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Preface

Overview

• An introductory course to the quantum theory of many-particle systems.
• A comprehensive understanding of basic principles/language and an overview on
the arsenal of many body techniques.

• Applications to real physical systems
• Bridge the gap between the quantum many-body theory and real material calcu-
lations.

• Use the functional integral as the foundation because
– It is economic in developing various many-body techniques (perturbation, ef-
fective action)

– It becomes a language more commonly used in literatures

Contents

• Basic Theory
– Second quantization and coherent states
– Path integral formalism
– Perturbation theory
– Green’s function formalism
– Effective action theory

• Applications to physical systems
– Theory of electron liquids
– Broken symmetry and phase transitions

• Computational methods
– Density functional theory
– GW approximation
– DMFT theory
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Chapter 1

Second quantization and coherent
state

1.1 Quantum mechanics NO§1.1

Basic concepts

• States and observables: position eigenstate |r⟩, momentum eigenstate |p⟩;

r̂ |r⟩ = r |r⟩ , (1.1.1)
p̂ |p⟩ = p |p⟩ . (1.1.2)

• Hilbert space: all states with finite norms
• Completeness (closure) relations:∫

dr |r⟩ ⟨r| = 1, (1.1.3)∫
dp |p⟩ ⟨p| = 1, (1.1.4)

|ψ⟩ =
∫

dr |r⟩ ⟨r|ψ⟩ ≡
∫

dr |r⟩ψ(r). (1.1.5)

• Overlaps between states:

⟨r|r′⟩ = δ(r − r′), (1.1.6)
⟨p|p′⟩ = δ(p− p′), (1.1.7)

⟨r|p⟩ =
(

1

2πℏ

)3/2

exp

(
ip · r
ℏ

)
. (1.1.8)

Schrödinger equation

• momentum operator in the position basis:

⟨r |p̂|ψ⟩ = −iℏ
∂

∂r
⟨r|ψ⟩ ≡ −iℏ

∂ψ(r)

∂r
. NO(1.11)(1.1.9)
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• Schrödinger equation:

iℏ
d

dt
|ψ⟩ =

[
p̂2

2m
+ V (r̂)

]
|ψ⟩ , (1.1.10)

iℏ
∂ψ(rt)

∂t
= ⟨r|

[
p̂2

2m
+ V (r̂)

]
|ψ⟩ =

[
1

2m

(
−i

∂

∂r

)2

+ V (r)

]
ψ(r). (1.1.11)

Generalization The concept of state can be generalized to:

• Eigenstates of any observables/operators.
• Internal degrees of freedom, e.g., spin σ, isospin τ , band index . . .

1.2 Identical particles NO§1.2

Generalization to many-particle systems

• Product states can be constructed from orthonormal single particle states |α⟩:

|α1 . . . αN ) ≡ |α1⟩ ⊗ |α2⟩ ⊗ · · · ⊗ |αN ⟩ . (1.2.1)

• Overlap between product states:

(α1 . . . αN |α′
1 . . . α

′
N ) = ⟨α1 |α′

1⟩ ⟨α2 |α′
2⟩ . . . ⟨αN |α′

N ⟩ , (1.2.2)
ψα1...αN

(r1 . . . rN ) ≡ (r1 . . . rN |α1 . . . αN )

= ψα1
(r1)ψα2

(r2) . . . ψαN
(rN ). (1.2.3)

• Completeness relations: ∑
α1...αN

|α1 . . . αN ) (α1 . . . αN | = 1. (1.2.4)

Exchange symmetry only totally symmetric (Bosons) and anti-symmetric states (Fermions)
are observed in nature:

ψ (rP1, rP2, . . . , rPN ) = ψ (r1, r2, . . . , rN ) (Bosons), (1.2.5)
ψ (rP1, rP2, . . . , rPN ) = (−1)Pψ (r1, r2, . . . , rN ) (Fermions). (1.2.6)

• Statistics theorem: Bosons (Fermions) have integer (half-integer) spins.
• Symmetrized state:

P̂ψ (r1, r2, . . . , rN ) =
1

N !

∑
P

ζPψ (rP1, rP2, . . . , rPN ) , (1.2.7)

|α1 . . . αN} =
√
N !P̂ |α1 . . . αN ) . (1.2.8)

ζ = 1 for Bosons and −1 for Fermions.
– Pauli exclusion principle due to the anti-symmetry of Fermion states.
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– Overlap and orthogonality:

{ α1 . . . αN | α′
1 . . . α

′
N } =

{
(−1)P (Fermions)
n1!n2! . . . np! (Bosons)

, NO(1.43a,b)(1.2.9)

non-vanishing only when α′
1 . . . α

′
N is a permutation of α1 . . . αN .

– Closure relation:∑
α1...αN

P̂ |α1 . . . αN ) (α1 . . . αN | P̂ =
1

N !

∑
α1...αN

|α1 . . . αN} {α1 . . . αN | = 1.

(1.2.10)
• Normalized symmetrized states:

|α1 . . . αN ⟩ = 1√∏
α nα!

|α1 . . . αN} . (1.2.11)

– Overlap:

⟨β1 · · ·βN |α1 · · ·αN ⟩ = 1√∏
β nβ !

∏
α nα!

S (⟨βi|αj⟩), NO(1.47)(1.2.12)

where S is a permanent (determinant) for Bosons (Fermions).
– Closure relation: ∑

α1...αN

∏
α nα!

N !
|α1 . . . αN ⟩ ⟨α1 . . . αN | = 1. (1.2.13)

1.3 Creation and annihilation operators

1.3.1 Basics NO§1.3

Creation operator adds one particle to the single-particle state |α⟩

a†α |α1 . . . αN ⟩ =
√
nα + 1 |αα1 . . . αN ⟩ , (Boson), (1.3.1)

a†α |α1 . . . αN ⟩ =

{
|αα1 . . . αN ⟩ α /∈ {α1, . . . , αN}
0 α ∈ {α1, . . . , αN}

, (Fermion). (1.3.2)

• Vacuum state |0⟩: a state with no particle. Note that it is not a zero state!
• Fock space: the creation operator changes the number of particles. Therefore, we
define

B = B0 ⊕ B1 ⊕ . . . , (1.3.3)
F = F0 ⊕F1 ⊕ . . . . (1.3.4)

– Closure relations:

|0⟩ ⟨0|+
∞∑
N=1

∑
α1...αN

∏
α nα!

N !
|α1 . . . αN ⟩ ⟨α1 . . . αN | = 1. (1.3.5)
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• Creating a state:

|α1 . . . αN ⟩ = 1√∏
α nα!

a†α1
a†α2

. . . a†αN
|0⟩ . (1.3.6)

• The symmetry or antisymmetry properties of themany-particle states impose com-
mutation or anticommutation relations between the creation operators:

â†αâ
†
β − â†β â

†
α ≡ [â†α, â

†
β ]− = 0 (Bosons) (1.3.7)

â†αâ
†
β + â†β â

†
α ≡ [â†α, â

†
β ]+ = 0 (Fermions) (1.3.8)

Annihilation operator aα is the adjoint of a†α, and removes a particle:

aα |α1 . . . αN ⟩ = 1
√
nα

N∑
i=1

ζi−1δα,αi |α1 . . . αi−1αi+1 . . . αN ⟩ . (1.3.9)

• Commutator between the creation and annihilation operators:

[aα, a
†
β ]− ≡ aαa

†
β − a†βaα = 1, (Bosons) (1.3.10)

[aα, a
†
β ]+ ≡ aαa

†
β + a†βaα = 1.(Fermions) (1.3.11)

The proof can be found in NO pp. 14-15.

