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Composite Fermion

From J. K. Jain, Composite Fermions (Cambridge, 2007).

Physics of a partially filled Landau level

BCF = B − 2pϕ0ρe
1
ν

= ± 1
νCF

+ 2p



Hidden Hilbert space
Ψ(z) = ̂PLLLJ ψ(z)

Hidden Hilbert spacePhysical Hilbert space

J(z) = ∏
i<j

(zi − zj)
2p

̂PLLL : z* → 2∂z

Bijl-Jastrow factor:

Projection to the LLL:

CF Mapping

J. K. Jain and P. W. Anderson, PNAS 106, 9131 (2009): The 
structure could be universal for strongly correlated systems 
(e.g., spin liquid).

z = x + iy



CF Fermi-Liquid

4 1 Overview

Fig. 1.3. The magnificent FQHE skyline. Diagonal resistance as a function of the magnetic field
for a two-dimensional electron system with a mobility of 10 million cm2/V s. A FQHE or an IQHE
state is associated with each minimum. Many arrows only indicate the positions of filling factors (for
example, 1/2, 1/4, etc.) and have no FQHE associated with them. Source: W. Pan, H. L. Stormer,
D. C. Tsui, L. N. Pfeiffer, K. W. Baldwin, and K. W. West, Phys. Rev. Lett. 88, 176802 (2002).
(Reprinted with permission.)

1.3 Strongly correlated state

At high magnetic fields all electrons occupy the lowest Landau level. Their kinetic energy
is then constant, hence irrelevant. Interacting electrons in a high magnetic field are
mathematically described by the Hamiltonian

H =
∑

j< k

1
rjk

(lowest Landau level), (1.6)

which is to be solved in the lowest Landau level (LLL) subspace. (The quantity rjk = |zj −
zk | is the distance between the electrons j and k.) The “pure” FQHE problem has
no parameters. The Hamiltonian looks simple until one makes the following (related)
observations:

(i) The no-small-parameter problem The theory contains no parameters. (The Coulomb
interaction merely sets the overall energy scale.)

(ii) The degeneracy problem The number of degenerate ground states in the absence of interaction
(with H = 0) is astronomically large.

(iii) The no-normal-state problem In some instances, a nontrivial collective phenomenon can be
understood as an instability of a “normal state,” which is the state that would be obtained if the

10.1 Geometric resonances 289

Fig. 10.1. Geometric resonances in an antidot superlattice. The upper panel shows the
magnetoresistances with and without the superlattice (upper and lower traces, respectively),
illustrating that differences appear near B = 0 and ν = 1/2 and 3/2. The superlattice is shown
in the inset. The lower panel shows a comparison of magnetoresistances for electrons in the vicinity
of B = 0 (lower trace) and composite fermions in the vicinity of B∗ = 0 (upper trace). The latter has
been scaled by a factor of

√
2 for comparison. Two resonances are seen for electrons, corresponding

to the cyclotron orbits enclosing one and four lattice sites (inset). Only the principal resonance is
seen for composite fermions, presumably because of their shorter mean free path. Source: W. Kang,
H. L. Stormer, L. N. Pfeiffer, K. W. Baldwin, and K. W. West, Phys. Rev. Lett. 71, 3850 (1993).
(Reprinted with permission.)

resistance near both B = 0 and B∗ = 0; they ascribe the latter to a quantization of the CF
orbit around an antidot.

10.1.2 Magnetic focusing

Another method for determining the cyclotron radius is through transverse magnetic
focusing, studied by van Houten and collaborators [655] for electrons in two dimensions at
low magnetic fields. The geometry is shown in Fig. 10.2. A current is passed through the left
(emitter) constriction and the voltage is measured across the right (collector) constriction.

A Fermi liquid of CFs

Kalmeyer-Zhang: Phys. Rev. B 46, 9889 (1992).

Halperin-Lee-Read: Phys. Rev. B 47, 7312 (1993).

CF: an ordinary Newtonian particle?

BCF = 0ν = 1/2p



“Two clouds” of the CF 
Theory

1. CF Hall conductance at the half-filling 

2. Asymmetry of the CF mapping for a filling 
fraction and its hole conjugate



“Cloud” #1
CF Hall conductance at half filling

The particle-hole symmetry dictates:

and the corresponding CF Hall conductance:

Lee, Krotov, and Gan, Kivelson, Phys. Rev. B 55, 15552 (1997).

However, the effective magnetic field is zero!

σxy =
1
2

e2

h

σCF
xy = −

1
2

e2

h



“Cloud” #2

One fully occupied CF Landau level

Two fully occupied CF Landau levels

Asymmetry of the CF mapping

⌫ = 1/3

⌫ = 2/3

BCF =
1
3

Bρe =
1
3

eB
h

ρe =
2
3

eB
h

BCF = −
1
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B
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BCF

νCF = 1

νCF = 2



Is the Composite Fermion a Dirac Particle?
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(Received 19 February 2015; published 2 September 2015)

We propose a particle-hole symmetric theory of the Fermi-liquid ground state of a half-filled Landau
level. This theory should be applicable for a Dirac fermion in the magnetic field at charge neutrality, as
well as for the ν ¼ 1

2 quantum Hall ground state of nonrelativistic fermions in the limit of negligible inter-
Landau-level mixing. We argue that when particle-hole symmetry is exact, the composite fermion is a
massless Dirac fermion, characterized by a Berry phase of π around the Fermi circle. We write down a
tentative effective field theory of such a fermion and discuss the discrete symmetries, in particular, CP. The
Dirac composite fermions interact through a gauge, but non-Chern-Simons, interaction. The particle-hole
conjugate pair of Jain-sequence states at filling factors n=ð2nþ 1Þ and ðnþ 1Þ=ð2nþ 1Þ, which in the
conventional composite fermion picture corresponds to integer quantum Hall states with different filling
factors, n and nþ 1, is now mapped to the same half-integer filling factor nþ 1

2 of the Dirac composite
fermion. The Pfaffian and anti-Pfaffian states are interpreted as d-wave Bardeen-Cooper-Schrieffer paired
states of the Dirac fermion with orbital angular momentum of opposite signs, while s-wave pairing would
give rise to a particle-hole symmetric non-Abelian gapped phase. When particle-hole symmetry is not
exact, the Dirac fermion has a CP-breaking mass. The conventional fermionic Chern-Simons theory is
shown to emerge in the nonrelativistic limit of the massive theory.

DOI: 10.1103/PhysRevX.5.031027 Subject Areas: Condensed Matter Physics

I. INTRODUCTION

The theory of the fractional quantum Hall (FQH) effect
[1,2] is based on the paradigm of the composite fermion
[3–5], which provides a unified explanation of a large
amount of observed phenomena, among which the most
early ones are the Jain sequences—series of quantum
Hall plateaux at filling factors ν near 1=2, 1=4, etc. The
composite fermion picture gives rise to extremely accurate
wave functions of FQH ground states [6].
At half filling, the composite fermion (CF) picture,

developed into a mathematical framework of the Chern-
Simons (CS) field theory by Halperin, Lee, and Read
(HLR) [5], predicts that the ground state is a Fermi liquid,
providing an explanation for the results of acoustic-wave-
propagation experiments [7]. Near, but not exactly at half
filling, the CF is predicted to feel a small residual magnetic
field, and the semiclassical motion of the CF in such a field
has been observed experimentally [8,9]. The composite
fermion theory also provides an elegant interpretation
of the Pfaffian (or Moore-Read) state [10] as a px þ ipy

