)
of [Xie22, Theorem 8.3|, we get ¢"(y,) — y as n — oo. Because C' is g-invariant,
g"(yn) € C for n > 0. Since C' is closed, y € C. Then we get ¢’ C C. Because
C" CY and (' is infinite, we get C' C Y which is a contradiction.

Step 3: Assume that f, o are defined over K, show that there is a such formal
curve over K. Note that such a curve is unique if exists by Step 2 and it intersects
H, transversally by Step 1. Let L be an algebraically closed field extension of K
such that there is an irreducible formal curve C7, in PY passing through o which
is fr-invariant and is not contained in (Hy)r. We only need to show that Cp
is defined by an ideal Ij, of 619570 which is defined over K. Set G := Gal(L/K).

For ¢ € G, o(Cp) is also an irreducible formal curve in P¥ passing through o
which is fr-invariant and is not contained in (Hw)r. By Step 2, we get that
o(Cp) = Cp. Tt follows that I is G-invariant. Let m be the local ring of
o € P¥ and my := m @k L. For every n > 1, (I, + m%)/m? is an ideal of
595’0 /mi = (5[@%70 /m"™) @k L which is G-invariant. By Galois descent, there is

an ideal J,, of 5P%70/m” such that (I, +m})/m} = J, ® L. It follows that I,
is defined over K. This concludes the proof. O

Proof of lemma 5.12. Assume that Y := N,>0Y, is not connected. Then there
are disjoint open subsets Wi, W5 of Y; such that Y., € Wi UW, and Yoo NW; # 0
fori=1,2. Set W := W, UW,. Then Yo\ W = U,>o((Yo \ W)\ (Y, \ W)). Since
Yo \ W is compact and (Yo \ W)\ (Y, \ W),n > 0 are open in Yy \ W, there is
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m > 0 such that Y,, \ W = 0 for n > m. Then Y}, is not connected, which is a

contradiction. U
Proof of Lemma 5.13. For | > 1, let V; be the open neighborhood of o in Y
defined by Vi :={[0: @9 : -+ &y : 1]] |a| < |t!],i =2,..., N —1}. Since gly is

an automorphism of Y and g|y (o) = o, we have g(V;) = V;. There is [ > 1 such
that D := ¢(C1)\ Vi # 0. Then g|y (D) C D. Since N,>0g|% (D) is an intersection
of decreasing compact sets, it is not empty. Moreover it is contained in C’\ V.
This concludes the proof. Il

Lemma 5.14. Keep the notations in Lemma 5.11. For every v € Mg, there
1s an wrreducible analytic curve C, at o such that the completion of C, at o s

induced by C'.

Proof of Lemma 5.14. By [Aba01, Theorem 3.1.4], for every v € M3®, there is an
irreducible analytic curve C, at o which not contained in H,, and is f-invariant.
Then it induces an irreducible formal curve aj\o of ]P’%U passing through o, which
not contained in H,, and is fx, -invariant. The uniqueness part of Lemma 5.11
implies that 5@\0 is induced by C. U

Assume further f € PY5(N,d), then we have the following criterion for f-
periodic curves.

Corollary 5.15. Let f € PNS(N,d) and let C be a periodic curve of f. If
C < Hy, then degC' < 2.

Proof of Corollary 5.15. After replacing f by a suitable positive iterate, we may
assume that f(C') = C. Because C'\ Hy, is an affine curve and f(C\Hy) = C\ Hy
and deg f|c = d > 2, C has at most two branches at infinity. After replacing f by
f2, we may assume that all branches of C' at infinity are fixed by f. Because each
branch of C' defines an irreducible f-invariant formal passing through some point
in Fix(f) = F'(f) which is not contained in H.,, by Lemma 5.11, it intersects
H, transversally. Hence C'- H,, equal to the number of branches of C' at infinity,

which is at most 2. O

6. ENDOMORPHISMS OF AZ2

In this section, k is an algebraically closed field of characteristic 0. Let f :
A? — A? be an endomorphism in P*(2,d) for some d > 2. It extends to an
endomorphism of P2, Let H,, :=P?\ A? be the hyperplane at infinity.

