ARITHMETIC DEGREE AND ITS APPLICATION TO
ZARISKI DENSE ORBIT CONJECTURE

YOHSUKE MATSUZAWA AND JUNYI XIE

ABSTRACT. We prove that for a dominant rational self-map f on
a quasi-projective variety defined over Q, there is a point whose
f-orbit is well-defined and its arithmetic degree is arbitrarily close
to the first dynamical degree of f. As an application, we prove that
Zariski dense orbit conjecture holds for a birational map defined
over Q whose first dynamical degree is strictly larger than its third
dynamical degree. In particular, the conjecture holds for birational
maps on threefolds whose first dynamical is degree greater than 1.
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1. INTRODUCTION

For a dominant rational map f: X --» X on a projective variety
defined over Q, Kawaguchi-Silverman conjecture predicts that height
growth rate along a Zariski dense orbit is equal to the first dynamical
degree of f. More precisely, let L be an ample divisor on X and let
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hz, be a Weil height function associated with L (we refer to [5,[12,[17]

for the basics of height functions). For a point x € X(Q), we say the
f-orbit is well-defined if

f'(x) ¢ Ip, Vn=0

where I; is the indeterminacy locus of f. The set of such points is

denoted by X(Q):

(1.1) X;(@Q ={ze X Q| f"(x) ¢ Iy, ¥n =0}

For x € X;(Q), the following invariant
af(z) ;= lim max{l,hL(f”(aj))}%

n—aoo
is called the arithmetic degree of f at x, provided the limit exists.
By the basic properties of height functions, it is easy to see that the
limit is independent of the choice of L and hy. The existence of the
limit is proven for surjective self-morphisms on projective varieties |15,
Theorem 3] (it is stated for normal projective varieties, but the general
case easily follows from normal case by taking normalization), and for
arbitrary dominant rational self-maps and points with generic orbit
[20, Theorem 1.3]. Here an orbit is called generic if it converges to
the generic point with respect to the Zariski topology. More generally,
the convergence of the arithmetic degree is proven for orbits satisfying
dynamical Mordell-Lang (DML for short) conjecture.
For i = 0,...,dim X, the i-th dynamical degree of f is defined by

N(f) = lim deg; ,(f")

where the i-th degree deg; (f") is defined as follows. Let I'yn = X x X
be the graph of f™ and let p; : I'yn — X be the projections (i = 1, 2):

an
ml X
X --—-- + X

Then we define

deg; 1 (f") = (p3L" - py LE™*77).
It is known that the limits exist and are independent of the choice of
L (see [7,9,29]). Note that by the definition and the existence of the

limits, we easily see A\;(f™) = \;(f)™ for all m € Z~(. Another impor-
tant but non-trivial fact on dynamical degrees is the log concavity. For
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every i € {1,...,dim X — 1}, the following holds:

Xic1 (A (f) < M(f)?

See [29).
Now let us state Kawaguchi-Silverman conjecture.

Conjecture 1.1 (Kawaguchi-Silverman conjecture [16,27]).

Let f: X --» X be a dominant rational map on a projective variety
defined over Q. Let v € X;(Q). Then () exists (i.e. the limit exists),
and if the orbit Og(x) = {x, f(x), f*(x), ...} is Zariski dense in X, then

ag(r) = M(f).

We refer to [19] for an introduction and recent advances on this
conjecture. It is known that for any x € X;(Q), the limsup version of
the arithmetic degree is bounded above by the first dynamical degree

[18, Theorem 1.4] |13 Proposition 3.11]:

af(z) := limsup max{1, by (f"(2))}" < M (f).
n—0o0
Thus the conjecture asserts that the arithmetic degree would take its
maximal value at points with dense orbit. Although there is no log-
ical implications, it is natural to ask that if there is always a point
z € X;(Q) such that ay(z) = A (f). The answer is yes for surjective
morphisms on projective varieties [21, Theorem 1.6] (it is stated only
for smooth projective varieties, but the proof works for any projective
varieties; just find a point at which the nef canonical height does not
vanish), and also for some classes of rational maps [14, Theorem 3].

See [22024]|125] for related works. In this paper, we prove the following.

Theorem 1.2. Let X be a projective variety over Q. Let f: X --» X
be a dominant rational map defined over Q. Then for any € > 0, the
set

(1.2) {x e X;(Q) ‘ ay(z) exists and ap(x) = M (f) — 8}
is Zariski dense in X.