Number representation labels states with numbers of particles occupying single-particle
states:

|α1 . . . αN ⟩ ⇒ |nα1
nα2

. . . ⟩ , (1.3.12)

• Bosons:

aαi
|nα1

nα2
. . . ⟩ =

√
nαi

+ 1 |nα1
nα2

. . . (nαi
− 1) . . . ⟩ , (1.3.13)

a†αi
|nα1

nα2
. . . ⟩ = √

nαi
|nα1

nα2
. . . (nαi

+ 1) . . . ⟩ . (1.3.14)

• Fermions

aαi
|nα1

nα2
. . . ⟩ =

{
(−1)

∑i−1
j=1 nαj |nα1nα2 . . . (nαi → 0) . . . ⟩ nαi = 1

0 nαi
= 0

, (1.3.15)

a†αi
|nα1

nα2
. . . ⟩ =

{
(−1)

∑i−1
j=1 nαj |nα1

nα2
. . . (nαi

→ 1) . . . ⟩ nαi
= 0

0 nαi
= 1

. (1.3.16)

Field operators: creation/annihilation operator in the position basis

[ψ̂(r), ψ̂(r′)]−ζ = [ψ̂†(r), ψ̂†(r′)]−ζ = 0, (1.3.17)
[ψ̂(r), ψ̂†(r′)]−ζ = δ(r − r′). (1.3.18)

ψ̂(r) =
∑
α

ϕα(r)âα. (1.3.19)

Second quantization expresses operators in the creation and annihilation operators:
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• Number operator:
n̂α = a†αaα. (1.3.20)

• One-body operator Û =
∑
i ûi:

Û =
∑
αβ

⟨α | û |β⟩ a†αaβ . (1.3.21)

– In the position basis:

T̂ = − ℏ2

2m

∫
drψ̂†(r)∇2ψ̂(r), (1.3.22)

Û =

∫
drU (r) ψ̂†(r)ψ̂(r). (1.3.23)

• Two-body operator V̂ = (1/2)
∑
ij v̂ij :

V̂ =
1

2

∑
αβγδ

(αβ |v̂| γδ) a†αa
†
βaδaγ . (1.3.24)

Note the order of the state indexes.
• Proof

– We assume that a two-body operator V̂ may be diagonalized in product states:

v̂ |αβ) = vαβ |αβ) . (1.3.25)

– We can calculate a general matrix element:

{α′
1 . . . α

′
N |v̂|α1 . . . αN} =

1

2

∑
i ̸=j

vαiαj

 {α′
1 . . . α

′
N |α1 . . . αN} . (1.3.26)

– The number of times that vαβ appears in the summation is nαnβ for α ̸= β and
nα(nα − 1) for α = β. We can thus define a operator to count the number:

P̂αβ = n̂αn̂β − δαβn̂α = â†αâ
†
β âβ âα. (1.3.27)

and
V̂ =

1

2

∑
αβ

vαβP̂αβ . (1.3.28)

– Transform from the diagonal representation to a general basis.
• In the position basis:

V̂ =
1

2

∫
drdr′v(r − r′)ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r). (1.3.29)

Normal ordering: all â†’s are to the left of â’s.
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1.3.2 Second quantized Hamiltonians
Degenerate Electron gas FW§3

Ĥ = − ℏ2

2m

∑
σ

∫
drψ̂†

σ(r)∇2ψ̂σ(r) +
1

2

∑
σσ′

∫
drdr′

e2

|r − r′|
ψ̂†
σ(r)ψ̂

†
σ′(r

′)ψ̂σ′(r′)ψ̂σ(r)

+
∑
σ

∫
drVb(r)ψ̂

†
σ(r)ψ̂σ(r), (1.3.30)

where Vb(r) denotes the potential exerted by a uniform positive charge background (jel-
lium model). In the momentum basis φk = V −1/2eik·r , the Hamiltonian can be written
as:

Ĥ =
∑
kσ

ℏ2k2

2m
â†kσâkσ +

e2

2V

∑
q ̸=0

∑
kp

4π

q2
â†k+qσâ

†
p−qσ′ âpσ′ âkσ. (1.3.31)

Note that the q = 0 component of the interaction is exactly cancelled by the potential of
the positive charge background.

Electrons in periodic potential are relevant for solids. The natural basis for second quan-
tizing a Hamiltonian is the Bloch basis φnk (the momentum basis counterpart) or the
Wannier function basis wn (Ri) (the position basis counterpart). They are related by:

wn(Ri) =
1√
N

∑
k∈B.Z.

e−ik·Riφnk, (1.3.32)

φnk =
1√
N

∑
Ri

eik·Riwn(Ri). (1.3.33)

Note that in the Bloch basis, the momentum conservation is modified to:

k1 + k2 = k′
1 + k′

2 +K, (1.3.34)

with a reciprocalwave-vectorK . It leads to theUmklapp scattering processwhen |K| ̸=
0.

Electron-phonon coupling describes the interaction between electrons and the vibrations
of atoms in a solid: HJ§3.1

Ĥel−ph =
∑
q

Mqâ
†
k+qâkĉq + h.c. (1.3.35)

withMq being the matrix element of the electron-phonon coupling.

Tight-binding model is a Hamiltonian second quantized in the Wannier function basis. A
general single-band tight-binding Hamiltonian can be written as: AS§2.2

Ĥ = −
∑
ij,σ

tij â
†
iσâjσ +

∑
ii′jj′

Uii′jj′ â
†
iσâ

†
i′σ′ âj′σ′ âjσ. (1.3.36)

In particular, interacting terms are classified as:

Direct coupling: Uii′ii′ = Vii′ , and HU =
∑
ii′ Vii′ n̂in̂i′ ;
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Exchange coupling: Jij ≡ Uijji, and ĤU = −2
∑
ij Jij

(
Ŝi · Ŝj + 1

4 n̂in̂j

)
.

Hubbard model The single band tight-bindingmodelwithwell localized atomic orbits could
be approximated as: FR§2

Ĥ = −t
∑
⟨ij⟩,σ

[
â†iσâjσ + h.c.

]
+ U

∑
i

n̂i↑n̂i↓, (1.3.37)

where ⟨ij⟩ denotes that i and j are nearest neighbors.
The interacting part can be alternatively written as:

ĤU ≡ U
∑
i

n̂i↑n̂i↓ = −2U

3

∑
i

∣∣∣Ŝi∣∣∣2 + NeU

2
, (1.3.38)

where Ŝi is the“spin operator”:

Ŝi =
1

2

∑
σσ′

â†iστσσ′ âiσ′ , (1.3.39)

with Pauli matrices

τx =

[
0 1
1 0

]
, τy =

[
0 −i
i 0

]
, τz =

[
1 0
0 −1

]
. (1.3.40)

Anderson impurity model

Ĥ =
∑
σ

ϵf f̂
†
σ f̂σ + Un̂f↑n̂f↓ +

∑
kσ

[
Vkf̂

†
σâkσ + h.c.

]
+
∑
kσ

ϵkâ
†
kσâkσ. (1.3.41)

Kondo model
Ĥ =

∑
kσ

ϵkâ
†
kσâkσ − JŜ(i) · Ŝ(e)

0 , (1.3.42)

where Ŝ
(e)
0 denotes an electron-spin operator Eq. (1.3.39) at the origin.

1.4 Coherent states NO§1.4

• Coherent states as eigenstates of the annihilation operator:

âα |ϕ⟩ = ϕα |ϕ⟩ . NO(1.112)(1.4.1)

– coherent states must be eigenstates of âα instead of â†α.

• For Fermions, we have to use Grassmann numbers, because

ϕαϕβ + ϕβϕα = 0. NO(1.113)(1.4.2)
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1.4.1 Boson coherent states
Definition

|ϕ⟩ = e
∑

α ϕαa
†
α |0⟩. (1.4.3)

Overlap
⟨ϕ|ϕ′⟩ = exp (ϕ∗ · ϕ′) . (1.4.4)

Note that different coherent states are not orthogonal. They form an over-complete
basis.