We say that f is homogenous, if it takes form f : (z,y) — (F(z,y),G(z,y))
where F, G are homogenous polynomials of degree d. We say that f is homogenous
at o = (01, 09) € A%(k) if f is homogenous in the new coordinates ¥’ = x—o0y,y =
Yy — O3.

Remark 6.1. Easy to see that if f is homogenous at o, then such o is unique.
Moreover we have f~1(0) = o.

If f is homogenous at o, then for every point z € Per(f) C H, the line
L, ., passing through o and x is f-periodic. Hence f has infinitely many periodic
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curves. The aim of this section is to prove the following result which shows that
its inverse also holds when f € PN (2,d).

Theorem 6.2 (=Theorem 1.20). For f € PNY(2,d) with d > 2. If there are
infinitely many f-periodic curves, then f is homogenous at some point o € A%(k).
Moreover, all but finitely many f-periodic curves are lines passing through o.

Remark 6.3. This result strengthens the N = 2 case of Corollary 5.15 in two
directions. First, PV (2,d) is strictly larger than PV9(2,d). Second, in Theorem
6.2, we get a complete classification of f € PNF(2,d) having infinitely many
f-periodic curves.

If f is not of NP-type at infinity, Theorem 6.2 may not be true.

Example 6.4. Let f be the endomorphism taking form f = g x h where g is a
polynomial of degree d. Then for every a € Per (g), the line {z = a} is periodic
for f. The same, for every b € Per (h), the line {y = b} is periodic for f. Hence f
has infinitely many periodic curves. But it is easy to see that f is homogenous at
some point o € A? if and only if g and h are conjugate to z — 2% by some affine
transformations of Al.

The proof of the Theorem 6.2 relies on the theory of valuative tree introduced
by Favre and Jonsson in [FJ04], which was developed by Favre, Jonsson and the
author in [FJO7, FJ11, Xiel5b, Xiel7a, Xiel7b).

6.1. Valuative tree at infinity. We refer to [Jonl15] for details, see also [FJ04,
FJ07, FJ11]. Denote by V., the space of all normalized valuations centered at
infinity normalized valuation centered at infinity i.e. the set of functions v :
klz,y] = RU {400} such that

(i) v(k*) = 0;

(i) v(fg) = v(f) +v(g) and v(f + g) = min{v(f),v(9)} for f, g € K[z, y]

(ili) min{v(x),v(y)} = —1.
The topology on V,, is defined to be the weakest topology making the map
v — v(P) continuous for every P € k[x,y|. Under this topology, V., is compact.

The set V., is equipped with a partial ordering defined by v < w if and only
if v(P) < w(P) for all P € k[x,y]. Then —deg : P — — deg(P) is the unique
minimal element.

For v € V \ {—deg}, the set {w € V, | —deg < w < v} is isomorphic as
a poset to the real segment [0, 1] endowed with the standard ordering. In other
words, (V, <) is a rooted tree in the sense of [FJ04, Jonls]. Given any two
valuations vy, vy € V., there is a unique valuation in V,, which is maximal in the
set {v € Vol v < vy and v < vy }. We denote it by v; Ave. The segment [vy, vo] is
by definition the union of {w |v; Ave < w < w1} and {w|v; A vy < w < wy}.

Pick any valuation v € V.. We say that two points vy, vy lie in the same
direction at v if the segment [vy, v5] does not contain v. A direction (or a tangent
vector) at v is an equivalence class for this relation. We write Tan, for the set of
directions at v.
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When Tan, is a singleton, then v is called an endpoint. In V,,, the set of
endpoints is exactly the set of all maximal valuations. When Tan, contains
exactly two directions, then v is said to be regular. When Tan, has more than
three directions, then v is a branch point.

Pick any v € V. For any tangent vector ¢ € Tan,, denote by U(¥) the subset
of those elements in V. that determine ¢. This is an open set whose boundary is
reduced to the singleton {v}. If v # — deg, the complement of {w € V, |w > v}
is equal to U(t)) where tj is the tangent vector determined by — deg.