Bardeen-Cooper-Schrieffer (BCS) paired state [11].
Despite its success, one of the symmetries of FQH

systems in the limit of zero Landau-level (LL) mixing—the

particle-hole symmetry [12]—is not explicit within the CF
paradigm. The CF is constructed by attaching a magnetic
flux to the electron before projecting to the lowest Landau
level (LLL); the CS field theory formalism, strictly speak-
ing, does not allow one to attach fluxes to holes in the LLL.
In one manifestation of the particle-hole asymmetric nature
of the formalism, the two Jain-sequence states with
ν ¼ n=ð2nþ 1Þ and ν ¼ ðnþ 1Þ=ð2nþ 1Þ, which form
a particle-hole conjugate pair, receive slightly different
interpretations in the CF language: The former fraction is
an integer quantum Hall (IQH) state of CFs with n filled
Landau levels, while in the latter, nþ 1 Landau levels
are filled. A related issue of the CF picture is its failure to
account for the anti-Pfaffian state [13,14]—the particle-
hole conjugate of the Moore-Read state—in a simple
manner.
The zero bare mass limit, where particle-hole symmetry

is exact, is particularly difficult to analyze within the HLR
theory. Kivelson et al. [15] analyzed the HLR theory at
ν ¼ 1

2 and found that particle-hole symmetry requires the
liquid of CFs to have a Hall conductivity σCFxy ¼ − 1

2. In a
zero net magnetic field, this means that the CF liquid has an
anomalous Hall coefficient and seems to contradict the
Fermi liquid nature of the CFs. Kivelson et al. did not
find any set of Feynman diagrams that could lead to a
nonzero σCFxy . As one possible solution, they proposed that
the problem lies in the noncommutativity of the limit of
m → 0 (the LLL limit) and the limit of taking the density of
impurities to zero (the clean limit). This proposal leaves

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW X 5, 031027 (2015)
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Dirac interpretation
• A Fermi-sea of Dirac CFs with a density half of the 

magnetic flux density:


• Dirac point contributes a half-quantized (anomalous) Hall 
conductance [Jackiw, PRD 29, 2375 (1984)].


• Dirac CFs experience an effective magnetic field: 

• Quantization rule of Dirac Fermions: 

ρCF = B/2ϕ0

BCF = − 2ϕ0(ρ − ρ1/2)

ρCF =
e |BCF |

h (n+
1
2 )

Can we have an “half Landau level” in the real world?
Chu, JS, and S.-Q. Shen, PRB 84, 085312 (2011).



Alternative interpretation
• The composite fermion is neither an ordinary Newtonian 

particle nor a Dirac particle, but a “NiuQian” particle 
subject to a uniform Berry curvature and the 
Sundaram-Niu dynamics.


• The uniform Berry curvature gives rise to a π-Berry phase 
around the Fermi circle and the half-quantized 
anomalous Hall conductance of CFs at the half filling.


• The apparent asymmetry of the CF mapping is actually 
how the symmetry is manifested in a system subject to 
the Berry curvature.

JS, arXiv:1704.07712 (2017).



Sundaram-Niu Dynamics
·x =

1
ℏ

∂ℰ(k)
∂k

− ·k × Ω(k)

ℏ ·k = qE + q ·x × B

for systems breaking the time-reversal symmetry

Introduction Implications Conclusion

Berry phase and k-space magnetic field

kx

ky

k1

k2

γ

ψ(x) = eik·xunk(x)

Ĥ(k)unk = ϵn(k)unk

Ĥ(k) =
(−i!∇ + !k)2

2m
+ V (x)

Berry phase:

ϕB = i

∫

γ

〈

unk

∣

∣

∣

∣

∂unk

∂k

〉

· dk

A-B phase in real space:

ϕAB =
e

!

∫

γ
A(r) · ds

k-space magnetic field: Ak(k) = i
〈

unk

∣

∣

∣

∂unk
∂k

〉

Ω(k) = ∇k × Ak(k) = i

〈

∂unk

∂k

∣

∣

∣

∣

×
∣

∣

∣

∣

∂unk

∂k

〉

Junren Shi ddd Reciprocal Space Magnetic Field: Physical Implications

A(k) = i⟨unk |∂kunk⟩ϕγ = ∫γ
A(k) ⋅ dk

Berry curvature: “magnetic field” in k-space:

Ω(k) = ∇k × A(k)

adiabatic transport of a particle in the k-space 
gives rise to a Berry phase — the counterpart 
of the Aharonov-Bohm phase in the real space

Xiao, Chang, Niu, RMP 82, 1959 (2010).



Anomalous Hall Effect
σAH

xy = −
q2

ℏ ∫FS

dk
(2π)d

Ωz(k)

For a 2D metallic system

σAH
xy = −

q2

2πh
ϕF

ϕF : Berry phase around the Fermi-circle
Haldane, PRL 93, 206602 (2004).



CF Hall Conductance 

At the half filling, the CF has an anomalous Hall conductance

σCF
xy = −

e2

2πh
π = −

e2

2h

with respect to the Berry phase

ϕF = + π



(A)symmetry of CF Mapping 
The quantization rule of cyclotron orbits 

Sk

2π
=

e |BCF |
ℏ (n +

1
2

+
ϕSk

2π )
The highest occupied cyclotron orbit is always around 

the half-filled CFL Fermi-circle

BCF = B/(2n + 1)
ϕSF

= ϕF = π

SF

2π
=

e |BCF |
ℏ (νCF −

1
2

+
1
2 ) SF

2π
=

e |BCF |
ℏ (νCF −

1
2

−
1
2 )

νCF = n νCF = n + 1

ν =
n

2n + 1 ν =
n + 1
2n + 1

BCF = − B/(2n + 1)
ϕSF

= − ϕF = − π



Three competing pictures
Picture Particle Berry curvature

Halperin-Lee-Read Newtonian 0

Son Dirac

Ours “Niuqian” uniform    

πδ(k)

ℏ
qB



Three competing pictures
Picture Particle Berry curvature

Halperin-Lee-Read Newtonian 0

Son Dirac

Ours “Niuqian” uniform    

πδ(k)

ℏ
qB



Microscopic wave function
dictates the interpretation

Rezayi-Read wave function for the composite Fermi-liquid:

ΨCF
k (z) = ̂PLLLdet [e i(kiz*j + k*i zj)/2] J(z)

= ̂A∏
i<j

(zi + iki − zj − ikj)2∏
i

eik*i zi/2

zv = z + ik
vortex position

N. Read, Semicond. Sci. Tech. 9, 1859 (1994).

Dipole interpretation:

e vk × ̂zCF =



Berry phase of a CF dipole

e vCF

x1

x2k2

k1

=

Berry phase Aharanov-Bohm phase
⌦zSk eB ⇥ Sk

(eB)2
=

JS, arXiv:1704.07712 (2017); Haldane, APS March meeting, 2016

k × ̂z



CF dynamics from a WF

Introducing “momentum”

Projected to the LLL

Ψ(z) = ̂A∏
i<j

(zi − zj)2p∏
i

e
i
2 Z*i zi

coherent state localized at Zi

e
i
2 Z*i zi → e

i
2 Z*i zieiki⋅zi ∼ e

i
2 Z*i zi+ i

2 kiz*i

ΨZ*,k(z) = ̂A∏
i<j

(zi + iki − zj − ikj)2p∏
i

e
i
2 Z*i zi

Z*i → Z*i (t), ki → ki(t)

L = iℏ⟨Ψ | ·Ψ⟩ − ⟨Ψ | ̂Vee |Ψ⟩δL = 0

ALL CF wave functions can be expanded in ΨZ*,k(z)



CF dynamics
for a CF-Wigner crystal

·xi =
1
ℏ

∂V
∂ki

−
ℏ
eB

·ki × ̂z

ℏ ·ki = −
∂V
∂xi

+∑
j

eB*ij
·xj × ̂z

JS and Wencheng Ji, PRB 97, 125133 (2018).

