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ABSTRACT. We prove the dynamical Mordell-Lang conjecture for product of endo-

morphisms of an affine curve and a projective curve over Q.

1. INTRODUCTION

The dynamical Mordell-Lang conjecture is one of the core problems in the field of
arithmetic dynamics. It was proposed by Ghioca and Tucker in | | and can be

stated as follows:

Dynamical Mordell-Lang Conjecture (DML Conjecture). Let f : X — X be
an endomorphism of a quasi-projective variety over a field K of characteristic 0, and V
be a closed subvariety of X. Then for every x € X (K), the return set {n € N| f*(z) €

V(K)} is a finite union of arithmetic progressions.

There is an extensive literature on various cases of the DML conjecture. Two signif-

icant cases are as follows:

(1) If X is a quasi-projective variety over C, and f is an étale endomorphism of X,
then the DML conjecture holds for (X, f). See | | and | , Theorem
1.3).

(2) If X = AZ, and f is an endomorphism of X, then the DML conjecture holds for
(X, f). See | ] and [Xie, Theorem 3.2].

One can consult | , Xic] and the references therein for further known results.
In this article, we investigate the DML conjecture for certain types of split endomor-

phisms.

Theorem 1.1. Let X be an affine curve and Y be a projective curve over Q. Let
f:X = Xand g : Y — Y be endomorphisms. Then DML conjecture holds for
(X XY, fxg).
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It turns out that major case is about A' x P!. Hence we state this as a proposition

and will mainly deal with it later.

Proposition 1.2. Let f : Al = A' and g : P! — P' be endomorphisms over Q. Then
DML conjecture holds for (A' x P1, f x g).

In the proof of Proposition 1.2, we first apply the results in | , | and
[XY] to make some reductions and further assumptions about the endomorphisms.
Namely, we may assume that deg(f) = deg(g) > 1 and no iterate of g can conjugate
to a polynomial. Then the key observation is that for an appropriate place, the Al
coordinate of a non-preperiodic orbit tends to infinity with the maximal speed, while
the P! coordinate of any subsequence of that orbit cannot tend to any point with such
a speed. This forces that orbit to have a finite intersection with every (non-horizontal
and non-vertical) curve.

We can deduce from Theorem 1.1 that the DML conjecture holds in more general
settings.

We recall a concept following [Xie, Definition 1.3]. For a quasi-projective variety X
over a field K and an endomorphism f, we say (X, f) satisfies the DML(1) property, if
for any curve C' C X and any point x € X (K), the return set {n € N| f"(z) € C(K)}
is a finite union of arithmetic progressions. Here “1” stands for the dimension of the

closed subvariety.

Corollary 1.3. Let X be an affine variety and Y be a projective variety over Q. Let
f: X —>Xand g:Y — Y be dominant endomorphisms. Assume that (X, f) and
(Y, g) satisfy the DML(1) property. Then (X XY, f x g) satisfies the DML(1) property.
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2. PROOF OF THE MAIN RESULTS

Firstly, we recall a lemma which plays a key role in the proof. It guarantees that
for a rational function which has no exceptional points, any subsequence of a non-
preperiodic orbit cannot tend to any point with the maximal speed. It was proved in
[ , Theorem EJ. See also | , Theorem 1.11] and | , Theorem 1.8] for some

generalizations.



Lemma 2.1. Let f : P! — P! be an endomorphism of degree d over a number field K,

and p € P1(K) be a non-exceptional point. Fiz a coordinate of P! such that p is not the

infinity. Let v € My be a place. Then for any non-preperiodic x € PY(K), we have
iy —logmin{|f*(z) —plo, 1} _

n—+4o0o dnr

0.
Now we can prove Proposition 1.2.

Proof of Proposition 1.2. First we make some assumptions and reductions.

In view of | | and [XY, Corollary 1.9], we only need to treat the case when
deg f =degg=d > 1.

If g is conjugated to a polynomial map, then we reduce to the case of endomorphisms
of A? | ]. Since the DML property is invariant under iteration, we may assume
that any iteration of g is not conjugated to a polynomial map. Let (xg,y0) be the
starting point and let C C A! x P! is an irreducible curve. In order to prove the DML
conjecture, we may assume that xy and y, are neither preperiodic points for f and g,
and that C is not a fiber of A! or P!. In this case, we prove that C(Q) N Oyx4(70, vo)
is finite.

Extend f to oo. Let C be the closure of C in P! x P! and I, = {oo} x P! Let
by, ..., b be the second factor of the intersection points in C'Nly. Applying a suitable
conjugation by an element in Aut(P') on the second P!-factor, we may assume that
00 & {by,...,bx}. Let K be a number field so that all data above are defined over K.

Lemma 2.2. If zy € AY(K) is not a preperiodic point of f, then there erist a place

v € Mg, constants c1,co > 0, and a positive integer N, such that for n > N, we have

cad™ < log|f™(xo)]w < cad™.