It is a fact that finite intersections of open sets of the form U(¥) form a basis
for the topology of V.

There are four types of valuations in V,,. However, we only need one of them in
this paper, which is called curve valuations. Recall that H, is the line at infinity
of P%. For any formal curve s centered at some point ¢ € H,, which is not
contained in H,,, denote by v, the valuation defined by P + (s-ls) orde (P|s)-
Then we have v, € V and call it a curve valuation. We note that the branch s
is determined by its associated valuation vg. All curve valuations are maximal in
Voo

Let C be a curve in P? which is not H,,. Assume that C has a branch Cy at a
point ¢ € Hy,. Then C, defines a curve valuation in V.

Recall that there is a skewness function. « : Voo — [—00, 1] It has the following
properties:
(i) « is strictly decreasing, and upper semicontinuous;
(ii) « is continuous on segments;
(ili) a(—deg) = 1;
(iv) for every curve valuation v, a(v) = —o0;
(v) every valuation satisfying a(v) = —oo is maximal.

Computation of local intersection numbers of curves at infinity. Let s1, s be two
different formal curves at infinity. We denote by (s; - s2) the intersection number
of these two formal curves in P2. This intersection number is always nonnegative,
and it is positive if and only if s; and sy are centered at the same point. When
51, So are not contained in H,, denote by v, , vs, the curve valuations associated
to s; and s9. By [Xielba, Proposition 2.2], we have

(6.1) (s1-52) = (51 Hoo)(82 - Hoo)(1 — (g, A vs,)).

6.2. Local valuative tree. See [Jonl5, FJ04] for details. For a point ¢ € P?
there exist local coordinates (z,w) at g such that @ = k[[z, w]] with the maximal
ideal m := (z,w).
Let V, be the space of normalized valuations centered at g, i.e. the functions
v : k[[z, w]] = [0, 400] such that
(i) v(k*) = 0;
(i) for f,g € k[[z,w]], v(fg) = v(f) + v(g) and v(f + g) = min{v(f), v(g)};
(ili) min{v(2),v(w)} = 1.
The topology on V, is defined to be the weakest topology making the map v
v(P) continuous for every P € k[[z, w]]. Under this topology, V; is compact. The
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space V; is equipped with a partial ordering defined by v < w if and only if v(f) <
w(f) for all f € k[[z, w]] for which is again a real tree (see [FJ04, FJ07, Jonl5]).
The order of vanishing ord, at the point ¢ is a valuation in V. Moreover, it is
the unique minimal point in V.
As in the global case, for every formal curve s at ¢, it defines a curve valuation
vs sending P € k[[z, w]] to m;tord,(P|s), where my is the multiplicity of s at q.
Every endomorphism ¢* of k[[z, w]] induces a map ge : V, = V,, by

ge : v+ (P~ min{ord,(g*z), ord,(g*w)} 'v(g* P)).

This action on V; is continuous. Moreover every point in V, has at most finitely
many preimages.

Remark 6.5. Let U be an open subset of V. Then ge(9(g, "' (U))) C OU. For
every connected component V of d(g,*(U)), we have 0V C 9(g,*(U)). Hence
OV C g, 1 (0U). If QU is finite, then AV is finite.

For a branch of curve s at ¢, let g(s) be its image under the map induced by
g*. Then ge(vl) = vj .

Recall that there is a local skewness function oy : V, — [1,400]. It has the

following properties:
(i) « is strictly increasing, and lower semicontinuous;
(i) ais contmuous on segments;
(iii) a(ord,) =
(iv) for every curve valuation v, a(v) = +00;
(v) every valuation satisfying a( ) = +oo is maximal.

At last we describe the connection between the local valuative tree and the
global one. Assume that ¢ € Hs. There exists a valuation v},  defined by
P — ord,(P|pu,,) for P € k[[z, w]].