• A uniform Berry curvature                      ;                       

• An emergent effective “magnetic field” (CS field)     .


• Note: CF position is the vortex position

Ωz(p) = ℏ/eB

B*ij



Evidence for the Dirac CF?

 

Berry Phase and Model Wave Function in the Half-Filled Landau Level

Scott D. Geraedts,1,2 Jie Wang,1 E. H. Rezayi,3 and F. D. M. Haldane1
1Department of Physics, Princeton University, Princeton, New Jersey 08544, USA
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We construct model wave functions for the half-filled Landau level parametrized by “composite fermion
occupation-number configurations” in a two-dimensional momentum space, which correspond to a Fermi
sea with particle-hole excitations. When these correspond to a weakly excited Fermi sea, they have a large
overlap with wave functions obtained by the exact diagonalization of lowest-Landau-level electrons
interacting with a Coulomb interaction, allowing exact states to be identified with quasiparticle
configurations. We then formulate a many-body version of the single-particle Berry phase for adiabatic
transport of a single quasiparticle around a path in momentum space, and evaluate it using a sequence of
exact eigenstates in which a single quasiparticle moves incrementally. In this formulation the standard free-
particle construction in terms of the overlap between “periodic parts of successive Bloch wave functions” is
reinterpreted as the matrix element of a “momentum boost” operator between the full Bloch states, which
becomes the matrix elements of a Girvin-MacDonald-Platzman density operator in the many-body context.
This allows the computation of the Berry phase for the transport of a single composite fermion around the
Fermi surface. In addition to a phase contributed by the density operator, we find a phase of exactly π for
this process.

DOI: 10.1103/PhysRevLett.121.147202

Two-dimensional gases of charge-e electrons in high
magnetic fields exhibit a wide variety of interesting physical
properties. Perhapsmost notable of these is the quantumHall
effect, which is a classic example of a topological phase.
Another interesting phase occurs at even-denominator fill-
ing, the so-called composite Fermi liquid (CFL) [1]. This
compressible phase is traditionally thought of as a Fermi
liquid of “composite fermions” [2,3]—bound states of
electrons and even numbers of flux quanta that experience
no net magnetic field.
The composite Fermi liquid has been described theo-

retically in a number of complementary ways, such as
through a model wave function [4], an effective field
theory, called Halperin-Lee-Read (HLR) theory [1], and
through flux attachment [2]. When projected into a single
Landau level, the problem at half-filling (ν ¼ 1=2) has a
particle-hole symmetry, which takes ν → 1 − ν. It is
unclear how the various descriptions realize this particle-
hole symmetry. At small sizes the model wave function has
numerically been found to be very close to particle hole
symmetric. It is difficult to see how the other descriptions
behave under particle-hole symmetry because in order for
this symmetry to exist we must project into a single Landau
level, an analytically difficult procedure. Before this
projection, the descriptions are clearly not particle-hole
symmetric, an issue which has been discussed in a number
of previous works [5–9].

Recently Son [10] has proposed an alternative to the
HLR theory that is particle-hole symmetric even before
Landau level projection. In Son’s theory the composite
fermions are neutral Dirac fermions. One consequence of
this is that the composite fermions should acquire a Berry
phase of π when moved around the Fermi surface. This π
Berry phase has been indirectly confirmed numerically by
observing an absence of π backscattering in a density
matrix renormalization group study [11], but only for
composite fermions that sit exactly on the Fermi surface.
A direct measurement of the Berry phase for a wider variety
of paths in momentum space is the main result of this work.
The Berry phase factor expðiΦ̃ΓÞ is the phase acquired

when a quantum state is adiabatically evolved around a
closed path Γ in parameter space, while remaining in the
same Hilbert space. When a single-particle Bloch state is
evolved around a path in momentum space, this must be
modified, as Bloch states with different Bloch vectors k
belong to different Hilbert subspaces, and cannot be
compared. The usual approach is to factorize the Bloch
wave function ΨkðxÞ into a periodic part ukðxÞ times a
Bloch factor expðik · xÞ, and treat the periodic factor alone
as the “wave function.” We can reinterpret the overlap
huk1 juk2i as the matrix element hψk1 jρðk1 − k2Þjψk2i, where
ρðqÞ is the Fourier-transformed density operator expðiq · rÞ.
We generalize the momentum space Berry phase to a

many-body system in the following way:

PHYSICAL REVIEW LETTERS 121, 147202 (2018)
Editors' Suggestion

0031-9007=18=121(14)=147202(5) 147202-1 © 2018 American Physical Society
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for N up to 70. This supports the conclusions drawn in
this work by allowing us to generate data like in Fig. 3
and Fig. 4 but for much larger sizes.
Conclusion.—In this Letter, we have used a model

wave function for the half-filled Landau level to argue
that the ground states obtained in exact diagonalization can
be expressed as Slater determinants of noninteracting
composite fermion states. We have shown that this descrip-
tion only holds when the composite fermion momenta are
clustered into a Fermi surface–like configuration. These
states are also particle-hole symmetric. We then computed
the Berry phase upon taking a composite fermion around
the Fermi surface. We show that this Berry phase is π when
the path taken by the composite fermion encloses the Fermi
surface, and zero otherwise. Emergent particle-hole sym-
metries have also been proposed at ν ¼ 1 for bosons
[8,22,23]. In the Supplemental Material [24], we also
tested how close to exact for other candidate model wave
functions.
Our results are consistent with the theory of Son [10], in

which the Berry phase arises from the Dirac nature of the
composite fermions. However the composite fermions
discussed in our work are single-component objects, and
the relation to a two-component composite Dirac fermion is
unclear. While the model wave function with a compact
Fermi surface is unexpectedly close to being particle-hole
symmetric, if a quasihole is moved inside the Fermi
surface, this breaks down: the particle-hole conjugate states
have less and less overlap and become orthogonal as the
quasi-hole approaches the center of Fermi surface. By
forming orthogonal linear combinations of particle-hole
conjugate states, the Dirac cone is possible to be found.
We recently become aware of Ref. [15] by M. Fremling

et al.where the authors performed similar analysis of CFL’s
energy, particle-hole symmetry, and overlap property [13]
by a different lowest Landau level projection method. To
compute the Berry phase, M. Fremling et al. moved two
composite fermions at opposite sides of the Fermi disc for
N steps and found a phase of eiπðN−1Þ, which is consistent
with the rule in Eq. (7) and described in Refs. [13,14,20] by
taking Nþ ¼ 2N, N− ¼ 0, Φ ¼ π.

We acknowledge financial support from Department of
Energy BES Grant No. DE-SC0002140.
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However…

• The definition of the Berry phase?


• Various numerical artifacts.


• Microscopic CFL wave function?