Closure relation ∫
dµ(ϕ)|ϕ⟩⟨ϕ| = 1. (1.4.5)

dµ(ϕ) ≡
∏
α

dϕαdϕ
∗
α

2πi
exp

[
−
∑
α

|ϕα|2
]
=

∏
α

d(Reϕα)d(Imϕα)

π
exp

[
−
∑
α

|ϕα|2
]
. (1.4.6)

Trace
TrÂ =

∫
dµ(ϕ)

⟨
ϕ
∣∣∣ Â ∣∣∣ϕ⟩ . (1.4.7)

Coherent state representation

|ψ⟩ =
∫

dµ(ϕ) |ϕ⟩ ⟨ϕ |ψ⟩ ≡
∫

dµ(ϕ)ψ(ϕ∗) |ϕ⟩ . (1.4.8)

• Representations of operators:

âα → ∂

∂ϕ∗α
, (1.4.9)

â†α → ϕ∗α. (1.4.10)

• Wave-equation
• Unit-operator:

ψ (ϕ∗) =

∫
dµ(ϕ′)eϕ

∗·ϕ′
ψ (ϕ′∗) . (1.4.11)

• Matrix-elements of normal ordered operators:⟨
ϕ
∣∣∣ Â (

â†, â
) ∣∣∣ϕ′⟩ = A (ϕ∗, ϕ′) eϕ

∗·ϕ′
. (1.4.12)

Average and variance of the particle number

N̄ ≡

⟨
ϕ
∣∣∣ N̂ ∣∣∣ϕ⟩
⟨ϕ |ϕ⟩

=
∑
α

|ϕα|2 , (1.4.13)

(∆N)
2 ≡

⟨
ϕ

∣∣∣∣ (N̂ − N̄
)2

∣∣∣∣ϕ⟩
⟨ϕ |ϕ⟩

= N̄ . (1.4.14)
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1.4.2 Grassmann algebra
Grassmann algebra is defined by a set of generators {ξα}, α = 1 . . . n which anti-commute:

ξαξβ + ξβξα = 0. (1.4.15)

Amatrix representation of Grassmannnumbers requiresmatrices of dimension at least
2n × 2n.

Number in the Grassmann algebra is a linear combination with coefficients of the genera-
tors:

{1, ξα, ξα1
ξα2

, . . . , ξα1
ξα2

. . . ξαn
}. (1.4.16)

Conjugate has properties:

(ξα)
∗
= ξ∗α, (1.4.17)

(ξ∗α)
∗
= ξα, (1.4.18)

(λξα)
∗
= λ∗ξ∗α, (1.4.19)

(ξα1 . . . ξαn)
∗
= ξ∗αn

. . . ξ∗α1
. (1.4.20)

Function

f(ξ) = f0 + f1ξ, (1.4.21)
A(ξ∗, ξ) = a0 + a1ξ + ā1ξ

∗ + a12ξ
∗ξ. (1.4.22)

Derivative is defined to be identical to the complex derivative, except that ∂ξ has to be anti-
commuted through until it reaches to act on ξ:

∂

∂ξ
(ξ∗ξ) = −ξ∗. (1.4.23)

Note that ∂ξ and ∂ξ∗ also anti-commute.

Integral is defined to be a linear mapping with properties mimicking those of ordinary in-
tegrals: ∫

dξ 1 =

∫
dξ∗ 1 = 0, (1.4.24)∫

dξ ξ =

∫
dξ∗ ξ∗ = 1. (1.4.25)

• Note that
∫
dξ∗ξ is not defined!

• Anti-commutation applies.

Reproducing kernel (Dirac function)

δ(ξ, ξ′) = − (ξ − ξ′) , NO(1.153)(1.4.26)

f(ξ) =

∫
dξ′δ(ξ, ξ′)f(ξ′). (1.4.27)

Scalar product of Grassmann functions:

⟨f | g⟩ ≡
∫

dξ∗dξ e−ξ
∗ξf∗(ξ)g(ξ∗) (1.4.28)

= f∗0 g0 + f∗1 g1. (1.4.29)
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1.4.3 Fermion coherent states
Definition

|ξ⟩ = e−
∑

α ξαâ
†
α |0⟩ =

∏
α

(
1− ξαâ

†
α

)
|0⟩ . (1.4.30)

âα |ξ⟩ = ξα |ξ⟩ , (1.4.31)
⟨ξ| â†α = ⟨ξ| ξ∗α, (1.4.32)

â†α |ξ⟩ = − ∂

∂ξα
|ξ⟩ , (1.4.33)

⟨ξ| âα = +
∂

∂ξ∗α
⟨ξ| . (1.4.34)

• ξα is a Grassmann number ‒The Fermion Fock space must be enlarged to define a
coherent state.

• {ξ, ξ∗} and {â, â†} anti-commute, and (ξâ)
†
= â†ξ∗.

Overlap
⟨ξ | ξ′⟩ = eξ

∗·ξ′ (1.4.35)

Closure relation ∫ ∏
α

dξ∗αdξαe
−ξ∗·ξ |ξ⟩ ⟨ξ| = 1. (1.4.36)

Trace of an operator:
TrÂ ≡

∫ ∏
α

dξ∗αdξαe
−ξ∗·ξ

⟨
−ξ

∣∣∣ Â ∣∣∣ ξ⟩ . (1.4.37)

Note that matrix elements do not commute:

⟨ψi | ξ⟩ ⟨ξ |ψj⟩ = ⟨−ξ |ψj⟩ ⟨ψi | ξ⟩ . (1.4.38)

Coherent state representation

|ψ⟩ =
∫ ∏

α

dξ∗αdξαe
−ξ∗·ξ |ξ⟩ψ(ξ∗). (1.4.39)

⟨ξ | âα |ψ⟩ =
∂

∂ξ∗α
ψ(ξ∗), (1.4.40)⟨

ξ
∣∣ â†α ∣∣ψ⟩ = ξ∗αψ(ξ

∗), (1.4.41)

Matrix element of a normal ordered operator⟨
ξ
∣∣∣ Â (

â†, â
) ∣∣∣ ξ′⟩ = eξ

∗·ξ′A (ξ∗, ξ′) . (1.4.42)

Caveats

• There are no classical interpretation of a coherent state of Fermions.

• No viable approximation (e.g., stationary-phase approximation) exists.
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1.4.4 Gaussian integrals
For complex variables ∫ ∏

i

dz∗i dzi
2πi

e−z
†Hz+J†z+z†J = [detH]

−1
eJ

†H−1J . (1.4.43)

H is a positive-definite Hermitian matrix.

For Grassmann variables∫ ∏
dη∗i dηie

−η†Hη+J†η+η†J = [detH] e−J
†H−1J . NO(1.184)(1.4.44)

Both {ηi, η∗i } and {Ji,J∗
i } are Grassmann variables. H is not necessary to be positive

definite.

• The law for linear transformations of Grassmann variables:∫ ∏
dζ∗i dζiP (ζ∗, ζ) =

∣∣∣∣∂(η∗, η)∂(ζ∗, ζ)

∣∣∣∣ ∫ ∏
dη∗i dηiP (ζ∗(η∗, η), ζ(η∗, η)) . (1.4.45)

Note the inverse of the Jacobian.
• Note that detH does not appear as an inverse. The property is actually exploited
when mapping a disordered system into a supersymmetric interacting system.
See, K. Efetov, Supersymmetry in Disorder and Chaos (Cambridge University Press,
1999).

1.5 Summary

Commutation relation
[
âα, â

†
β

]
−ζ

= δαβ , [âα, âβ ]−ζ =
[
â†α, â

†
β

]
−ζ

= 0.

Coherent state |ξ⟩ = exp
(
ζ
∑
α ξαâ

†
α

)
|0⟩

Operations âα |ξ⟩ = ξα |ξ⟩, â†α |ξ⟩ = ζ∂ξα |ξ⟩, ⟨ξ| â†α = ⟨ξ| ξ∗α, ⟨ξ| âα = ∂ξ∗α ⟨ξ|

Matrix element ⟨ξ|Â(â†, â)|ξ′⟩ = eξ
∗·ξ′A(ξ∗, ξ′)

Closure relation 1 =
∫
dµ(ξ) |ξ⟩ ⟨ξ|

Trace TrÂ =
∫
dµ(ξ) ⟨ζξ|Â|ξ⟩

Representation |ψ⟩ =
∫
dµ(ξ) |ξ⟩ψ(ξ∗), ψ(ξ∗) = ⟨ξ|ψ⟩, ⟨ξ|â†α|ψ⟩ = ξ∗αψ(ξ

∗), ⟨ξ|âα|ψ⟩ =
∂ξ∗αψ(ξ

∗)

Gaussian integral∫ ∏
α

dξ∗αdξα
N

e−
∑

αβ ξ
∗
αHαβξβ+

∑
α(η∗αξα+ξ∗αηα) = [detH]

−ζ
eζ

∑
αβ η

∗
αH

−1
αβ ηβ

ζ =

{
1 Bosons

−1 Fermions
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dµ(ξ) =
∏
α

dξ∗αdξα
N

e−ξ
∗·ξ

N =

{
2πi Bosons

1 Fermions

ξ∗ · ξ′ =
∑
α

ξ∗αξ
′
α

Problems
1. A set of N particles are in single-particle states |β1⟩ . . . |βN ⟩. The single-particle states

have the coordinate representation ⟨r|βi⟩ = ψβi
(r). What are the coordinate repre-

sentations of the normalized symmetrized many-body states for Bosons and Fermions,
respectively?