Denote by U(q) the set of valuations in V., whose center in X is ¢ and set
U(q) := U(q) U{—deg}. For any v € U(q), there exists r,(v) € R* such that
re(v)v € Vg. Set v? := ry(v)v when v € U(q) and v? := v}, when v = —deg.
The map ¢, : U(q) — V; defined by v +— v? is a homeomorphism. Moreover for
a branch of curve s at ¢ not contained in H,,, we have ¢,(vs) = v?. By [Xiel7a,
Lemma 11.6], we have

¢,({v € U(g)] a(v) = —00} U {~deg}) = {v € V| ay(v) = +o0}.

6.3. Proof of Theorem 6.2. Let f € PVP(2 d) with d > 2. Let S be the set of
supperattracting periodic points of f. It is exactly the union of orbits of periodic
critical points of f, hence S is finite.

We denote by PC(f) the set of irreducible f-periodic curves in P2. Write
PC(f) = PC(f),UPC(f)sU{Hu}, where PC(f)is the set of C' € PC(f)\{Hx}
with C'NS # (). This decomposition is f-invariant. Elements in PC(f) are called
special.

Lemma 6.6. For every C € PC(f) \ {Hx}, it has at most two branches at
infinity.
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Remark 6.7. This lemma holds for every f € P(NV,d) in any dimension N.

Proof of Lemma 6.6. After replacing f by a suitable positive iterate, we may

assume that f(C) = C. Because C'\ Hy, is an affine curve and f(C\ Hy) = C\ Ho
and deg f|c = d > 2, C has at most two branches at infinity. U

The following lemma bounds the special invariant curves.
Lemma 6.8. The set PC(f), is finite.

Proof of Lemma 6.8. After replacing f by a suitable positive iterate, we may
assume that all points in S are fixed points. At every fixed point of f, we still
denote by f the germ of f at ¢ and fe the induced endomorphism on V.

For every ¢ € S, the branch HZ satisfies f*HY = dH% and f.HL = r HL
where 7, is the ramification index of f: H, — Hy at q. Since f is of NP-type,
ry < d. By [Xiel7a, Lemma 5.7], there is w, < vye such that

(i) fe(Wy) € W, where {v € V| vV vge > w,};
(ii) folfy, = vae, as n — oo;
(iii) {v € Vgl ag(v) < 400} € Unzr [ (Wy).
We note that, for every n > 0, the only fe-periodic point in fg™(W,) is vye . In
particular, let C' be an f-periodic curve passing through ¢ and s be a branch of
C at ¢, then v? & U,>1 fo "(W,).
Set K := {v € Vao| a(v) > —3}. It is a compact. Then K, := ¢,(KNU(q)) C V,
is compact. We note that
Kqn{v € Vg ag(v) = +oo} = {vgs } C W,

The compactness of K, implies that there is N, > 0 such that K, C f, Nq(Wq).
By Remark 6.5, the boundary of f, Nq(Wq) is finite.

Then KNU(q) is contained in the unique connected component Y, of ¢, (fo No(w,))
containing — deg. Since Y, has finite boundary, it takes form

Yo =U(@) \ (Vues, {v > w})

where B, = 0Y, \ {—deg}. We note that for distinct points wy,ws € By, w1 #
wy. Then for every periodic branch of curve s at ¢, vs > w(s) for exactly one
w(s) € B,. Because K, CY,, a(w) < —3 for every w € B,.

For C' € PC(f)s, because it has at most two branches at infinity, there is one
branch s¢ at infinity with so - Hoo > deg(C')/2. If C has one branch s at infinity
which does not meet S, then by Lemma 5.11, (s- Hy) = 1. So we may choice s¢
to meet S. Then we get s¢ > w(C) for a unique w(C') € B, where ¢ € S is the
center of s. We claim that for Cy,Cy € PC(f)s, if w(Cy) = w(Cy), then Cy = Cs.
Otherwise C; # Cs, then by Equality (6.1), we have

deg(cl) deg(c2> = (Cl ) CQ) 2> 8¢, 80, = (301 'HOO)<301 ’ HOO)(l - Oé(’USCl /\USCQ))