Proof. Write f = aqz® + ag_12%7 ' + - - - + ag, where ag # 0. Denote M  as the set of
d—1

archimedean places of K. Let S = Mk U{v € MK‘ laqgl, #1} U U {v € MK‘ la;|, >
=0

d—1
1}. Note that S is a finite set. For v € S, we denote C, = %(1 + > |ail,) + 1.
i=0

aglv
Since Oy(zo) is infinite, we know {h(f™(x¢))| n € N} is unbounded_by the Northcott
property. Here h is the height function. Then we can find either a place v ¢ S together
with an integer N such that |f¥(x¢)|, > 1, or a place v € S together with an integer
N such that | fN(zg)], > C,.
In the previous case, we have | f"*1 ()], = | f"(20)|¢ when n > N. Hence the lemma

follows.
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In the latter case, the inequalities §|ad|v < o

< 3lagly and [f™(xo)|s > Cy
hold for every n > N. Taking logarithm, we get

1 n n 3
log (5 aaly) < log |+ (o), — dlog | (zo)] < log(5ladl).

Then for n > N, by taking summation in the standard way, we get

10g(|ad|v/2)
d—1

< (log | f™ (xo)ls + bgﬂ%)dnw - bg(d%#.

Thus we finish the proof. O

- _ loaladl/2

(1og |1 (o)l + sk

< log|f"(zo)lo

Now assume that C'N Ofy,((70,y0)) is infinite. By Lemma 2.2, we find a place
v € My where | f™(xq)|, — 00. Let (n;);>1 be the return set {n € N| (f"(zo), 9"(y0)) €
C(K)}, ¢ be the defining function of C, and ¢, = ¢|;... Let z and y indicate the
standard coordinates on A' and P!, respectively. Write ¢ = 1" 2' 3" ai;97, then
Voo = Z?:o amjyj. Then a,,, # 0 as we have assumed that C' does not intersect l,, at
(00, 00).

For a point (z,y) € C(K) such that x # 0, by rearranging the terms of the defining
equation ¢ and by dividing both sides by 2™, we have

m—1 n n k

(2.1) Z " Z ay’ = — Z amjy’ = —Qmn H(y — by)ts
i=0 Jj=0 Jj=0 s=1

where [y, ..., are the multiplicities of the roots by, ..., b; in Y.

Write (x;,y;) = (f"(20), 9™ (yo)). We claim that |z;|, — oo forces 1r<nsi£1k |y —bs|, — 0.
Otherwise, by extracting subsequence, we can assume |y, — bs|, > & for some ¢ > 0,
every s and every | > 1. If {|yi|,}i>1 is bounded, then when | — oo, the LHS of (2.1)
tends to 0 while the RHS has a positive lower bound, which is impossible. If {|y|,}i>1
is unbounded, by extracting subsequence, we assume |y;|, — co. Divide by y]' in the
both sides of (2.1), then when k& — oo, the LHS of (2.1) tends to 0 while the RHS tends

t0 Gy # 0, a contradiction. Therefore, we get 1gli£1k lyy — bs|y — 0.
8>

Passing to subsequence, we may assume |y; — by|, — 0. Then there is a constant ¢
such that |y, — by|l < ﬁ for [ sufficiently large. So we get —log |y, — b1|, > cd™ for
some constant ¢ > 0 when [ is large.

Now we apply Lemma 2.1 to get a contradiction. It only remains to verify that b,
is not an exceptional point for g. But as we have assumed that no iterate of g can

conjugate to a polynomial map, in fact g has no exceptional point. Otherwise, the
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iteration ¢ will have an invariant exceptional point. Applying a suitable conjugation
by an element in Aut(P!), we may send that point to co and then ¢? is conjugated to

a polynomial map. Thus we finish the proof. 0
Now we prove Theorem 1.1 and Corollary 1.3.

Proof of Theorem 1.1. We may assume that f and g are dominant. By taking normal-
ization, we assume that X and Y are smooth. Take a smooth projective closure X of
X. Then we can extend f to an endomorphism f: X — X.

If the genus of X is greater than 1, then some iteration of f is the identity, and the
DML conjecture holds trivially in this case. The same is true if the genus of Y is greater
than 1.

If the genus of X and Y are both 1, then f and ¢ are both étale. Hence f x ¢ is also
étale. Then the DML conjecture holds by | |.

If the genus of X is 1 and the genus of Y is 0, then f is étale and the DML conjecture
holds by | , Corollary 1.2]. The same is true if genus of X is 0 and the genus of Y’
is 1.

If the genus of X and Y are both 0, then Y = P! and X = P!\ E, where E is a
non-empty finite set. Since f is surjective, we have f(E) = E, which implies that every
point in £ is periodic. After iteration, we may assume that they are all fixed points.
Then we can extend f to X \ {one point} = A!, and the result follows from Proposition
1.2. [l

Proof of Corollary 1.3. Let C' C X x Y be a curve, (z,y) € (X x Y)(Q) be a point,
and p; : X XY — X, po : X XY — Y be projections. In order to verify the
DML(1) property, we may assume that both x and y are not preperiodic. Suppose

#O0sxy((z,y)) N C(Q) = oo. Let Cy := p1(C) and Cy := po(C). Then C; C X is a
curve, and #0;(z) N C1(Q) = oo. By the DML(1) property for f, there are positive
integers ny and m such that the infinite sequence { f"**™(z)| k € N} ¢ C1(Q). Hence
f™(Ch) = €. Similarly, Cy is a periodic curve for g.

After iteration, we may assume that C is invariant for f and Cs is invariant for g,
ie. f(Cy) = Cy and ¢g(Cy) = Cy. Then it suffices to verify the DML conjecture for

fley % gle, and C C Cy x Cy, which follows from Theorem 1.1. O
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