Issue #1: definition
Geraedts et al.’s defintion:

ϕB = − arg ⟨Ψk ̂ρk−k′� Ψk′�⟩
Ψk : CFL wave function with respect to a k-configuration 

̂ρk−k′� ≡ ∑
i

ei(k−k′ �)⋅ri :“momentum boost operator” to compensate 
the change of the momenta
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̂ρk−k′� ≡ ∑
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the change of the momenta

However, the Berry phase has an origin of the time-derivative 
term of the Schrödinger Lagrangian
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Geraedts et al.’s phase is actually a scattering phase, which is 
not a reliable predictor for the Berry phase. 
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3

Re h k|ẑi|'ki / h k|'ki [25], and obtain

L0 = k1 · ż1 +Ak1 · k̇1, (7)

where we drop a non-consequential total-time derivative

term and assume that only k1 is time-dependent. The

Berry connection is determined by:

Ak1 = �
Im

⌦
 k

�� eik·ẑ
�� @k1uk

↵

h k |'ki
, (8)

where uk(z) ⌘ e�ik·z'k(z), and k · z ⌘
P

i ki · zi.
At this point, an ambiguity in the definition of the po-

sition of the CF arises [15]. Previous investigations sug-

gest that the position of a CF should be defined as the

position of its constituent quantum vortex bundle [13–

15], which is displaced from its constituent electron by

zv
i = ze

i + n⇥ ki (zvi = zi + iki) with ze
i ⌘ zi and n de-

noting the normal direction of the torus, according to the

dipole picture of CFs [16]. As a result, for CFs, the posi-

tion zi in Eq. (7) and (8) should be interpreted as zv
i . We

will call the two forms using ze
and zv

as the electron rep-

resentation and the CF representation, respectively. It is

easy to show that Av
k1

= Ae
k1

� k1 ⇥ n with the super-

scripts indicating respective representations. We inter-

pret Av
k1

as the Berry connection for adiabatic transport

of a CF in the momentum space.

The Berry phase for a discrete change of the wave-

vectors k ! k0
can then be defined as

�e/v
B = �1

2

h
arg

D
 k

��� e�iq·ẑe/v
���'k0

E
� (k ⌦ k0)

i
(9)

with q ⌘ k0 � k ⌘ {q1,0, · · · }. The two representations

are related by �v
B = �e

B + (k1 ⇥ q1) · n.

Equation (9) is our definition of the Berry phase for

the CFL. It is a definition directly derived from the

Schrödinger Lagrangian, therefore a proper definition

when the physical consequences of the Berry phase, such

as the semi-classical dynamics, the path-integral formal-

ism and wave equation of CFs, are concerned. Compared

with the definition adopted in Ref. [17], the difference is

in that the “momentum boost operator” (i.e., the factor

e�iq·z
) is applied to the unsymmetrized wave function

instead of the antisymmetrized one. It is actually more

appropriate to call Geraedts et al.’s phase as the scatter-

ing phase, i.e., the phase that an electron acquires when

scattered by the q-component of a single-body scalar po-

tential. Even for non-interacting systems, the scattering

phase is not a reliable predictor for the Berry phase, as

evident in the case that a scatter has spin-orbit coupling

different from its host. We note that while Geraedts et

al.’s phase is not a Berry phase, it does have its own merit

(see below).

Berry phase for the JK wave function We apply our

definition to the numerical evaluation of the Berry phase

for the Jain-Kamilla wave function Eq. (4). We imple-

ment a Metropolis Monte-Carlo algorithm similar to that

Path

a)
1 2

b) c)

Ne 13 38 110 36(b1) 38(b2) 36

�v
B/⇡

old 0.82 0.72 0.57 U.D. U.D. 0.93
new 1.11 1.03 1.01 0.75⇤ 0.05⇤ 0.61

|D|min
old 0.65⇤ 0.36⇤ 0.18⇤ 0.04⇤ 0.01⇤ 0.22⇤

new 0.94 0.98 0.99 0.99 0.99 0.99

Table I. CF Berry phases �v
B and minimal overlaps |D|min

along different paths for the Jain-Kamilla wave function.
The paths are indicated by arrowed solid lines comprised
of steps with minimal changes of the quantized wave vec-
tors. Three kinds of paths are considered: a) the Fermi
circle; b) a unit plaquette inside (b1) or outside (b2) the
Fermi sea; (c) a closed path inside the Fermi sea. Both
results for our definition (new) and Geraedts et al.’s defi-
nition (old) are shown. The overlap is defined as |D| =
| h k| ̃k0i |/(h k| ki h ̃k0 | ̃k0i)1/2 with  ̃k0 ⌘ e�iq·z'k0

(new) or  ̃k0 ⌘ e�iq·z k0 (old). |D|min is the minimum
overlap among steps along a path. For the paths inside the
Fermi sea, a hole is transported, and resulting Berry phases
are shown with inverted signs. The values marked with ⇤
have been scaled by a factor of Ne. U.D. indicates an unde-
terminable result due to a vanishing overlap.

detailed in Ref. [26]. Phases with respect to both our def-

inition and Geraedts et al.’s definition are evaluated for

a few representative paths, as shown in Table. I. An

immediate observation is that the calculation with our

definition is much more robust numerically, as evident

from the magnitudes of the overlap. With our definition,

the overlap is always close to one and improves when Ne

is scaled up. For Geraedts et al.’s definition, the overlap

is nowhere close to one and further deteriorates for larger

Ne, and even nearly vanishes for steps along directions

perpendicular to the Fermi circle, resulting in poor statis-

tics and undeterminable results. Moreover, our definition

yields directly interpretable results, i.e., no subtraction of

the extraneous ±⇡/2 phases noted in Ref. [17] is needed.

It is interesting to observe that the two different def-

initions actually lead to similar qualitative conclusions.

With our definition, the Berry phase of adiabatic trans-

port of a CF around the Fermi circle is converged to ⇡
(path a, Ne = 110), whereas with Geraedts et al.’s defini-

tion, it involves guesswork to reach the same conclusion.

We also find that the Berry phase for transport around

a unit plaquette outside the Fermi sea (path b2) nearly

vanishes. This is consistent with Geraedts et al.’s ob-

servation that the phase is independent of the area of

the trajectory enclosing the Fermi sea. The consisten-

cies may not be a coincidence. When Geraedts et al.’s

phase is properly interpreted as the scattering phase, it

does have a physical consequence, i.e., the direction and

magnitude of the side jump of a scattered particle [27].

We take the consistencies as an evidence supporting our

• small overlaps which further deteriorate when the system 
size is scaled up;
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detailed in Ref. [26]. Phases with respect to both our def-

inition and Geraedts et al.’s definition are evaluated for

a few representative paths, as shown in Table. I. An

immediate observation is that the calculation with our

definition is much more robust numerically, as evident

from the magnitudes of the overlap. With our definition,

the overlap is always close to one and improves when Ne

is scaled up. For Geraedts et al.’s definition, the overlap

is nowhere close to one and further deteriorates for larger

Ne, and even nearly vanishes for steps along directions

perpendicular to the Fermi circle, resulting in poor statis-

tics and undeterminable results. Moreover, our definition

yields directly interpretable results, i.e., no subtraction of

the extraneous ±⇡/2 phases noted in Ref. [17] is needed.

It is interesting to observe that the two different def-

initions actually lead to similar qualitative conclusions.

With our definition, the Berry phase of adiabatic trans-

port of a CF around the Fermi circle is converged to ⇡
(path a, Ne = 110), whereas with Geraedts et al.’s defini-

tion, it involves guesswork to reach the same conclusion.

We also find that the Berry phase for transport around

a unit plaquette outside the Fermi sea (path b2) nearly

vanishes. This is consistent with Geraedts et al.’s ob-

servation that the phase is independent of the area of

the trajectory enclosing the Fermi sea. The consisten-

cies may not be a coincidence. When Geraedts et al.’s

phase is properly interpreted as the scattering phase, it

does have a physical consequence, i.e., the direction and

magnitude of the side jump of a scattered particle [27].