> (5¢y - Hoo) (50, - Hoo)(1 — a(w(Ch)) > 4(sc, - Hoo)(scy - Hoo) 2 deg € deg O,
which is a contradiction. Then we get [PC(f)s| <>, 5|5,/ is finite. 0
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Proof of Theorem 6.2. Since PC(f) is infinite and PC(f), is finite, PC(f), is
infinite. The proof of Corollary 5.15 shows that every C' € PC(f), has degree
at most two and each brach of C' at infinity intersects H, transversally. So for
every C € PC(f),, deg(C is exactly the number of branches of C' at infinity.
Moreover, by the uniqueness part of Lemma 5.11, it is also |C' N H|. Then for
every C' € PC(f),, deg f(C) = deg C. Moreover for Cy,Cy € PC(f),, C; = Cy if
and only if (C; N Hy) N (Cy N Hy,) # 0.

Let B be the set of C' € PC(f), with degC' = 2. Set e := 1 if B is finite and
e = 2 if B is infinite. Set A = B if B is infinite and A = PC(f), \ B if B is finite.
Then A is infinite, f-invariant and for every C' € A, degC' = e € {1,2}. We note
that if e = 1, then PC(f) \ A is finite. Set R := Ucea(C' N Hy) C Per (f). Then

R is infinite.

For any n > 1, set M, := P(H°(P?,O(n))). It is the space of effective divisors
of degree n in P2. Then f induces a morphism f, : M, — My, sending D to f,D.
There is another morphism ¢ : M,, — M,y sending D to dD. We note that v is
an isomorphism from M,, to its image. Then A can be viewed as a subset of M,.
Let Z be the Zariski closure of A in M,. For every C' € A, f.(C) = df(C) and
f(C)e AC Z. Hence f.(Z) C(M,) and ¢v~to f.(Z) C Z. For every C € Z, we
have ¢! o f,(C) = f(C). Then it induces an endomorphism g : Z — Z sending
C to f(C). Set ¥ := {(z,C) € P2 x Z| x € C}. Tt is a closed in P? x Z. Set

=N (Ho x Z) = {(x,C) € Hy x Z| x € C}.
Let 7;,i = 1,2 be the i-th projection of Hy, x Z. Then R = m(m, ' |r(A)).
Lemma 6.9. For every q € R, |77 (q)| = 1.

By this lemma, for every (z,C) € I', x € R if and only if C € A. Let I'” be
the union of irreducible component I'y of I' with m1(I';) = H,. Since R is dense
in H,, the above lemma implies that I is irreducible and m|p» : I — Hy is
birational. Because H, is of dimension 1 and normal, 7 |p» is an isomorphism.
In particular I'" ~ P!. By Lemma 6.9 again

I"nm(A) =T"Nnm"(R) =T Nnr ' (R) =T Nmy ' (A).

Because A is dense in Z, my(I") = Z. For a general C € Z, |C N Hy| = e and C
intersects H,, transversally. Then m|p» : I — Z is surjective and of degree e.
Then h := ma|pr o (my|pr )™t : P — Z is surjective of degree e. In particular, we
get f > g, hence ¢ is not of NP-type.

Let A be the diagonal of Z x Z. Let K be the Zariski closure of
K' = {(C,Cy,7) € Z x Z xP?| O1 # Cy,x € C; N Cy}
in Z x Z x P2, Set
W= {(C1,Cy,7) € Z x Z x P?| x € C1 N Cy}.

We have K/ C K CW.Let p; : (ZxZ)xP* = Zx Z and py : (Z x Z) x P? — P?
be the projections. For C,Cy € Z with C; # Cy, 1 < ]pllK_l((C’l,Cg))] < e2.
So pilk : K — Z x Z is surjective and generically finite of degree at most €.
In particular, dim K = 2. Moreover, for every irreducible component K; of K, if
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dim K7 =2, p1(K;) = Z x Z. Note that K is invariant under the endomorphism
(gxg)x f on (Z x Z) xP2. Since every point in p; | (Ax A) is (g x g) x f-periodic,
K is also periodic.