Remark 1.3. The set (1.2)) is actually dense in X(Q) with respect to
the adelic topology (in the sense of [31]). See [Theorem 3.1|

Remark 1.4. We prove the same statement for quasi-projective vari-
eties ((Theorem 3.1)). The arithmetic degree and the dynamical degrees
are defined as follows. Take a projective closure t: X — X’ i.e. open
immersion into a projective variety X’ over Q. Then a dominant ra-
tional map f: X --» X can be regraded as that of on X', denoted

by f'. Then X;(Q) = X(Q), and we define as(z) := ay(x) for
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z € X¢(Q) (see [19, Definition 2.3]). The well-definedness, i.e. indepen-
dence of the embedding follows from [13, Lemma 3.8], the same trick
as in Remark 2.2] The dynamical degrees are defined in the same way:
Ai(f) := Ai([f'). By the birational invariance of dynamical degrees (see
[7,9,29]), this definition is also independent of the embedding ¢.

In the proof of [13, Theorem 8.4], they find an application of the
arithmetic degree to the following Zariski dense orbit conjecture.

Conjecture 1.5 (Zariski dense orbit conjecture |23, Conjecture 7.14],
cf. [32, Conjecture 4.1.6] as well). Let X be a projective variety over an
algebraically closed field k of characteristic zero, and let f : X --+ X
be a dominant rational self-map. If every f-invariant rational function
on X is constant, then there exists x € Xy(k) whose orbit Og(x) is
Zariski dense in X.

Here X(k) is the set of points with well-defined f-orbit, defined in
the same way as (1.1)). We refer to [31] for the history of this conjecture
and known results. We remark that the conjecture is proven when the
ground field & is uncountable [1,[2]. The conjecture remains open over
countable fields, in particular over Q.

The idea in [13, Theorem 8.4] is, roughly speaking, that a point
z € X;(Q) with af(z) = A\ (f) must have Zariski dense orbit under
some conditions on the map f. Using the same idea, in |22, Theorem
C], the conjecture is proven for cohomologically hyperbolic birational
self-maps on smooth projective threefolds. In this paper, we weaken
the assumption “cohomologically hyperbolic” to “Ai(f) > 17. More
generally, we prove the following.

Theorem 1.6. Let X be a projective variety over Q. Let f: X --» X
be a birational map. If A3(f) < A (f) (we consider this condition is
vacuous when dim X < 2), then Zariski dense orbit conjecture holds
for f. That is, if f does not admit invariant non-constant rational

functions, then there is a point x € X;(Q) with O¢(x) being Zariski
dense.

Remark 1.7. Under the assumption of [Theorem 1.6, if f does not

admit invariant non-constant rational functions, then the set of points

xr € X;(Q) with Zariski dense orbit is dense in X (Q) with respect to
the adelic topology (in the sense of [31]). See [Theorem 4.1|

As a corollary, we have:

Corollary 1.8. Let X be a projective variety of dimension three over
Q. Let f: X --» X be a birational map with \i(f) > 1. Then the
Zariski dense orbit conjecture holds for f.
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Proof. Since \3(f) = 1, the assumption of [Theorem 1.6|is satisfied. [

Idea of the proof.

The idea of the proof of is as follows. By a recent work
of the second author [30], we roughly have

(13)  he(f"(2) = (1 +e)phr(f* (x))
> (L= e)M(N)(he (S (@) = (1 + e)phr(f"(x)))

for some 0 < p < A(f) (after replacing f with its iterate). The
main problem is that we do not know in general if iy ("™ (x)) — (1 +
e)phr(f"(x)) > 0 for some n. To find such a point x, we consider a
curve C' such that the degrees of f"(C') grow as fast as possible, i.e. in
the order of A;(f)". Then for a point 2 € C(Q), we expect inequality
hr(f(z)) = A(f)hr(x) hold. This is justified for points with large
height, but we also need some additional good properties of x, including
well-definedness of its f-orbit. The latter property is satisfied for any
points in some adelic open subset (in the sense of [31]). We ensure
the existence of x € C(Q) with all desired properties by proving that
any height function associated with an ample divisor is unbounded on
a non-empty adelic open subset [Proposition 2.3 Once we find such a
point, shows af(x) = (1 — )\ (f).

The idea of the proof of is as follows. By [Theorem 1.2}
there is a point = such that ay(z) > A3(f). It is known that if birational
f does not admit invariant non-constant rational functions, then there
are only finitely many totally invariant hypersurfaces. Thus we may
assume the orbit closure Oy (z) is either X or has codimension at least
two. If it is X, we are done. If it has codimension r > 2, then we
can show roughly ay(z) < )\1(f|m) < A (f) < A3(f), and this is a
contradiction.