We take the consistencies as an evidence supporting our

• small overlaps which further deteriorate when the system 
size is scaled up;

• sensitive to the choice of paths: the paths vertical to the 
Fermi circle have nearly vanishing overlaps;
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We take the consistencies as an evidence supporting our

• small overlaps which further deteriorate when the system 
size is scaled up;

• sensitive to the choice of paths: the paths vertical to the 
Fermi circle have nearly vanishing overlaps;

• extraneous         phases for each momentum change.±π/2



Issue #2: numerical artifacts
• small overlaps which further deteriorate when the system 

size is scaled up;

• sensitive to the choice of paths: the paths vertical to the 
Fermi circle have nearly vanishing overlaps;

• extraneous         phases for each momentum change.±π/2

a)

ϕB = 0.72π



Issue #2: numerical artifacts
• small overlaps which further deteriorate when the system 

size is scaled up;

• sensitive to the choice of paths: the paths vertical to the 
Fermi circle have nearly vanishing overlaps;

• extraneous         phases for each momentum change.±π/2

a)

ϕB = 0.72π

b)

ϕB = 0.87π



Issue #3: wave function

Jain-Kamilla wave function (adopted by Geraedts et al.):

ΨCF
k (z) = ̂PLLLdet [e i(kiz*j + k*i zj)/2] J(z) ∼ ∑

P

(−1)Peik*Pizi/2J ({zi + ikPi})

J(z) = σ̃m (Z)∏
i<j

σ̃m(zi − zj),

ΨJK
k (z) = det [ψi(kj)] σ̃m (Z + iK)∏

i<j

σ̃m−2(zi − zj),

ψi(kj) = eik*j zi/2∏
k≠i

σ̃ (zi − zk + imkj − imk̄),

Do they yield the same Berry curvature?

modified sigma functionσ̃ :

Standard CF wave function on a torus for              :ν = 1/m
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Proper definition of the 
Berry phase

• Original definition: the phase of               for            .
• Complexity: excluding the propagating phase        for a 

translationally invariant system.
• However,                   does not define the position of an 

individual electron.
• Nevertheless, one can define the position of the electron 

associated with a momentum    : 
 

•       unsymmetrized wave function

⟨Ψk′�|Ψk⟩ k′� → k
eik⋅z

⟨Ψk |zi |Ψk⟩

ki

zi = ∑
P

(−1)PRe⟨Ψk |𝒫̂ ̂ziφk⟩/⟨Ψk |Ψk⟩ = Re⟨Ψk | ̂zi |φk⟩/⟨Ψk |φk⟩

φk :

φk = eik*i zi/2J ({zi + iki}) Ψk = ∑
P

(−1)P𝒫̂φk





• The Berry connection can then be defined: 
 
 
 
 
 

L0 = −
Im⟨Ψk | ·Ψk⟩

⟨Ψk |Ψk⟩
L0 = k1 ⋅ ·z1 + Ak1

⋅ ·k1,

Ak1
= −

Im⟨Ψk |eik⋅ ̂z |∂k1
uk⟩

⟨Ψk |φk⟩
uk(z) ≡ e−ik⋅zφk(z)



• The Berry connection can then be defined: 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Subtlety: electron vs. CF 
representation 

• The definition of the Berry phase/connection depends on 
the definition of the “position”.


•     is the position of an electron.


• The position of a CF should be defined as                    
[JS and Ji, PRB 97, 125133 (2018); JS, arXiv:1704.07712 
(2017)] 

zi

zv
i = zi + iki

Av
k1

= Ae
k1

− k1 × n

ϕv
B = ϕe

B + (k1 × q1) ⋅ n

Ωv
z = Ωe

z + 2



Numerical evaluation
with the JK wave function



Numerical evaluation

3

Re h k|ẑi|'ki / h k|'ki [25], and obtain

L0 = k1 · ż1 +Ak1 · k̇1, (7)

where we drop a non-consequential total-time derivative

term and assume that only k1 is time-dependent. The

Berry connection is determined by:

Ak1 = �
Im

⌦
 k

�� eik·ẑ
�� @k1uk

↵

h k |'ki
, (8)

where uk(z) ⌘ e�ik·z'k(z), and k · z ⌘
P

i ki · zi.
At this point, an ambiguity in the definition of the po-

sition of the CF arises [15]. Previous investigations sug-

gest that the position of a CF should be defined as the

position of its constituent quantum vortex bundle [13–

15], which is displaced from its constituent electron by

zv
i = ze

i + n⇥ ki (zvi = zi + iki) with ze
i ⌘ zi and n de-

noting the normal direction of the torus, according to the

dipole picture of CFs [16]. As a result, for CFs, the posi-

tion zi in Eq. (7) and (8) should be interpreted as zv
i . We

will call the two forms using ze
and zv

as the electron rep-

resentation and the CF representation, respectively. It is

easy to show that Av
k1

= Ae
k1

� k1 ⇥ n with the super-

scripts indicating respective representations. We inter-

pret Av
k1

as the Berry connection for adiabatic transport

of a CF in the momentum space.

The Berry phase for a discrete change of the wave-

vectors k ! k0
can then be defined as

�e/v
B = �1

2

h
arg

D
 k

��� e�iq·ẑe/v
���'k0

E
� (k ⌦ k0)

i
(9)

with q ⌘ k0 � k ⌘ {q1,0, · · · }. The two representations

are related by �v
B = �e

B + (k1 ⇥ q1) · n.

Equation (9) is our definition of the Berry phase for

the CFL. It is a definition directly derived from the

Schrödinger Lagrangian, therefore a proper definition

when the physical consequences of the Berry phase, such

as the semi-classical dynamics, the path-integral formal-

ism and wave equation of CFs, are concerned. Compared

with the definition adopted in Ref. [17], the difference is

in that the “momentum boost operator” (i.e., the factor

e�iq·z
) is applied to the unsymmetrized wave function

instead of the antisymmetrized one. It is actually more

appropriate to call Geraedts et al.’s phase as the scatter-

ing phase, i.e., the phase that an electron acquires when

scattered by the q-component of a single-body scalar po-

tential. Even for non-interacting systems, the scattering

phase is not a reliable predictor for the Berry phase, as

evident in the case that a scatter has spin-orbit coupling

different from its host. We note that while Geraedts et

al.’s phase is not a Berry phase, it does have its own merit

(see below).

Berry phase for the JK wave function We apply our

definition to the numerical evaluation of the Berry phase

for the Jain-Kamilla wave function Eq. (4). We imple-

ment a Metropolis Monte-Carlo algorithm similar to that

Path

a)
1 2

b) c)

Ne 13 38 110 36(b1) 38(b2) 36

�v
B/⇡

old 0.82 0.72 0.57 U.D. U.D. 0.93
new 1.11 1.03 1.01 0.75⇤ 0.05⇤ 0.61

|D|min
old 0.65⇤ 0.36⇤ 0.18⇤ 0.04⇤ 0.01⇤ 0.22⇤

new 0.94 0.98 0.99 0.99 0.99 0.99

Table I. CF Berry phases �v
B and minimal overlaps |D|min

along different paths for the Jain-Kamilla wave function.
The paths are indicated by arrowed solid lines comprised
of steps with minimal changes of the quantized wave vec-
tors. Three kinds of paths are considered: a) the Fermi
circle; b) a unit plaquette inside (b1) or outside (b2) the
Fermi sea; (c) a closed path inside the Fermi sea. Both
results for our definition (new) and Geraedts et al.’s defi-
nition (old) are shown. The overlap is defined as |D| =
| h k| ̃k0i |/(h k| ki h ̃k0 | ̃k0i)1/2 with  ̃k0 ⌘ e�iq·z'k0

(new) or  ̃k0 ⌘ e�iq·z k0 (old). |D|min is the minimum
overlap among steps along a path. For the paths inside the
Fermi sea, a hole is transported, and resulting Berry phases
are shown with inverted signs. The values marked with ⇤
have been scaled by a factor of Ne. U.D. indicates an unde-
terminable result due to a vanishing overlap.

detailed in Ref. [26]. Phases with respect to both our def-

inition and Geraedts et al.’s definition are evaluated for

a few representative paths, as shown in Table. I. An

immediate observation is that the calculation with our

definition is much more robust numerically, as evident

from the magnitudes of the overlap. With our definition,

the overlap is always close to one and improves when Ne

is scaled up. For Geraedts et al.’s definition, the overlap

is nowhere close to one and further deteriorates for larger

Ne, and even nearly vanishes for steps along directions

perpendicular to the Fermi circle, resulting in poor statis-

tics and undeterminable results. Moreover, our definition

yields directly interpretable results, i.e., no subtraction of

the extraneous ±⇡/2 phases noted in Ref. [17] is needed.