2. Derive Eq. (1.3.31).

(a) Determine the commutation relations of Ŝi defined in (1.3.39). Are they the same
as those for angular momentum operators?

(b) Prove Eq. (1.3.38) by making use the identity τab · τcd = 2δadδbc − δabδcd.

3. Derive the closure relation Eq. (1.4.5) by showing∫
dµ(ϕ) |ϕ⟩ ⟨ϕ| =

∑
n

|n⟩ ⟨n| . (1.5.1)

4. Boson coherent states are physical states. For example, a classical electromagnetic field
can be viewed as a coherent state of photons. This can also be seen in another system,
i.e., the harmonic oscillator with

Ĥ =
p̂2

2m
+

1

2
mω2x̂2 (1.5.2)

(a) Show
Ĥ = ℏω

(
â†â+

1

2

)
(1.5.3)

with

x̂ =

√
ℏ

2mω

(
â† + â

)
(1.5.4)

p̂ = i

√
ℏωm
2

(
â† − â

)
(1.5.5)

and â and â† satisfy the commutation relations of Boson annihilation and creation
operators. Therefore, a harmonic oscillator can be viewed as a phonon system.

(b) Assume that the system is in the coherent state |ϕ0⟩ at t = 0. Show that the state at
finite t is

|ψ(t)⟩ = e−iωt/2 |ϕ0e−iωt⟩ . (1.5.6)
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(c) Determine the expectation value ⟨x̂⟩, ⟨p̂⟩, and
⟨
Ĥ
⟩
with respect to |ψ(t)⟩. Compare

the results with those for a classical harmonic oscillator with initial values x(t =
0) =

√
2ℏ/mω|ϕ0| and p(t = 0) = 0.

5. Prove the identity of integral by part for Grassmann variables:∫
dξdξ∗e−ξ

∗ξ

(
ξ − ∂

∂ξ∗

)
A(ξ, ξ∗) = 0, (1.5.7)

for ant A.
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Chapter 2

Perturbation theory

2.1 Introduction NO§2.1

2.1.1 Quantum statistical Mechanics
Statistical ensembles

• Micro-canonical ensemble: fixed energy and particle number.
• Canonical ensemble: fixed particle number, exchange energywith a thermal reser-
voir

ρ ∝ e−βE . (2.1.1)

• Grand canonical ensemble: exchange both the energy and particles.

ρ ∝ e−β(E−µN) (2.1.2)

Thermodynamic limit N,V → ∞, N/V → ρ.

• All three ensembles are equivalent in the thermodynamic limit
• Except when some observable has divergent fluctuations.

Expectation values ⟨
R̂
⟩
= Trρ̂R̂, (2.1.3)

ρ̂ =
1

Z
e−β(Ĥ−µN̂), (2.1.4)

Z =Tre−β(Ĥ−µN̂). (2.1.5)

Grand canonical potential
Ω = − 1

β
lnZ. (2.1.6)

Observables
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N = −∂Ω
∂µ

, (2.1.7)

P = − ∂Ω

∂V
, (2.1.8)

S = −∂Ω
∂T

. (2.1.9)

Gibbs-Duhem relation

U = TS − PV + µN, (2.1.10)
Ω = −PV. (2.1.11)

2.1.2 Response functions and Green’s function
A wide range of observables of direct experimental interest may be expressed in terms of
the average of products of operator at different time.

Response to a time-dependent potential Considering a time-dependent external field:

ĤU (t) = Ĥ + ÔU(t). (2.1.12)

Evolution operator |ψ(tf )⟩ = Û(tf , ti) |ψ(ti)⟩:

Û(tf , ti) = T exp

[
− i

ℏ

∫ tf

ti

ĤU (t)dt

]
. (2.1.13)

Time-ordered product rearranges operators in descending order of time:

T
[
Ô(t1)Ô(t2) . . . Ô(tn)

]
= ζP Ô(tP1)Ô(tP2) . . . Ô(tPn). (2.1.14)

P is a permutation which orders the time such that tP1 > tP2 > . . . tPn, and
yields normal order at equal times.

Response of a wave-function

δ |ψ(t)⟩ =
∫ t

ti

dt1δU(t1)
δÛ(t, ti)
δU(t1)

∣∣∣∣∣
U→0

|ψ(ti)⟩ = − i

ℏ

∫ t

ti

dt1δU(t1)e
i
ℏ ĤtÔ(H)(t1)

∣∣∣ψ(H)
⟩
.

(2.1.15)
Heisenberg representation

Ô(H)(t) = e
i
ℏ ĤtÔe−

i
ℏ Ĥt, (2.1.16)∣∣∣ψ(H)

⟩
= e−

i
ℏ Ĥt |ψ⟩ . (2.1.17)

Response of the expectation value of an observable R̂

δ
⟨
R̂(H)(t)

⟩
= − i

ℏ

∫ ∞

−∞
dt′θ(t− t′)

⟨[
R̂(H)(t), Ô(H)(t′)

]⟩
δU(t′), (2.1.18)

DRO(t, t
′) ≡

δ
⟨
R̂(H)(t)

⟩
δU(t′)

= − i

ℏ
θ(t− t′)

⟨[
R̂(H)(t), Ô(H)(t′)

]⟩
. (2.1.19)
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Fluctuation-dissipation theorem dictates that a transport coefficient is specified
by the fluctuation/correlation of operators.

Scattering experiments

• An external particle interacts weakly with the constituents of amany-body system
through v, Examples include electron energy loss spectroscopy (EELS) and neutron
scattering. The scattering cross section is related to correlation function:

σ(q, ω) = |v(q)|2
∫

dteiωt
∫

dre−iq·r
⟨
ρ̂(H) (r + r0, t) ρ̂

(H)(r0, 0)
⟩
. (2.1.20)

• Angle-resolved photoemission spectroscopy (ARPES): a photon excites a photoelec-
tron out of a many-body system [2]:

Ik(ω) ∝
∫

dteiωt
⟨
âk (t) a

†
k(0)

⟩
. (2.1.21)

Homework: Describe the ARPES technique and derive Eq. (2.1.21).

Real-time Green’s function

G(n) (α1t1, . . . αntn;α
′
1t

′
1, . . . α

′
nt

′
n) = (−i)n

⟨
T
[
âα1(t1) . . . âαn(tn)â

†
α′

n
(t′n) . . . â

†
α′

1
(t′1)

]⟩
.

(2.1.22)

It is used for zero-temperature many-body systems.

Thermal Green’s function is the Green’s function with imaginary time t = −iτ :1

G(n) (α1τ1, . . . αnτn;α
′
1τ

′
1, . . . α

′
nτ

′
n) = (−1)n

⟨
T
[
âα1

(τ1) . . . âαn
(τn)â

†
α′

n
(τ ′n) . . . â

†
α′

1
(τ ′1)

]⟩
.

(2.1.23)

where

âα(τ) ≡ e
Ĥ
ℏ τ âαe

− Ĥ
ℏ τ , (2.1.24)

â†α(τ) ≡ e
Ĥ
ℏ τ â†αe

− Ĥ
ℏ τ . (2.1.25)

Note that â†α(τ) and âα(τ) are not Hermitian adjoints. It is used for finite-temperature
equilibrium systems.