Convention.

e An algebraic scheme over a field k is a separated scheme of finite
type over k.

e A wariety over k is an algebraic scheme over k£ which is irre-
ducible and reduced.

e For a self-morphism f: X — X of an algebraic scheme over k
and a point x of X (scheme point or k’-valued point where k' is
a field containing k), the f-orbit of = is denoted by Of(x), i.e.
O¢(x) = {f"(z) | n = 0,1,2,...}. The same notation is used
for dominant rational map f: X --+ X on a variety X defined
over k and z € X¢(k) = {x € X(k) | f"(x) ¢ I;, Vn = 0}. Here

I is the indeterminacy locus of f.



6 YOHSUKE MATSUZAWA AND JUNYI XIE

e Let f: X --» X be a dominant rational map on a variety X
over a field k. For a point x € X;(k), we say (X, f,z) satisfies
DML property if for any closed subset W < X, the return set
{n>=0] f"(x) e W} is a finite union of arithmetic progressions.

e Let k be an algebraically closed field of characteristic zero. For
a dominant rational map f: X --» X on a variety over k, \;(f)
denotes the ¢-th dynamical degree of f for i« = 0,...,dim X.
The cohomological Lyapunov exponent is denoted by u;(f) =
Ni(f)/Aici(f) fori=1,...,dim X. We set piqimx+1(f) = 0.
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the Simons symposium “Algebraic, Complex, and Arithmetic Dynam-
ics (2024)”. The authors would like to thank Simons Foundation, Laura
DeMarco, and Mattias Jonsson for hosting and organizing the sympo-
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Wang for helpful comments. We are grateful to the referee for the care-
ful reading and many valuable comments. The first author is supported
by JSPS KAKENHI Grant Number JP22K13903. The second author
is supported by the NSFC Grant No.12271007.

2. HEIGHT UNBOUNDEDNESS ON ADELIC OPEN SETS

In this section, we prove that a height function associated with an
ample divisor is unbounded on a non-empty adelic open subset. For an
algebraic scheme X over Q, the adelic topology is a topology on X (Q)
introduced by the second author in [31]. The definition involves several
steps, so we do not write down it here and refer to [31, Section 3] for
the definition and basic properties. The point of the topology is that it
allows us to discuss analytic local properties of Q-points (because it is
defined by using p-adic open sets) while keeping coarseness of Zariski

topology; if X is irreducible, then X (Q) is irreducible with respect to
the adelic topology.

Definition 2.1. Let X be a quasi-projective scheme over Q. A subset
A < X(Q) is said to be height bounded if the following condition holds.
For any immersion 7: X < P into a projective scheme P defined over
Q, any ample Cartier divisor H on P, and any logarithmic Weil height

function hpy associated with H, the subset
{hg(i(x)) | xe A} c R
is bounded.

Remark 2.2. The set is always bounded below since so is hy. The
definition remains equivalent if we require the boundedness only for
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some i: X «— P, H, and hy. Indeed, if j: X «— P’ is another immer-
sion to a projective scheme, H' is an ample Cartier divisor on P’, and
hg is a height associated with H’, form the following diagram:

Tpr 1

x P’

pro

P/

4

S
>
i)

\
7

!

where X is the scheme theoretic closure of (4,7)(X) in P x P'. Take
n = 1 so that

P2+ (PFOp(—H)Q0, p3Op (nH')) =~ (p2,piOp(—H))Qo,, Op (nH')

is globally generated. Note that p;*(j(X)) = X. Then the base locus
of np3 H' — p*H is contained in X\ X, and hence nhy — hy = O(1) on
X(Q). Similarly, there is an m > 1 such that mhy — hgy = O(1) on

X (Q). Thus we are done.

We use the notation and terminologies on adelic open subsets from
[31, Section 3].

Proposition 2.3. Let X be a quasi-projective variety over Q with
dimX > 1. Let A ¢ X(Q) be a non-empty adelic open subset in the
sense of [31]. Then A is not height bounded.

To prove this proposition, we prepare some terminologies and a
lemma.

Definition 2.4. Let K < Q be a number field. For an algebraic
scheme X over K and d € Z~, we define

X = |J X(1)<x@.

KcLcQ
[L:K|<d

where each X (L) is regarded as a subset of X (Q) via the inclusion
LcQ.