It is interesting to observe that the two different def-

initions actually lead to similar qualitative conclusions.

With our definition, the Berry phase of adiabatic trans-

port of a CF around the Fermi circle is converged to ⇡
(path a, Ne = 110), whereas with Geraedts et al.’s defini-

tion, it involves guesswork to reach the same conclusion.

We also find that the Berry phase for transport around

a unit plaquette outside the Fermi sea (path b2) nearly

vanishes. This is consistent with Geraedts et al.’s ob-

servation that the phase is independent of the area of

the trajectory enclosing the Fermi sea. The consisten-

cies may not be a coincidence. When Geraedts et al.’s

phase is properly interpreted as the scattering phase, it

does have a physical consequence, i.e., the direction and

magnitude of the side jump of a scattered particle [27].

We take the consistencies as an evidence supporting our

• overlaps are always close to 1;

with the JK wave function
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of steps with minimal changes of the quantized wave vec-
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results for our definition (new) and Geraedts et al.’s defi-
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detailed in Ref. [26]. Phases with respect to both our def-

inition and Geraedts et al.’s definition are evaluated for

a few representative paths, as shown in Table. I. An

immediate observation is that the calculation with our

definition is much more robust numerically, as evident

from the magnitudes of the overlap. With our definition,

the overlap is always close to one and improves when Ne

is scaled up. For Geraedts et al.’s definition, the overlap

is nowhere close to one and further deteriorates for larger

Ne, and even nearly vanishes for steps along directions

perpendicular to the Fermi circle, resulting in poor statis-

tics and undeterminable results. Moreover, our definition

yields directly interpretable results, i.e., no subtraction of

the extraneous ±⇡/2 phases noted in Ref. [17] is needed.

It is interesting to observe that the two different def-

initions actually lead to similar qualitative conclusions.

With our definition, the Berry phase of adiabatic trans-

port of a CF around the Fermi circle is converged to ⇡
(path a, Ne = 110), whereas with Geraedts et al.’s defini-

tion, it involves guesswork to reach the same conclusion.

We also find that the Berry phase for transport around

a unit plaquette outside the Fermi sea (path b2) nearly

vanishes. This is consistent with Geraedts et al.’s ob-

servation that the phase is independent of the area of

the trajectory enclosing the Fermi sea. The consisten-

cies may not be a coincidence. When Geraedts et al.’s

phase is properly interpreted as the scattering phase, it

does have a physical consequence, i.e., the direction and

magnitude of the side jump of a scattered particle [27].

We take the consistencies as an evidence supporting our

• overlaps are always close to 1;

• insensitive to the choice of paths;

with the JK wave function
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���'k0

E
� (k ⌦ k0)

i
(9)

with q ⌘ k0 � k ⌘ {q1,0, · · · }. The two representations

are related by �v
B = �e

B + (k1 ⇥ q1) · n.

Equation (9) is our definition of the Berry phase for

the CFL. It is a definition directly derived from the

Schrödinger Lagrangian, therefore a proper definition

when the physical consequences of the Berry phase, such

as the semi-classical dynamics, the path-integral formal-

ism and wave equation of CFs, are concerned. Compared

with the definition adopted in Ref. [17], the difference is

in that the “momentum boost operator” (i.e., the factor

e�iq·z
) is applied to the unsymmetrized wave function

instead of the antisymmetrized one. It is actually more

appropriate to call Geraedts et al.’s phase as the scatter-

ing phase, i.e., the phase that an electron acquires when

scattered by the q-component of a single-body scalar po-

tential. Even for non-interacting systems, the scattering

phase is not a reliable predictor for the Berry phase, as

evident in the case that a scatter has spin-orbit coupling

different from its host. We note that while Geraedts et

al.’s phase is not a Berry phase, it does have its own merit

(see below).

Berry phase for the JK wave function We apply our

definition to the numerical evaluation of the Berry phase

for the Jain-Kamilla wave function Eq. (4). We imple-

ment a Metropolis Monte-Carlo algorithm similar to that

Path

a)
1 2

b) c)

Ne 13 38 110 36(b1) 38(b2) 36

�v
B/⇡

old 0.82 0.72 0.57 U.D. U.D. 0.93
new 1.11 1.03 1.01 0.75⇤ 0.05⇤ 0.61

|D|min
old 0.65⇤ 0.36⇤ 0.18⇤ 0.04⇤ 0.01⇤ 0.22⇤

new 0.94 0.98 0.99 0.99 0.99 0.99

Table I. CF Berry phases �v
B and minimal overlaps |D|min

along different paths for the Jain-Kamilla wave function.
The paths are indicated by arrowed solid lines comprised
of steps with minimal changes of the quantized wave vec-
tors. Three kinds of paths are considered: a) the Fermi
circle; b) a unit plaquette inside (b1) or outside (b2) the
Fermi sea; (c) a closed path inside the Fermi sea. Both
results for our definition (new) and Geraedts et al.’s defi-
nition (old) are shown. The overlap is defined as |D| =
| h k| ̃k0i |/(h k| ki h ̃k0 | ̃k0i)1/2 with  ̃k0 ⌘ e�iq·z'k0

(new) or  ̃k0 ⌘ e�iq·z k0 (old). |D|min is the minimum
overlap among steps along a path. For the paths inside the
Fermi sea, a hole is transported, and resulting Berry phases
are shown with inverted signs. The values marked with ⇤
have been scaled by a factor of Ne. U.D. indicates an unde-
terminable result due to a vanishing overlap.

detailed in Ref. [26]. Phases with respect to both our def-

inition and Geraedts et al.’s definition are evaluated for

a few representative paths, as shown in Table. I. An

immediate observation is that the calculation with our

definition is much more robust numerically, as evident

from the magnitudes of the overlap. With our definition,

the overlap is always close to one and improves when Ne

is scaled up. For Geraedts et al.’s definition, the overlap

is nowhere close to one and further deteriorates for larger

Ne, and even nearly vanishes for steps along directions
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tics and undeterminable results. Moreover, our definition
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Numerical evaluation
• overlaps are always close to 1;

• insensitive to the choice of paths;

• no extraneous         phases.±π/2

a)

ϕB = 1.03π

with the JK wave function



Numerical evaluation
• overlaps are always close to 1;

• insensitive to the choice of paths;

• no extraneous         phases.±π/2

a)

ϕB = 1.03π

b)

ϕB = 1.04π

with the JK wave function



Berry curvature distribution
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Figure 1. The Berry curvature ⌦v(|k|) as a function of the CF
wave number |k| for the half-filled CFL (m = 2). The Berry
curvature for the Jain-Kamilla wave function is numerically
determined by transporting a CF (hole) outside (inside) the
Fermi sea consist of 109 CFs, shown as filled (empty) dots.
The inset bar plot shows its distribution on the 2D plane of
the momentum space. The Berry curvature for the standard
CF wave function is equal to one, shown as the solid line.

interpretation, i.e., a CF undergoing physical processes

(e.g., the scattering) behaves like an entity with zv
1 as its

position. Had we used ze
1 instead, the Berry phase would

predict a side jump along the opposite direction.