2.2 Functional integral formulation NO§2.2

Functional integral approach a physically intuitive description of the system and a starting
point for approximations.

Approximations naturally arise include:
• perturbation expansions

• loop expansions around stationary solutions

• solitons or instantons

• stochastic approximation
1The definition has an extra factor (−1)n, to be consistent with Fetter-Walecka’s definition. See FW(23.6).
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2.2.1 The Feynman path integral
To evaluate the evolution operator

U(xf tf , xi, ti) =
⟨
xf

∣∣∣e− i
ℏ Ĥ(tf−ti)

∣∣∣xi⟩ , (2.2.1)

the path integral approach proceeds as follows:

• Break a finite time interval into infinitesimal steps ∆t = ϵ:

U(xf tf , xi, ti) =
∫ M−1∏

k=1

dxk

⟨
xf

∣∣∣ e− iϵ
ℏ Ĥ

∣∣∣xM−1

⟩⟨
xM−1

∣∣∣ e− iϵ
ℏ Ĥ

∣∣∣xM−2

⟩
. . .

⟨
x1

∣∣∣ e− iϵ
ℏ Ĥ

∣∣∣xi⟩ .
(2.2.2)

• Evaluate the evolution operator for each step;

– Insert a complete momentum basis:⟨
xn

∣∣∣e−i ϵℏ Ĥ
∣∣∣xn−1

⟩
=

∫
d3pn |pn⟩

⟨
pn

∣∣∣e−i ϵℏ Ĥ
∣∣∣xn−1

⟩
; (2.2.3)

– Express Ĥ in normal form: all the p̂’s appear to the left of all the x̂’s;

–
⟨
pn

∣∣∣e−i ϵℏ Ĥ
∣∣∣xn−1

⟩
= e−i ϵℏH(pn,xn−1) +O(ϵ2);

– Carry out the integral over pn;
– The approximation has some arbitrariness:

* e−iϵH/ℏ or 1− iϵH/ℏ? The pn integral should be convergent.

* V (xn−1), V (xn), or [V (xn−1) + V (xn)]/2? It is equivalent in the continuous
limit, but [V (xn−1) + V (xn)]/2 yields better precision for a finite ϵ.

• Chain the evolution operator for individual steps together

U(xf tf , xi, ti) = lim
M→∞

∫ M−1∏
k=1

dxk

( m

2πiϵℏ

)3M/2

e
i
ℏ ϵ

∑M
k=1

[
1
2m

(
xk−xk−1

ϵ

)2
−V (xk−1)

]
(2.2.4)

≡
xf tf∫
xiti

D [x(t)] e
i
ℏ
∫ tf
ti

dt( 1
2mẋ

2−V (x(t))) ≡
xf tf∫
xiti

D [x(t)] e
i
ℏS[x(t)], (2.2.5)

where xM = xf and x0 = xi are implied.

Hamiltonian form

U(xf tf , xi, ti) = lim
M→∞

∫ M−1∏
k=1

dxk

M∏
k=1

dpk
2πℏ

e
i
ℏ ϵ

∑M
k=1

[
1
2pk

xk−xk−1
ϵ − p2k

2m−V (xk−1)

]
(2.2.6)

≡
xf tf∫
xiti

D [x(t)]D [p(t)] e
i
ℏ
∫ tf
ti

dt(p(t)ẋ(t)−H(p(t),x(t))) (2.2.7)
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Expectation value in the path-integrals is automatically time-ordered:

xf tf∫
xiti

D [x(t)]D [p(t)]O1 (x(t1))O2 (x(t2)) e
i
ℏS(p(t),x(t))

=

⟨
xf

∣∣∣∣∣∣∣T
Ô1(t1)Ô2(t2)e

− i
ℏ

tf∫
ti

dtĤ(t)


∣∣∣∣∣∣∣xi

⟩
. (2.2.8)

2.2.2 Imaginary time path integral and the partition function
• The partition function is just the trace of the imaginary time evolution operator

Z = Tre−βĤ =

∫
dx

⟨
x
∣∣∣ e−βĤ ∣∣∣x⟩ =

∫
dx

⟨
x
∣∣∣ e− i

ℏ (−iℏβ)Ĥ
∣∣∣x⟩ (2.2.9)

• The imaginary time path integral can be obtained by analytic continuation t→ −iτ :

U(xfτf , xi, τi) =
xfτf∫
xiτi

D [x(τ)] e
− 1

ℏ

τf∫
τi

dτ[m2 (ẋ(τ))2+V (x(τ))]
. (2.2.10)

• The partition function is a sum over all periodic trajectories of period ℏβ:

Z =

∫
x(ℏβ)=x(0)

D [x(t)] e
− 1

ℏ

ℏβ∫
0

dτ[m2 (ẋ(τ))2+V (x(τ))]
. (2.2.11)

• Generalization to many-particle systems:

Z =
1

N !

∑
P

ζP
∫

xi(ℏβ)=xPi(0)

∏
i

D [xi(τ)] e
− 1

ℏ

ℏβ∫
0

dτH(x(τ))
. (2.2.12)

There are two choices for intermediate states:

– un-symmetrized product states
– (anti-)symmetrized states

Both approaches are equivalent. However, in stochastic evaluations, it may be advan-
tageous to use the anti-symmetrized states for Fermions.

2.2.3 Coherent state path integral
• Use the coherent states as the intermediate states by inserting:

1 =
1

N

∫ ∏
α

dϕ∗αdϕαe
−

∑
α ϕ

∗
αϕα |ϕα⟩ ⟨ϕα| (2.2.13)
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• Normal form of a second quantized Hamiltonian: all creation operators appear to the
left of annihilation operators.

• Evolution operator:

U(ϕ∗f , tf ;ϕiti) = lim
M→∞

∫ M−1∏
k=1

dϕ∗kdϕk
N

e
ϕ∗
MϕM−1−i

ϵH(ϕ∗
M,ϕM−1)

ℏ +iϵ
M−1∑
k=1

[
iϕ∗

k

ϕk−ϕk−1
ϵ −

H(ϕ∗
k,ϕk−1)
ℏ

]

(2.2.14)

≡ lim
M→∞

∫ M−1∏
k=1

dϕ∗kdϕk
N

eϕ
∗
fϕf+

i
ℏ
∫ tf
ti

dt[iℏϕ∗(t)
∂ϕ(t)
∂t −H(ϕ∗(t),ϕ(t))]. (2.2.15)

The boundary conditions ϕ∗M = ϕ∗(tf ) = ϕ∗c and ϕ0 = ϕ(ti) = ϕi are implied.

2.2.4 Partition function
Boundary conditions are imposed by the trace with coherent states: (1.4.37)

ϕ0 = ϕ, (2.2.16)
ϕ∗M = ςϕ∗. (2.2.17)

Partition function

Z = lim
M→∞

∫ M∏
k=1

dϕ∗kdϕk
N

e
−ϵ

M∑
k=1

[
ϕ∗
k

(
ϕk−ϕk−1

ϵ −µϕk−1/ℏ
)
+H(ϕ∗

k,ϕk−1)/ℏ
]

(2.2.18)

=

∫
ϕ(ℏβ)=ζϕ(0)

D [ϕ∗(τ)ϕ(τ)] e−
∫ ℏβ
0

dτ[
∑

α ϕ
∗
α(τ)(∂τ−µ/ℏ)ϕα(τ)+H(ϕ∗(τ),ϕ(τ))/ℏ]. (2.2.19)

Note that the continuous form is defined by the discrete form.

Thermal Green’s functions

G(n) (α1τ2, . . . αnτn;α
′
1τ

′
1, . . . α

′
nτ

′
n) =

(−1)n

Z

∫
D [ϕ∗(τ)ϕ(τ)]

e−
∫ ℏβ
0

dτ[
∑

α ϕ
∗
α(τ)(∂τ−µ/ℏ)ϕα(τ)+H(ϕ∗(τ),ϕ(τ))/ℏ]ϕα1

(τ1) . . . ϕαn
(τn)ϕ

∗
α′

n
(τ ′n) . . . ϕ

∗
α′

1
(τ ′1).