Lemma 2.5. Let X be a quasi-projective variety over Q with dim X >
1. Let A = X(Q) be a non-empty basic adelic subset in the sense of
|31, Section 3]. Let K < Q be a number field and Xy a model of X

over K. Then there is d € Z~; such that A n Xk (d) is Zariski dense in
X.
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This follows from the proof of [31, Proposition 3.9]. We include here
a proof for the completeness.

Proof. By replacing K with a finite extension and replacing A with an
appropriate subset, we may assume A is a basic adelic subset over K
with respect to Xx. Moreover, we may assume

AZXK«Ti,Ui),i = 1,...,m)

where 7;: K — C,  are field embeddings such that | |; :== |5( )lc,,,
are distinct absolute values on K, and as usual U; = Xg(C,, ) are
non-empty pr-adic open subsets. (see the beginning of the proof of
[31, Proposition 3.9] for more details. ) Let K, be the closure of 7;(K)
in Cp, . By further replacing K with a finite extension, we may assume
U; n Xk(K)p,) # . Note that this in particular implies U; n X (K),)
is Zariski dense in (Xx)x,, -

By Noether normalization, there is a non-empty open subscheme
Xy < X with finite étale morphism

T X —V

to an open subscheme V < A% of an affine space. By taking a con-
nected Galois étale covering of V' dominating X3, (see |11, Proposition
3.2.10] for example) and applying it to |26, Proposition 3.3.1], there is
a thin subset Z < V(K) such that for all 2 € V/(K)\Z, the scheme the-
oretic inverse image 771 (z) is integral, i.e. it is of the form Spec (field).

Let W, = n(U; n X3 (K),)), which is a non-empty open subset of
V().

Claim 2.6. The set

m

(VIENZ) ()W

i=1
is Zariski dense in V.
Proof of [Claim 2.6 Suppose it is contained in a proper Zariski closed

subset C < V. Let ¢: V(K) — [, V(K,,),z — (z,...,x) be the
diagonal embedding. Then we have

o TLnonw) o T w) ez - 2.
1<i<m 1<i<m
Since W; are Zariski dense in VKm?

[T o)~ IT w

1<ism 1<ism
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is a non-empty open subset of [ [, V/(K},). But by the same proof of

i

[31, Lemma 3.11], ¢»(V(K)\Z) is dense in [ [*; V(K),). Thus we get a

i

contradiction. O

Let z € (V(K)\Z) n(;~, W;. Then 7~ '(z) = Spec L for some finite
field extension L of K. Note that [L : K] < degnw. Fixing a field
embedding L — Q over K and we get a point z € X3 (Q) ¢ Xg(Q):

X3 +—— Spec L «+—— SpecQ

| !

V —— Spec K.

Since x € W; = w(U; n X} (K,,)), there is a point y; € U; n X3 (K),)

i

such that 7(y;) = . Then we get the following diagram

Spec K, «—— SpecC,_

> |

X§ ¢—— Spec L +—— SpecQ

| J

V ¢—— Spec K

where the dashed arrow is induced by extending L — K, — C,_
to Q — Cp,,. This embedding restricted on K agrees with 7;. This
means z € X (7, Uin X (C,, ) = Xk(7,Us). Therefore we proved z €
An Xk (degm). Since z is an arbitrary element of (V(K)\Z)n( -, Wi,
which is Zariski dense in V', these z’s are Zariski dense in X and we
are done.

m

Proof of |[Proposition 2.5 We may assume A is a general adelic subset,
i.e. there is a flat morphism 7: Y — X from a reduced algebraic
scheme over Q and a basic adelic subset B — Y(Q) such that A = 7(B).
By replacing Y with a small open affine subscheme of an irreducible
component intersecting with B, we may assume Y is a quasi-projective
variety. Let K < Q be a number field such that X, Y, and 7 are defined
over K. Let mg: Yx —> Xk be their model. Now suppose A is height
bounded. Then for all d € Z>,, A n Xk(d) are finite sets because of
Northcott’s theorem. Since B n Y (d) = 7 (A n Xk(d)), 7 is flat,
and dim X > 1, B n Yg(d) is not Zariski dense in Y for all d € Z;.
This contradicts [Lemma 2.5l O
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Remark 2.7. The proof also shows the following. Let X be a quasi-
projective variety over Q and let A ¢ X (@) be a non-empty adelic
open subset. Let K = Q be a number field and X a model of X over
K. Then there is a d € Z>, such that A n X(d) is Zariski dense in X.