The distribution of the Berry curvature, both inside

and outside the Fermi sea, can now be determined be-

cause of the improved numerical robustness. To deter-

mine the Berry curvature, we transport a CF or a hole

along the edges of a unit plaquette (see path b in Ta-

ble. I), and the Berry curvature for the plaquette is de-

termined by ⌦v = �vB/S0, where S0 = 2⇡/N� is the area

of the unit plaquette. The result is shown in Fig. 1.

We see that the Berry curvature has a continuous distri-

bution inside the Fermi sea and vanishes outside. The

distribution is obviously not the singular one implied by

the Dirac interpretation [28].

Uniform background The uniform background of the

Berry curvature can be determined analytically by in-

specting the quasiperiodicity of the wave function in the

k-space [29]. By using Eq. (3) and assuming a fixed k̄,

it is easy to verify that  JK
k has an approximated quasi-

periodicity in the limit of Ne ! 1:  JK
k

��
k1+L⇥n

/
exp(imL⇤k1/2) JK

k . As a result, we can define a super-

Brillouin zone (SBZ) spanned by Ka(b) = La(b) ⇥ n
with La and Lb being the two unit vectors of the

torus. From Eq. (8), the Berry connection has the quasi-

periodicity Ae
k1+Ka(b)

= Ae
k1

+ m(Ka(b) ⇥ n)/2. The

total Chern number of the SBZ can be determined by

Ctot = (2⇡)�1
¸
Ae

k1
· dk1 with the integral along the

boundary of the SBZ, and is equal to �mN�. The uni-

form background of the Berry curvature is the average of

the Berry curvature in the SBZ, i.e., �m in the electron

representation, and 2�m in the CF representation. The

latter confirms Wang’s numerical observation [18].

The same consideration immediately leads to the con-

clusion that the two wave functions  JK
k and  CF

k must

yield different distributions of the Berry curvature. This

is because the standard CF wave function Eq. (1) has

the different (exact) quasiperiodicity  CF
k

��
k1+L⇥n

/
exp(iL⇤k1/2) CF

k . The absence of m in the exponential

factor is notable. As a result, the total Chern number of

the SBZ for  CF
k is �N�. It corresponds to a background

Berry curvature equal to �1 and +1 for the electron and

the CF representations, respectively. We summarize the

results for the background Berry curvature as follows:

⌦̄v =

(
2�m, (JK)

1, (CF)
. (10)

Segal-Bargmann transform It turns out that the

Berry phase with respect to the standard CF wave func-

tion Eq. (1) can be obtained analytically. This is be-

cause standard CF wave functions have a simple struc-

ture which is evident when expressed as a form expli-

cating their connections to the Segal-Bargmann trans-

form [30]

 (z) =


e�z·z0⇤

ˆ
dµ(⌘)e

1
2 (⌘

⇤·z+⌘·z0⇤)J(⌘) (⌘)

�

z0⇤=0

,

(11)

where dµ(⌘) ⌘
Q

i e
�|⌘i|2/2d⌘id⌘⇤i /4⇡i is the measure

of the Segal-Bargmann space [30, 31], and a · b ⌘P
i aibi. The Segal-Bargmann transform shown in the

square bracket is a unitary transformation that maps a

(wave) function  (⌘) in the hidden Hilbert space into

a holomorphic function of z and z0⇤, and the CF wave

function is obtained from it by a projection z0⇤ = 0.
All wave functions prescribed by the CF theory can

be expressed as such. To obtain a valid CF wave

function satisfying the quasiperiodic boundary condition

 (z)|zi!zi+L = ⇠(L)N�e
L⇤
2 (z+ 1

2L) (z) on a torus [21],

the hidden-space wave function  (⌘) should satisfy

the quasiperiodic boundary condition  (⌘)|⌘i!⌘i+L =

⇠N��mNe(L)e
1�m⌫

2 L⇤(⌘i+ 1
2L) (⌘), exactly the one for a

screened effective magnetic field Be↵ = (1�m⌫)B as dic-

tated by the theory of CFs [32]. We note that Eq. (11)

also leads to an orthogonality condition different from

the usual one for the hidden Hilbert space, and will have

an effect on its construction.

To prove the relation, we note that e
1
2⌘

⇤·z
is the repro-

ducing kernel, i.e., the counterpart of the �-function, of

the Segal-Bargmann space. We have [24, 30]

ˆ
dµ(⌘)e

1
2⌘

⇤·zf(⌘) = f(z). (12)

It leads to
´
dµ(⌘)e

1
2⌘

⇤·zf(⌘, ⌘⇤) =
´
dµ(⌘)f(⌘ + z, ⌘⇤).

We obtain  (z) =
´
dµ(⌘)J(⌘ + z) (⌘ + z, ⌘⇤), where

The Berry curvature vanishes outside the Fermi sea.

However, it is a continuous distribution inside  

— NOT a massless Dirac Fermion.
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CF wave function and the 
Segal-Bargmann transform

The Hilbert space of the LLL is a Segal-Bargmann space
(see Girvin and Jach, PRB 29, 5617 (1984))

All CF wave functions can be expressed as projected 
Segal-Bargmann transforms

Ψ(z) = [e−z⋅z′�* ∫ dμ(η)e 1
2 (η* ⋅ z + η ⋅ z′�*)J(η)ψ (η)]

z′�*=0

Hidden Hilbert space
Segal-Bargmann space
dμ(η) ≡ ∏

i

e− ηi
2
/2dηidη*i /4πi

∫ dμ(η)e 1
2 η*⋅zf(η) = f(z)

Reproducing kernel



Berry curvature of the CF 
wave function

⟨ΨCF
k |e−iq⋅ ̂z |φCF

k+q⟩ = ∑
P

(−1)P⟨φCF
Pk |e−iq⋅ ̂z |φCF

k+q⟩

ϕB = −
1
2 [arg⟨Ψk |e−i(k′�−k)⋅ ̂z |φk′�⟩ − (k ⇌ k′�)]

φCF
k (z) = ∫ dμ(η)e 1

2 η*⋅zJ(η)eik⋅η



Berry curvature of the CF 
wave function

⟨ΨCF
k |e−iq⋅ ̂z |φCF

k+q⟩ = ∑
P

(−1)P⟨φCF
Pk |e−iq⋅ ̂z |φCF

k+q⟩

ϕB = −
1
2 [arg⟨Ψk |e−i(k′�−k)⋅ ̂z |φk′�⟩ − (k ⇌ k′�)]

φCF
k (z) = ∫ dμ(η)e 1

2 η*⋅zJ(η)eik⋅η

⟨φCF
Pk |e−iq⋅ ̂z |φCF

k+q⟩ = e− 1
2 q*(q + k) × ⟨φCF

Pk |φCF
k ⟩

exchangetransport
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k (z) = ∫ dμ(η)e 1

2 η*⋅zJ(η)eik⋅η

⟨φCF
Pk |e−iq⋅ ̂z |φCF

k+q⟩ = e− 1
2 q*(q + k) × ⟨φCF

Pk |φCF
k ⟩

exchangetransport

Ωv
z(k) = + 1

for the standard CF wave function
Ωe

z(k) = − 1



Conclusion and Outlook
• No, the composite Fermion is not a massless Dirac 

Fermion, at least for the two wave functions.


• The CF with respect to the standard CF theory is a 
“Niuqian” particle with a uniform Berry curvature.


• The structure of the hidden Hilbert space? 


• Is it finite? Topology?


• An explicit construction?


• A proper field theory for CFs? — a field theory defined in 
the Segal-Bargmann space?

{ψ(z), ψ†(z′�)} = e
1
2 zz′ �*





Thank you very much for your attention!