(2.2.20)

Non-interacting system
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Partition function for Ĥ0 =
∑
α ϵαâ

†
αâα

Z0 = lim
M→∞

∏
α

∫ M∏
k=1

dϕ∗α,kdϕα,k

N
e
−ϵ

M∑
k=1

[
ϕ∗
α,k

(
ϕα,k−ϕα,k−1

ϵ + ϵα−µ
ℏ ϕα,k−1

)]
(2.2.18)(2.2.21)

= lim
M→∞

∏
α

[
detS(α)

]−ζ
=

∏
α

(
1− ζe−β(ϵα−µ)

)−ζ
= eζTr lnG0 . NO(2.69)(2.2.22)

S(α) =



1 0 0 −ζa
−a 1 0 0

0 −a 1
. . . ...

0 −a
. . .

0
. . . 1 0

0 . . . −a 1


, a = 1− β(ϵα − µ)

M
. (2.2.23)

Free Green’s function can be obtained by several ways:
Auxiliary fields

G0(ατq;α
′τr) = −δαα′

ζ

Z0

∂2

∂J∗
q ∂Jr∫ M∏

k=1

dϕ∗α,kdϕα,k

N
e−

∑
jk ϕ

∗
α,kS

(α)
kj ϕα,j+

∑
i(J

∗
i ϕα,i+ϕ

∗
α,iJi)

∣∣∣∣∣
J=J∗=0

(2.2.24)

= −δαα′

(
S(α)

)−1

qr
(2.2.25)

= −δαα′e−(ϵα−µ)(τq−τr)/ℏ [θ(τq − τr) (1 + ζnα) + ζθ(τr − τq)nα] ,
(2.2.26)

nα =
1

eβ(ϵα−µ) − ζ
. NO(2.75b)(2.2.27)

Fourier transform

ϕk =
1√
M

M−1∑
n=0

e−iωnkϵϕ̃n, ωn =

{
(2n+1)π

ℏβ ζ = −1
2nπ
ℏβ ζ = 1

. (2.2.28)

It is easy to verify that the boundary conditions Eqs. (2.2.16, 2.2.17) are satis-
fied.∑
jk

ϕ∗α,kS
(α)
kj ϕα,j = ϵ

∑
n

(
1− eiωnϵ

ϵ
+
ϵα − µ

ℏ
eiωnϵ

) ∣∣∣ϕ̃n∣∣∣2 (2.2.29)

→ ϵ
∑
n

(
−iωn +

ϵα − µ

ℏ

) ∣∣∣ϕ̃n∣∣∣2 . (2.2.30)

G(α)
0 (ωn) = − lim

ϵ→0

(
1− eiωnϵ

ϵ
+
ϵα − µ

ℏ
eiωnϵ

)−1

=
1

iωn − ϵα−µ
ℏ

. (2.2.31)

G0(ατ ;α
′τ ′) = δαα′

1

ℏβ
∑
ωn

G(α)
0 (ωn)e

−iωn(τ−τ ′). (2.2.32)
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Frequency sums FW(25.38)

1

ℏβ
∑
ωn

eiωnη

iωn − x
= − ζeηx

eℏβx − ζ
, for η > 0. (2.2.33)

Equation of motion

−
(
∂

∂τ
+
ϵα − µ

ℏ

)
G(α)
0 (τ, τ ′) = δ(τ − τ ′), (2.2.34)

G(ℏβ, τ ′) = ςG(0, τ ′). (2.2.35)

Equal-time Green’s function should be interpreted as

G(τ, τ) ≡ G(τ, τ + 0+). (2.2.36)

Note that the time ordering is the same as the normal ordering at equal times.

2.3 Perturbation theory NO§2.3

2.3.1 General strategy
• Decompose a Hamiltonian into the sum of a one-body operator Ĥ0 =

∑
α ϵαâ

†
αâα and a

residual Hamiltonian V̂ (in the normal order).

• Express the Grand partition function in terms of averages with respect to Ĥ0. By apply-
ing the time-slicing technique:

– Operator form

Z = Tr
[
Te−

1
ℏ
∫ ℏβ
0

dτĤ(τ)
]

(2.3.1)

= Z0

⟨
Te−

1
ℏ
∫ ℏβ
0

dτV̂ (τ)
⟩
0

(2.3.2)⟨
F̂
(
a†, a

)⟩
0
≡ 1

Z0
Tr

[
Te−

1
ℏ
∫ ℏβ
0

dτĤ0(τ)F̂
(
a†, a

)]
(2.3.3)

Note that

* τ is the time-slicing index, not the time in the Heisenberg operators.
* Time-ordering

– Functional integral form

Z = Z0

⟨
e−

1
ℏ
∫ ℏβ
0

dτV (ψ∗
α,ψ

∗
β ,...,ψ

∗
γ ,ψ

∗
δ)
⟩
0

(2.3.4)⟨
F̂ (ψ∗, ψ)

⟩
0
≡ 1

Z0

∫
ψ(ℏβ)=ζψ(0)

D [ψ∗ψ] e−
∫ ℏβ
0

dτ [∂τ+(H0(ψ
∗,ψ)−µ)/ℏ]F (ψ∗, ψ) (2.3.5)

• Expand Eq. (2.3.4) in a power series of V :

Z

Z0
=

∞∑
n=0

(−1/ℏ)n

n!

∫ ℏβ

0

dτ1 . . . dτn ⟨V (τ1) . . . V (τn)⟩0 (2.3.6)
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2.3.2 Convergency
Perturbation theory yields an asymptotic rather than convergent series:

Z(g) =

∫
dx√
2π
e−

x2

2 − g
4x

4

≈
∑
n

gnZn. (2.3.7)

• The series is not convergent because gnZn ∼ (4gn/e)n/
√
nπ when n→ ∞.

– Afinite number of terms sometimes gives a better approximation: minimum gnZn ∼√
4g/π exp(−1/4g) occurs at n ∼ 1/4g.

Alternative methods

• For large g, it is better to expand as a series of 1/gn.
• For double-well potential: stationary phase approximation.
• Different strategies complement each other:

– Perturbative expansion: organize and elucidate
– Re-summations: focus on different physics
– Stationary phase approximation: large amplitude collectivemotion, tunneling

2.3.3 Wick’s theorem
• Identity for Gaussian integrals:∫

D [ψ∗ψ]ψi1ψi2 . . . ψin . . . ψ
∗
jn
. . . ψ∗

j2
ψ∗
j1
e−

∑
ij ψ

∗
iMijψj∫

D [ψ∗ψ] e−
∑

ij ψ
∗
iMijψj

=
∑
P

ζPM−1
iPn,jn

. . .M−1
iP1,j1

(2.3.8)

Proof

– Define a generating function

G (J∗, J) =

∫
D [ψ∗ψ]ψ∗

j1
e−

∑
ij ψ

∗
iMijψj+

∑
i(J

∗
i ψi+ψ

∗Ji)∫
D [ψ∗ψ] e−

∑
ij ψ

∗
iMijψj

(2.3.9)

= eζ
∑

ij J
∗
i M

−1
ij Jj (2.3.10)

– Relate the integral with the generating function

· · · = ζn
δ2nG(J∗, J)

δJ∗
i1
. . . δJ∗

in
δJjn . . . δJJ1

. (2.3.11)

• For Eq. (2.3.5), Mij is just the discrete matrix representation of ∂τ − (Ĥ0 − µ)/ℏ, and
M−1
ij = −[G0]ij .

Wick’s theorem

• Pair each ψi with a ψ∗
j (a complete contraction). Each of the pairs contributes a

factorM−1
ij .

• The sign ζP is determined by the permutation P that brings ψi with ψ∗
j in all pairs

to adjacent positions.
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2.3.4 Labeled Feynman diagrams
We consider a two-body interaction:

V (ψ∗(τ), ψ(τ)) =
1

2

∑
αβγδ

⟨αβ|v̂|γδ⟩ψ∗
α(τ)ψ

∗
β(τ)ψδ(τ)ψγ(τ) (2.3.12)

General idea

• A propagator is represented by a directed line.
• Each interaction is represented by a vertex with two incoming and two outgoing
lines.