3. ARITHMETIC DEGREE CAN BE ARBITRARILY CLOSE TO
DYNAMICAL DEGREE

In this section, we prove [['heorem 1.2| As mentioned in |Remark 1.3]

we prove the density with respect to the adelic topology introduced
in [31]. Since ‘the adelic topology is finer than the Zariski topology
induced on X (Q) (see |31, Proposition 3.18]), |Theorem 1.2| follows.

Theorem 3.1. Let X be a quasi-projective variety over Q. Let f: X --»
X be a dominant rational map defined over Q. Then for any £ > 0,
the set

{z € X;(Q) | ay(x) exists and ap(z) = M (f) — ¢ }

is dense in X (Q) with respect to the adelic topology.

Proof. By replacing X with its smooth locus, we may assume X is
smooth. Let us take a projective closure t: X — X' ie X' is a
projective variety over Q and ¢ is an open immersion. By replacing X’
with its normalization, we may assume X’ is normal. Let L be a very
ample divisor on X’. We take L so that the embedding X' «— ]P’% by
the complete linear system |L| is not an isomorphism. We regard f as
a dominant rational self-map on X’. Let us write \; = A\;(f) and p; =
wi(f). Note that by the log concavity of dynamical degrees (and the

convention fgimx+1 = 0), we have p1 = -+ = fdimx > fldimx+1 = 0.
To prove the theorem, we may assume A; > 1. Take p e {1,...,dim X}
such that

H1 == Hp > fp+1-

Let € > 0 be an arbitrary positive number. Let A < X(Q) be an
arbitrary non-empty adelic open subset. We will construct a point

z € X;(Q) n A such that af(zr) = A\ —e.
Take ¢ € (0,1), which is close to 1, such that

(3.1) ?5;1 <1, Cup>1, A=A\ -—c
P

By [30, Remark 3.7], there is an m¢ > 1 such that for all m > mc,
(3.2) (me)*L + (kphtp+1)™ L — (Cup) " (f™)*L
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is big as elements of 15'\1/(:(X’)R. Here IS'\I/C(X/)R is the colimit of Pic(X”)g
where X” runs over birational models of X’. The pull-backs (f>™)*, (f™)*
are defined in a natural way using higher birational models. See [30)]
for the detail. We fix an m > m¢ so that

(33) <2m +C 2mup+1 < Cm

holds. Such m exists because of (3.1]). Let us fix a Weil height function
hr: X'(Q) — R associated Wlth L We choose hy, so that hy > 1. By
(3.2), there are ¢ € R and a Zariski open dense subset V' < X such that

Vﬁ]fm :Vﬁ]me 2@
hy, o me + (,upﬂp+1)mhL - (C:up) hr o fm ¢ on V(@)
Then by (3.3), we have

hy o [ + (CQm o) ) — (¢ + ¢ g )he o f7 > e

or, equivalently
hpo f" = ¢l by o f™ = Gt (hy o f™ = C 2™t (hy) + ¢
on V(@) If we take ¢; € R so that ¢; — CQmugcl = ¢, then we have

(3.4) hpo f™ = ¢ hp o f™ — e
> gt (hy o f™ = ¢ hy — 1)

on V(Q). This recursive inequality almost shows that the arithmetic
degree is at least CQm,u;”. What we need to show is that there is at
least one initial point at which hy o f™ — (~ 2mlup “1hr — ¢ is strictly
positive. We will find such point on a curve whose forward iterates by
f™ have maximal degree growth. But we first need to guarantee that
there are plenty of points whose orbits are well-defined and have nice
properties.

By |31}, Proposition 3.24, Proposition 3.27] (see proof of |22, Propo-
sition 3.2] as well), there is a non-empty adelic open subset A’ = V(Q)
such that for all z € A’, we have

z € X3(Q), #0;(z) = 0, Of(x) < V, and
(X', f, ) has DML property (see convention).
Now set g = f™. Let d = dim X. Since Ai(g) = M (f)" = ui* = 1,

we have

lim ((g")*L - Ld_l)% = iy

n—ao0
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(Here (¢g™)*L is the one defined as an element of ﬁ:(X’)R. So is the
intersection number.) We choose 1 € (0, 1) close to 1 and [ € Z>, large
enough so that

((¢)*L- L") = ()
Ny > ¢
ey
(2(L4)7
We can choose such 7 and [ because of .
Let us pick a point a € A n A" such that

—2
>

e X' is smooth at a;
e the projection from a, p,: IP’% -— ]P’g’l, is generically finite on

X"\{a}.