For every x € po(K), let Z, be the set of C' € Z with x € C. Then py|y; (7) =
7?2 and pyl(z) = Z2\ Ay, where Ay, is the diagonal of Z2. Then we get

2dim Z, = dim py| s (z) < dim py| 5 (z) < dimpa|y () = 2dim Z,.
So pa|i (z) = 0 or 2. Hence dim py(K) = 0 or 2.

We now prove that dimpy(K) = 0. Otherwise dimpy(K) = 2. Let K; be
an irreducible component of K of dimension 2 such that po(K) = P2. Then
p1(Ky) = Z% and K, is (g x g) x f-periodic. There are Zariski dense open subset
Vi, Vo of Z? and P? respectively such that p;|x,,i = 1,2 is finite flat over V;.
Then p;(p; (V1) N pyt(Va)),i = 1,2 are nonempty open subsets. Because there
is Cy € A such that Co N po(py (V1) Nyt (Vz)) # 0. Pick y € Co N pa(py (V).
Pick z € pi(p2|xi(y)). Let C’ be an irreducible component of pi(p;'(Co)) C
Z?% containing z. Then C’ is a curve. Let C” be an irreducible component of
p1| i (C") satisfying p;(C") = C". We have py(C") = Cy. Then C” is (g x g x f)-
preperiodic. Moreover, for every n > 0, both p;((g x g x f)"(C")) = (g x g)"(C")
and pa((gxgx f)"(C")) = Cy are curves. Then there ism > 0 and [ > 1 such that
D= (gxgx f)™C")is (g x g x f)l-invariant. Then we get (g x g% f)|p ~ f'|c,
is of NP-type. Since (g x g x f)!{p ~ (g x 9)!pu(p) and (g x g)!p.(p) ~ ¢, g is of
NP-type. This is a contradiction.

Now set O’ := py(K) which is finite. Then K C Z? x O'. There is a nonempty
subset O of O" such that the irreducible components of K of dimension 2 are

exactly {Z? x z| € O}. In other words, O = NgezC. For two different C;, Cy €
A, CiNCyN Hy = 0. Hence O C A2

Lemma 6.10. We have that |O| =1 and e = 1.

Set O = {o}. Then Z is exactly the space of line passing through o. After a
changing of origin, we may assume that o = (0,0) € A%(k). Since f preserves the
lines passing through the origin, f is homogenous. Since A C Z and PC(f)\ A is
finite, all but finitely many periodic curves of f are lines passing through o. [J

Proof of Lemma 6.9. Otherwise, there is C7 € A and Cy € Z,C # Cy such that
q € C1NCs. After replacing f by a suitable positive iterate, we may assume that
q is f-fixed and the branch s; of C at ¢ is fixed. Let s, be a branch of Cy at
q. Since f.C; = dC;, v = 1,2, f.s; = ds;. Since f has topological degree d at g,
f*s; = s1. In particular, s; is f~!-invariant. Since s; # s, and they both pass
through ¢, f™(s2) # s; for all n > 0. Hence (s1 - f™(s2)) > 1 for all n > 1. Then
for every n > 0, we have

(51-82) = ((f")"s1-52) = (51 fi's2) = d"(s1- ["(52)) > d",
which is a contradiction. O

Proof of Lemma 6.10. Pick E € A such that {E} x Z € p;(K \ (2% x O)). After
replacing f by a suitable positive iterate, we may assume that f(E) = E. Let C
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be a general point in Z. Then C' N E = O. Since C' is general, g~ (C) is exactly
d general points C, ..., Cy. We have UL, C; C f~1(C). Since
de = deg(UL,C;) < deg f*(C) = de,
we get UL, C; = f~1(C). Then we get
(fle)(0) S fHC)NE = (UL, CGi)NE=0.

Since O C E'\ H,, and all points in E N H, are exception. We get e + |O] < 2.
Hence e = |O| = 1. O
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