• Connecting interactions with propagators, by all possible ways.
• Drawing all distinct diagrams, determining signs and coefficients.

Distinct labeled diagrams

• Labeling each vertex with a time τ and a direction.
• Labeling each propagator with a direction.
• Two labeled diagrams are distinct if they are different in either of the:

– Connection topology
– Directions of the vertices and propagation lines

Signs and coefficients

• Each closed loop contributes a sign ζ .
• nth order diagram has an overall factor (−1/ℏ)n/2nn!.

Rules for labeled diagrams

1. Draw all distinct labeled diagrams composed of n vertices
τ

connected by
lines .

2. Assign a state index to each directed line and include the factor
τ

τ ′

α
= gα(τ − τ ′) = −e−(ϵα−µ)(τ−τ ′)/ℏ [(1 + ζnα)θ(τ − τ ′) + ζnαθ(τ

′ − τ)] .

(2.3.13)
• Equal time propagators with τ = τ ′ are interpreted as τ ′ = τ +0+, because the
time order is the same as the normal order for equal times.

3. For each vertex, include the factor

α β

γ δ

= ⟨αβ | v | γδ⟩ (2.3.14)

4. Sum over all state indices and integrate all times over the interval [0, ℏβ].
5. Multiply the result by the factor

(−1/ℏ)n

2nn!
ζnL (2.3.15)

where nL is the number of closed loops.
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2.3.5 Unlabeled Feynman Diagrams
• The number of the labeled diagrams is huge, and many distinct labeled diagrams yield
the same numerical value.

• Simplification: eliminate all τ labels and the directions of the vertices.

Symmetry factor S

• There are total 2nn! permutations of the time labels and vertex directions.
• For a given labeled diagram, there is a subgroup of the permutations that do not
change the diagram.

• The symmetry factor S is the rank of the subgroup .
• Examples

– First order:

S = 2 S = 2
(2.3.16)

– Second order (connected):

S = 4 S = 2 S = 1 S = 2 S = 4

(2.3.17)

– S = 2n for the first-order exchange graph and all direct ring diagrams:

+ + + · · · = −1

2
Tr [ln(1− ζvgg/ℏ)] (2.3.18)

• Sum rule: ∑ 1

S
= (2n− 1)!! (2.3.19)

Rules for unlabeled diagrams change the overall functor of a diagram to:

(−1/ℏ)nζnL

S
(2.3.20)

2.3.6 Hugenholtz diagrams
• Further simplification: eliminate the interaction lines by using (anti-)symmetrized in-
teraction matrix element:

α β

γ δ

= ⟨αβ | v̂ | γδ⟩ ⇒
α β

γ δ

= {αβ |v̂| γδ} (2.3.21)

{ αβ | v̂|γδ } ≡ ⟨αβ | v̂ | γδ⟩+ ζ ⟨αβ | v̂ | δγ⟩ (2.3.22)
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Symmetry factor
S = 2neSD (2.3.23)

where SD is the number of permutations of the time labels which yield deformations,
and ne is the number of equivalent pairs of propagator lines. An equivalent pair refers
to two propagator lines that begin at the same vertex, end at the same vertex, and point
in the same direction.

• Examples

– First order:
SD = 1, ne = 1 (2.3.24)

* Second order (connected):

SD = 2, ne = 0 SD = 2, ne = 2

(2.3.25)

* Third order (connected):

SD = 2, ne = 0 SD = 3, ne = 0 SD = 1, ne = 1

SD = 3, ne = 3 SD = 6, ne = 0

(2.3.26)

– Sum rule: ∑ 1

S
=

(2n− 1)!!

2n
(2.3.27)

Number of closed loops nL is determined by expanding a Hugenholtz diagram to (any) one
of corresponding Feynman diagrams, and counting the number of closed loops.

• Overall factor:
(−1/ℏ)nζnL

S
(2.3.28)

2.3.7 Frequency and momentum representation
Momentum/frequency representation For systems homogeneous in space/time, it is ad-

vantageous to work in Momentum/frequency representation.
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• Fourier transform in time:: For a function of time g(τ)which is periodic/antiperiodic:

g̃(ωn) =

∫ ℏβ

0

dτeiωnτg(τ), (2.3.29)

g(τ) =
1

ℏβ
∑
ωn

e−iωnτ g̃(ωn), (2.3.30)

ωn =

{
2πn
ℏβ periodic
(2n+1)π

ℏβ antiperiodic
. (2.3.31)

• Fourier transform in space:

f̃(k) =

∫
dre−ik·rf(r), (2.3.32)

f(r) =

∫
dk

(2π)d
eik·r f̃(k). (2.3.33)

• Interaction matrix element in momentum representation:

⟨k1k2 | v̂ |k3k4⟩ =
1

V
δk1+k2,k3+k4

ṽ (k1 − k3) . (2.3.34)

• Green’s function in momentum-frequency representation:

g̃ (ωn,k) =
1

iωn − (ϵk − µ) /ℏ
. (2.3.35)

Diagram rules NO(p.94, 96)

1. Assign momentum/frequency labels to each directed line in such a way that mo-
menta/frequencies are conserved at each vertex, and include a factor:

ωnk
= g̃(ωn,k) =

1

iωn − (ϵk − µ) /ℏ
. (2.3.36)

For propagators beginning and ending at the same vertex, include an additional
factor eiωnη .

2. For each vertex include a factor:

k3 k1 + k2 − k3

kk1 k2

= ṽ(k1 − k3), (2.3.37)

k3 k1 + k2 − k3

k1 k2

= ṽ(k1 − k3) + ζṽ(k2 − k3). (2.3.38)

3. For each independent momentum/frequency, perform the integral and sum

1

ℏβ
∑
ωn

∫
dk

(2π)d
. (2.3.39)
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4. Multiply the previous factor by (ℏβV)nc , where nc is the number of connected part
in the diagram.

Loop expansion: the perturbative expansion, in the context of the saddle-point expansion,
is also referred as the loop expansion. NO(p.126)The“loop”here does not refer to the Fermion
loop. It refers to a“momentum loop”, i.e., an independent momentum integral per-
formed in a diagram. Annth order diagramhasn+1 independentmomentum integrals.

2.3.8 The linked cluster theorem
The grand potential can be determined by the sum of all connected diagrams:

Ω = − 1

β
lnZ = Ω0 −

1

β

∑
(all connected graphs). (2.3.40)

Proof

• Replica approach

– Exploit the identity:
lim
n→0

d

dn
Zn = lnZ. (2.3.41)

– Zn can be obtained by calculating the partition function of a system with n repli-
cating fields.

– The contribution of a graph with nc connected parts is proportional to nnc .
– Zn terms proportional to nmust have nc = 1, i.e., a connected graph.

• Standard approach (Problem 2.10). NO(p.135)

2.3.9 Observables and Green’s functions
Observables ⟨

R̂
⟩
=

⟨
e−

1
ℏ
∫
dτV (ψ∗(τ),ψ(τ))R (ψ∗(0), ψ(0))

⟩
0⟨

e−
1
ℏ
∫
dτV (ψ∗(τ),ψ(τ))

⟩
0

. (2.3.42)

• For a two-body operator R̂: NO(p.100)

– Starting from the grand potential diagrams, and replacing one of the interac-

tion vertices
α β

γ δ

with a R-vertex
α β

γ δ

= (αβ|R̂|γδ).

– The link-cluster theorem still applies: only connected diagrams contribute.
– Symmetry factors are much simpler:

* A deformation of diagrams must involve a reversal of the arrow direction
of the R-vertex.
· A diagram is composed of a series of loops.
· A loop with one time-label fixed has no deformation.
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* S = 2 if the reverse of the arrow direction of the R-vertex combined with
some transformation of the interaction vertices yields a deformation.

* S = 1 otherwise.

S = 2 S = 2 S = 2 S = 1

S = 1 S = 1 S = 1 S = 2

(2.3.43)

• Form-body operators:
– The symmetry factor S is equal to the number of permutations of them-joints
of R which can be compensated by some permutation/direction reversals of
the interaction vertices.