(Recall we chose L so that the embedding X' — IP’% defined by |L| is not
an isomorphism. In particular, X’ is not contained in a hyperplane of
]P’g and thus projection from a general point of X’ is generically finite on
X'. Such a exists because a non-empty adelic open set is Zariski dense.)
By the choice of A’, we have a ¢ I;. Note also that codim I; > 2 since
X' is normal projective. Let I' < |L| be the sub-linear system consisting
of all hypersurfaces passing through a. If dim X’ > 2, by [Lemma 3.3]
there is an H; € I' such that H; is irreducible and reduced, smooth
at a, dim Hy n I < dim [, and p, is generically finite on H;\{a}. If
dim H; > 2, apply the same argument to the restriction of I' to H;
and get Hy € I" such that Hy n Hs is irreducible and reduced, smooth
at a, dim H; n Hy n Iy < dimI; n Hy, and p, is generically finite
on Hy n Hy\{a}. Repeat this and we get Hy,...,Hy 1 € |L| passing
through a such that

C:=H{n - -n Hy_;is an irreducible and reduced curve;
Cn [gl = @

Moreover, the local equations of Hy, ..., H; 1 form a regular sequence
at each point of C.
Let us consider

Fgl
N
X'

where I';; is the graph of the rational map g'. Then we have

((¢)*L- L") = (G*L-7*L¥") = (G*L - 77'(C)) = deg(d'|c)*L.
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(Here for the second equality, we use the equality of schemes 7*H; N
N Hy_y = 7 H(C) to see that the cycle class ¢ (7*L)4 n [Ty] is
represented by the cycle [771(C)]. )
Thus we get (use |12, Theorem B.5.9] on the normalization of C' to
compare hg )¢z, and b))

deg(g'|c)* L
hL O gl|c = h(gl|0)*L + O(l) = —dig 5)0 hL‘C + O( (hL)‘C)
m\l
nH /
> W (e - ¢V ol

on C°(Q) where C° is the normal locus of C' and ¢ is a constant depends
on C, (¢'|c)*L, L|c, hr. Here for the inequality, we use deg L|c = (L?),
which holds since C' is the complete intersection of members of linear
system |L|.

By the construction of C' (namely a € C), C°(Q) n A n A’ is a non-
empty adelic open set of C'(Q). By [Proposition 2.3 there is a point
e C°(Q) N An A such that

¢ _(lug)
hL(l") h Q(Ld) ’
hr(¢'(x)) =M i=0,...,1,

where M e R.; is a large constant that we choose below. Then we
have

ha(d(e)) > %hm

Thus there is an i € {0,...,] — 1} such that

i+1 Ny ;
hi(g™ (x)) = Whm (2)).

Since z € A', g'(x) = f™(x) € V. We have
(hro f™ = ¢y he = e1)(g'(2))
= hi(g"™(2)) = " ppiihi(g'(2) — a1

Ny, —2m, m i
> (s — €2 o) -

77Np —2m , m
g ((z@d))lﬂ - “p“)M‘Cl'

If we chose M so that this quantity is strictly positive, then we get
(hp o f™ = 2"y hr — e1)(g'(2)) > 0.
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Since z € A, we have ¢"(z) = f™(x) € V(Q). Thus by , we get
hi(g™" (@) = ¢ b (g™ (7)) — e
> ()" Hhe (g™ (@) = C My he(g'(2) — 1)

for n > 1 and thus

a,(¢'(x)) = liminf by (¢ (2))7 = .

n—a0

By |22, Lemma 2.7],

ap(r) = ap(f™(@) = ay(g' (@) 7 = Py = (A = M —e.

Since (X', f, z) satisfies DML property, by [20], the arithmetic degree
ay(r) exists, i.e. ap(r) = a,(x). Thus we are done. O

Remark 3.2. In the setting of [Theorem 3.1] the set

= | ay(x) exists, ay(z) = M (f) —¢,
{x € X¢(Q) (X, f,x) satisfies DML property

is dense in X (Q) with respect to the adelic topology. This follows di-
rectly from the above proof, or [31, Proposition 3.27] and [Theorem 3.1}

Lemma 3.3. Let X be a projective variety of dimension > 2 over
an algebraically closed field of characteristic zero. Let L be a very
ample line bundle, a € X a smooth closed point, and W < X a closed
subset such that a ¢ W. Suppose I'  |L| is a sub-linear system of the
complete linear system |L| consisting of hypersurfaces passing through
a. If

e at least one member of I' does not contain any of the irreducible
component of W ;

e the base locus of T is {a};

e at least one member of I' is smooth at a;

e the rational map X --+ P" defined by I' is generically finite,

then a general member H € 1" satisfies:

(1) H is irreducible and reduced;
(2) any irreducible component of W' is not contained in H;
(3) H is smooth at a.