CF: A Dipole
e v

�ki ⇥ ẑl2B

N. Read, Semicond. Sci. Tech. 9, 1859 (1994) 
Pasquier, Haldane, Nuclear Physics B 516, 719 (1998)

The “momentum” is actually the displacement from the electron 
to the quantum vortices.

The electron is only coupled to the external (real) magnetic field 
The quantum vortices are only coupled to the emergent (CS) field

X

j


e�B⇤

ij ẑ⇥ 0
0 �eB�ij ẑ⇥

� 
ẋv
j

ẋe
j

�
=


rxv

i
V

rxe
i
V

�



CF Position: Electron vs. 
Vortices?

xi ⌘
D
⇠̂i
E
� ki ⇥ ẑl2B ⇠̂i ⌘ r̂i �R0

i

The position of a CF is assigned to its constituent quantum 
vortices

 ({ri}) = A
Y

i<j

(zi � zj + ikil
2
B � ikj l

2
B)

m
Y

i

�Ri(ri)

zvi = zi + ikil
2
B

In case we use the electron position:
X

j

2

4 eB⇤
ij ẑ⇥

�B⇤
ij

B

��B⇤
ij

B � 1
eB

⇣
�B⇤

ij

B

⌘
ẑ⇥

3

5


ẋe
j

ṗj

�
= �

"
@V
@xe

i
@V
@pi

#



Case II: CF Fermi Liquid
 CFS = P̂LLLe

� |B|
4

P
i |zi|

2 Y

i<j

(zj � zj)
2 F ({xi})

 k (x, {xi}) / eik·x/2 a (z + ik/B, {zi}) ,

 a(z, {zi}) / exp(�|B||z|2/4)
Y

i

(z � zi)
2 CFS

h k | k0 i = �kk0

Adding an electron into the CF Fermi sea:

Wave-packet dynamics can be constructed using the basis. 
Sundaram and Niu, Phys. Rev. B 59, 14915 (1999)

⇢a (x,x
0) =

1

S
e�

|B|
4 |x�x0|2+ iB

2 (x⇥x0)·ẑ,

Rezayi-Read WF: Phys. Rev. Lett. 72, 900 (1994)



CF Dynamics

ṗ = � @V

@xe

ẋ =
@V

@p
� 1

eB
ṗ⇥ ẑ

ṗ = �@V

@x

ẋe =
@V

@p
+

1

eB
ṗ⇥ ẑ

x ⌘ xv = xe � ki ⇥ ẑl2B

306 F. D. M. Haldane 

cesses that do not conserve the Landau indices ni = 
\zxUi \2 of the particles are frozen out. The parti-
cles then all have ni = O. or more generally (for fer-
mions). n Landau levels are completely filled and in-
ert. and the residual dynamics is that of a gas of 
particles with Landau index n. The remaining dynami-
cal variables of the particles once the ni have been 
fixed are the 'guiding centers' (centers of the cyclo-
tron orbital motion) Ri = ri-{q/e)Zxui. which commute 
with the Ui. and have commutation relations 

(8.2.3) 

The Hamiltonian describing the residual interaction is 

where 

:1t' = :1tiJ • 
Uj 

(B.2.4) 

(8.2.5) 

and the Ln{x) are the Laguerre polynomials. :1tiJ 
commutes with the relative angular momentum operator 

.M .. = 41IR.-R.12 -21 . 
1.J 1. J 

(B.2.6) 

From (B.2.3). this is found to have integer eigenval-
ues m = 0.1.2 •.... The total z-component of angular 
momentum of the N-particle system is 

M = ; [ 1Ri 12/4N + .Mij/N -{n-1)N] . (B.2.7) 

i i<j 

The interaction energy of a pair of particles with 
the same Landau indices depends only on .MiJ and n. and 
the interaction (B.2.4) can be written in a more fun-
damental form 

It is consistent with the dynamics of guiding centers: 
Haldane, in The Quantum Hall effect, ed. by Prange and Girvin 

(1990) 

⌦(k) =
1

eB
ẑ for all k



CF Dynamics
ẋ =

@hcf

@k
� k̇ ⇥⌦(k),

k̇ = Ecf + ẋ⇥Bcf

CFs follow Niu’s dynamics instead of Newton’s 

Sundaram-Niu, Phys. Rev. B 59, 14915 (1999),

Xiao-Chang-Niu, Rev. Mod. Phys. 82, 1959 (2010).

⌦(k) =
1

eB
ẑ



CF Momentum Manifold

• A finite phase volume:


• Particle-hole symmetry


• A non-zero Chern number 

S = 2⇡|B|

C = sign(B) = �CL

The CF momentum manifold inherits its characteristics from 
the Landau level

An effective theory starting from a Landau level, instead of a band 
of free electrons/Dirac fermions?



Four-band Toy Model

Hcf = ✏0


⇤ [(p · �)�⌧ (p · �) + �] ✏pp · � + �

2

✏pp · � + �
2 �⇤�⌧

�

� ⌘ (�1,�2,�3) p ⌘ (p1, p2, ✏p)

� ⌘ 2Bcf/|B| �⌧ ⌘ (⌧ + �3)/2

The Hamiltonian defines an effective CF model on a disc-shape 
momentum manifold with 

a uniformly distributed Berry curvature



Compared to the Dirac 
Theory

• Both theories predict the π-Berry phase for the half filling.


• The CF conductance at half filling is protected in our 
theory, but probably not in the Dirac theory — Wang, 
Cooper, Halperin, and Stern, preprint, arXiv:1701.00007 
(2017).


• Our theory is based on existing wave functions, while the 
Dirac theory may imply new constructions of ground/
excited state wave-functions, which are deemed to be 
revolutionary.



Berry curvature correction 
to the density of states

Introduction Implications Conclusion Novel devices Phase space Quantum Mechanics

Breakdown of Liouville’s theorem

Liouville’s theorem: Ensemble density
in phase space is conserved.

∆V = ∆r∆k

1

∆V

d∆V (t)

dt
= ∇x · ẋ + ∇k · k̇ = 0 ∆V (t1)

∆V (t2)

r

k

With k-space magnetic field:

1

∆V

d∆V (t)

dt
̸= 0

∆V (t) =
∆V (0)

1 + (e/!)B · Ω(k) ∆V (t1)

∆V (t2) ̸= ∆V (t1)

r

k

Junren Shi ddd Reciprocal Space Magnetic Field: Physical Implications

Liouville’s theorem breaks down for the Sundaram-Niu 
dynamics

ΔV(t) =
ΔV(0)

1 − (q/ℏ)B ⋅ Ω(k)

The phase space has a measure:

D(k) = 1 −
q
ℏ

BΩz(k)

∫
dk

(2π)2
→ ∫

dk
(2π)2

D(k)

Xiao, JS, and Niu, PRL 95, 137204 (2005)



Symmetry out of asymmetry
The phase space area of a half-filled CFL Fermi-sea can 

accommodate

ne = ∫FS0

dk
(2π)2 (1 −

q
ℏ

BcfΩ(k)) =
eB
2h

−
eBcf

2h

Quantization condition

ne = NL
e |Bcf |

h

Bcf = B/(2n + 1)

NL = n NL = n + 1

ν =
n

2n + 1 ν =
n + 1
2n + 1

Bcf = − B/(2n + 1)



CF Spectrum

⌫ = 1/3 ⌫ = 2/3
CBcf > 0 CBcf < 0

• The apparent asymmetry is due to the necessity of 
filling an extraneous LL at the band bottom.


• Similar asymmetry (between valleys) arises in 
gapped graphene-like systems (e.g., BN, MoS2).

JS, arXiv:1704.07712 (2017)