Proof. First note that since containing an irreducible component of
W is a closed condition, a general member of I' does not contain any
irreducible component of W.

Next, note that the restriction of I to X\{a} has no base point. By
[10, Corollary 3.4.9], for a general member H € I', we have H\{a} is
reduced. Moreover, since being singular at a is a closed condition, for
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a general H € I', H is smooth at a. In particular, general H € T" is
reduced.

Finally, since dim X > 2, I" satisfies the assumption of |10, Theorem
3.4.10], and thus a general member of I is irreducible. U

Question 3.4. Is it possible to remove ¢ from the statement of
orem 3.1)? That is, are there always points v € X;(Q) such that

ar(r) = M(f)?

If there is a family of rational maps

such that Ay(f) is strictly larger than any of Ai(f|x,), where X, is

the fiber over y € Y(Q), then the answer to the above question is no.
But we do not know if such rational map exists or not for now. Note
that over an uncountable field instead of Q, there is no such map since
A (flx,) = M (f) for very general point y by the product formula [7,29]
(under suitable assumptions on the family such as [30, Definition 1.7]).
On the other hand, there is an example of a map over SpecZ such
that the dynamical degree on the generic fiber is strictly larger than
that of every special fiber [30, Example 1.10]. Although in this case,
dynamical degree of the map on the total space is not defined as it is
not a variety over a field.

4. ZARISKI DENSE ORBIT CONJECTURE FOR BIRATIONAL MAPS
UNDER CERTAIN CONDITIONS

In this section, we prove [['heorem 1.6, We prove the following

stronger statement.

Theorem 4.1. Let X be a projective variety over Q. Let f: X --» X
be a birational map. If \3(f) < M\ (f) (we consider this condition is
vacuous when dim X < 2), then Zariski dense orbit conjecture holds for
f. More strongly, if f does not admit invariant non-constant rational
functions, then the set

{z € X;(Q) | Oy(z) is Zariski dense in X }

is dense in X (Q) with respect to the adelic topology.
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Proof. Let us take non-empty Zariski open subsets U,V < X such that
U,V are smooth and f induces an isomorphism U — V:

X --=-- > X
U U
U——V

Let us consider the induced dominant rational self-map ¢g: U n'V --»
UnV.

Suppose f does not admit invariant non-constant rational function.
Then g does not admit invariant non-constant rational function, either.
By [3, Corollary 1.3] or [6, Theorem B], there are only finitely many
totally invariant hypersurfaces of g. Here a hypersurface means closed
subset of pure codimension one, and a closed subset Y < U n'V is said
to be totally invariant under g if

Y’ dominates an irre—}

_ , _ ——1 >~ irreducible .
Y = U {Y < lyeng, (V) component ?fuilge; component of

as sets. Let H < U n'V be the union of all of such invariant hypersur-
faces.

Since g does not admit invariant non-constant rational function, it
is of infinite order. Thus for any given non-empty adelic open subset

A c X(Q), thereis a point x € (UnV),(Q) n A\H with infinite g-orbit
(see [31, Proposition 3.24]). When dim X > 3, by , we can
take such z so that o, (z) > A3(g) = As(f).

We prove Oy(x) is Zariski dense. Let Z = O,(x) be the Zariski
closure in U n'V and suppose Z # U nV. Since Oy(z) n 1, = &, Z\1,
is dense in Z and g(Z\1,) = Z. As gly~v\i,: UnV\[j — UnV is an
open immersion, g acts on the set of generic points of Z transitively.
Thus Z is pure dimensional and totally invariant under g. Since x ¢ H,
we have Z ¢ H and thus dim Z < d — 2, where d = dim X. When
d < 2, we are done since we took z so that Of(x) is infinite.

Suppose d > 3. Let us fix an irreducible component W < Z of Z
containing = and take an m > 1 such that ¢™(W\I;m) € W. Note that
since ag(x) > A3(g) = 1, dimW > 0. Also ¢™ is isomorphic at the
generic point of W. Thus by [22, Lemma 2.3], we have

)\1 (gm|W) < )\1+codimW(gm)'

Since codim W = 2 and A1 (¢™) = M (9)™ > A3(9)™ = A3(¢g™), by the
log concavity of dynamical degrees, we have A\ ycoqimw (9™) < A3(g™).
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Thus we get

A(g™w) < As(g™) (< Ai(g™))-
Then we get

ag(x)"™ = agn(z) = agn),, (1) < Mi(g"w) < As(g™) = As(9)™,

where the first inequality follows from [13, Proposition 3.11]. This
inequality contradicts the choice of x. O

Remark 4.2. Under the assumption of [Theorem 4.1, when f does

not admit invariant non-constant rational function, the proof actually
shows the following: for any € > 0, the set

{z € X;(Q) | Oy(z) is Zariski dense in X and ay(z) = M\ (f) — ¢}

is dense in X (Q) with respect to the adelic topology. In particular,
for any € > 0, there is an z € X;(Q) such that (X, f,z) satisfies
DML property, Of(x) is Zariski dense in X, and af(x) > M\(f) —¢
(see |31, Proposition 3.27]). In this case, the orbit Of(x) is generic.
By [20, Theorem 2.2, af(x) can take only the values from {\;(f) =

wi(f), ma(f),1}. Thus if we take € small enough, our point z satisfies
ar(x) = M(f).

Remark 4.3. Long Wang pointed out us that [Remark 4.2/ and [4] give
us an example of a birational map with a Q-point whose arithmetic

degree is a transcendental number. Indeed, by [4], there is a birational
map f: IP% -— IP% whose first dynamical degree is a transcendental
number. This map f does not admit non-constant rational function.
Indeed, if it is the case, the first dynamical degree of f is equal to the
first relative dynamical degree with respect to a non-constant ratio-
nal map to a curve, which is equal to the first dynamical degree of a
very general fiber (take base change to C to find such a fiber). Since
the relative dimension is two, the first dynamical degree on the fiber
is algebraic, as a birational map on a surface is always birationally
conjugate to an algebraically stable map [8, Theorem 0.1]. This is a

contradiction. Therefore, by [Remark 4.2} there is a point x € (IP%) 7(Q)

such that ay(z) = A\ (f), which is a transcendental number.

We note that the existence of transcendental arithmetic degree is
first proven in [22]. The map in the example was not birational, and
finding an example of a birational map was left as a problem. Such
an example was recently constructed by Sugimoto in |28]. The above
argument gives another construction of such example.

Corollary 4.4. Let X be a projective variety over Q of dimension
four. Let f: X --» X be a birational map with A\;(f) # A3(f). Then
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Zariski dense orbit conjecture holds for f. More strongly, if f does
not admit invariant non-constant rational function, then the set {z €
X4(Q) | Of(z) is Zariski dense in X} is dense in X (Q) with respect to
the adelic topology.

Proof. IEAi(f) > As(f), then this is exactly the same with[Theorem 4.1]
Suppose A1 (f) < A3(f). Since \i(f™') = A\y_i(f) for i = 0,...,4, we
have A\ (f71) = A3(f) > M(f) = A3(f~1). Moreover, if f does not

admit invariant non-constant rational function, then neither does f1.

Thus by [Theorem 4.1], the set
{re X;-1(Q) | Op-1(x) is Zariski dense in X}

is dense in X (Q) with respect to the adelic topology. As before, let us
take non-empty Zariski open subsets U,V < X such that f induces an
isomorphism U — V:

X --=-- > X
U U
U——YV

Let us consider the induced dominant rational self-map ¢g: U n'V --»
U n V. Then by [31], Proposition 3.27], the set

(UnV)(@Q) n(Un V)g‘l((@)

contains non-empty adelic open subset of (U n V)(Q), hence of X(Q).
Therefore the set

{ze(UnV)y(@Q) n(UnV)y-1(Q) | Oy1(x) is Zariski dense in U n V'}

is dense in X (Q) with respect to the adelic topology. Now we claim that

any point z in this set has the property x € X;(Q) and Oy(x) is Zariski

dense in X. The first property is obvious as x € (UnV),(Q) = X;(Q).

By the choice of U, V', we see that Oy(z) < (UnV),-1(Q). We note that
Oy () is infinite since otherwise x is g-periodic and contradicts Zariski

density of Oy-1(x). Let Z < Og4(z) be a top dimensional irreducible
component. Here the closure is taken in U n' V. Then (Z n O,4(z))\{z}
is Zariski dense in Z since dimZ > 0. Thus g ' (Z\[,-1) < Oy(x).

Thus g=1(Z\I,~1) is also a top dimensional irreducible component of

Oy(x), and hence we can apply the same argument.

Now take a point y € Z N O,(z). Then y € (UnV),-1(Q) and by the
above argument, we have Oy-1(y) < Oy(x). Since Oy-1(x) < Oy-1(y)
and O,-1(x) is Zariski dense in U n V', we are done. U
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