Green’s functions

G(n) (α1τ2, . . . αnτn;α
′
1τ

′
1, . . . α

′
nτ

′
n) = (−1)n

⟨
T
[
âα1(τ1) . . . âαn(τn)â

†
αn

(τn)
]
. . . â†α1

(τ1)
⟩

= (−1)n

⟨
e−

1
ℏ
∫
dτV (ψ∗(τ),ψ(τ))ψα1(τ1) . . . ψαn(τn)ψ

∗
α′

n
(τ ′n) . . . ψ

∗
α′

1
(τ ′1)

⟩
0⟨

e−
1
ℏ
∫
dτV (ψ∗(τ),ψ(τ))

⟩
0

. (2.3.44)

• The diagram is composed of n external outgoing lines
αiτi

and n external in-
coming lines

α′
iτ

′
i

. NO(p.103)

G(1) = + + + + + +

+ + + + + . . . (2.3.45)

• The symmetry factor is always S = 1.
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• There is an extra sign ζP , where P is the permutation of out-going particles with
respect to incoming particles.

G(2) =

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+ ζ

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+ ζ

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+ . . . . (2.3.46)

2.4 Zero temperature formalism NO§3.1

The finite temperature formalism can be applied to the zero temperature by:

• Replacing the trace with the expectation value in a non-interacting ground state.

• Rules for Feynman diagram are slightly modified in the propagators and associated
factors.

2.4.1 Observables
We seek for analogous expressions for

• ground state energy (2.3.4)

• expectation values of operators (2.3.42)

• Green’s function (2.3.44)

Ground state energy

• Basic idea: exploiting the relation⟨
Φ0

∣∣∣ e− i
ℏ ĤT0

∣∣∣Φ0

⟩
⟨
Φ0

∣∣∣ e− i
ℏ Ĥ0T0

∣∣∣Φ0

⟩ =
∑
n

|⟨Φ0 |Ψn⟩|2 e−
i
ℏ (En−W0)T0 (2.4.1)

−−−−−−−→
ImT0→−∞

|⟨Φ0 |Ψ0⟩|2 e−
i
ℏ (E0−W0)T0 , (2.4.2)

where |Φn⟩,Wn (|Ψn⟩,En) and the eigenstate and eigen-energy of the non-interacting
Hamiltonian Ĥ0 (full Hamiltonian Ĥ). The relation holds when
– |Φ0⟩is not orthogonal to Ψ0

– |Ψ0⟩is non-degenerate
• Choices of time-contour (Fig. 2.1):

– C1: t = −iτ , choice of the finite temperature formalism.
– C2: t = (1− iη) tR with η = 0+, choice of the zero-temperature formalism.
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Ret

Imt

C2

C1

Figure 2.1: Time contours for defining Green’s functions.

• Ground state average specified by Ĥ0: (2.3.3)

⟨
F
(
â†(tα), â(tβ)

)⟩
H0

=

⟨
Φ0

∣∣∣∣∣∣Te
− i

ℏ
∫ T0

2

−T0
2

dtĤ0(â†(t),â(t))
F
(
â†(tα), â(tβ)

) ∣∣∣∣∣∣Φ0

⟩
⟨
Φ0

∣∣∣∣∣∣Te
− i

ℏ
∫ T0

2

−T0
2

dtĤ0(â†(t),â(t))

∣∣∣∣∣∣Φ0

⟩ .

(2.4.3)
• Ground state energy (2.3.4)

E0 −W0 = lim
T0→(1−iη)∞

iℏ
T0

ln

⟨
e
− i

ℏ
∫ T0

2

−T0
2

dtV̂ (â†(t),â(t))
⟩
H0

. (2.4.4)

Expectation values of operators (2.3.42)

⟨
Ψ0

∣∣∣ R̂ ∣∣∣Ψ0

⟩
= lim
T0→(1−iη)∞

⟨
e
− i

ℏ
∫ T0

2

−T0
2

dtV̂ (â†(t),â(t))
R̂(0)

⟩
H0⟨

e
− i

ℏ
∫ T0

2

−T0
2

dtV̂ (â†(t),â(t))
⟩
H0

. (2.4.5)
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Green’s function (2.3.44)

G(n) (α1t1 . . . αntn;α1t
′
1 . . . α

′
nt

′
n) = (−i)n

lim
T0→(1−iη)∞

⟨
e
− i

ℏ
∫ T0

2

−T0
2

dtV̂ (â†(t),â(t))
âα1(t1) . . . âαn(tn)â

†
α′

n
(t′n) . . . â

†
α′

1
(t′1)

⟩
H0⟨

Te
− i

ℏ
∫ T0

2

−T0
2

dtV̂ (â†(t),â(t))
⟩
H0

. (2.4.6)

2.4.2 Zero-temperature Fermion propagators
Particle-hole operators

b̂α =

{
âα ϵα > µ

â†α ϵα ≤ µ
. (2.4.7)

K̂0 = Ĥ0 − µN̂ =
∑
ϵα≤µ

(ϵα − µ) +
∑
α

|ϵα − µ| b̂†αb̂α, (2.4.8)

• It satisfies the usual commutation rules of annihilation/creation operators.
• It annihilates the non-interacting ground state: b̂α |Φ0⟩ = 0.
• The electron annihilation operator does not annihilate |Φ0⟩, i.e., âα |Φ0⟩ ̸= 0 for
ϵα ≤ µ. This is because |Φ0⟩ is not an empty state but a filled Fermi sea.

Generating functional for free Fermion propagator:

G0 [J
∗, J ] =

⟨
e

1
ℏ
∫
dt[J∗

α(t)âα(t)+â†α(t)Jα(t)]
⟩
K0

, (2.4.9)

iG0 (αt;α
′t′) = −ℏ2

δ2G0 [J
∗, J ]

δJ∗
α(t)δJα′(t′)

∣∣∣∣
J∗=J=0

. (2.4.10)

Free Fermion propagator

G0 [J
∗, J ] = G

(+)
0 [J∗, J ]G

(−)
0 [J∗, J ] , (2.4.11)

G
(+)
0 [J∗, J ] =

∏
ϵα>µ

⟨
e

1
ℏ
∫
dt[J∗

α(t)b̂α(t)+b̂†α(t)Jα(t)]
⟩
K0

=
∏
ϵα>µ

e
∑

jk J
∗
α,jS

(α)−1
ik Jα,k , (2.4.12)

G
(−)
0 [J∗, J ] =

∏
ϵα≤µ

⟨
e

1
ℏ
∫
dt[J∗

α(t)b̂†α(t)+b̂α(t)Jα(t)]
⟩
K0

=
∏
ϵα≤µ

e
∑

jk Jα,jS
(α)−1
ik J∗

α,k . (2.4.13)

S(α) =



1 0 0 0
−a 1 0 0

0 −a 1
. . . ...

0 −a
. . .

0
. . . 1 0

0 . . . −a 1


, a = 1− i

T0 |ϵα − µ|
ℏM

. (2.2.23)(2.4.14)
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• For ϵα > µ

iG0(αtq;α
′tr) = δαα′

(
S(α)

)−1

qr
= δαα′e−

i
ℏ (ϵα−µ)(tq−tr)θ(tq − tr − 0+), (2.4.15)

• For ϵα ≤ µ, do the substitutions tq ↔ tr , ϵα − µ→ −(ϵα − µ), and append a sign −1
(due to the exchange of J∗ and J ):

iG0(αtq;α
′tr) = −δαα′e−

i
ℏ (ϵα−µ)(tq−tr)θ(tr − tq + 0+). (2.4.16)

• Complete form: (2.2.26)

iG0(αt;α
′t′) = δαα′e−

i
ℏ (ϵα−µ)(tq−tr)

[
θ(t− t′ − 0+) (1− nα)− θ(t′ − t+ 0+)nα

]
,

(2.4.17)
where nα = θ(µ− ϵα).

• Fourier transformed form:

G̃0α(ω) =

∫
dtG0(αt, α0)e

iωt =
1

ω − (ϵα − µ) /ℏ+ iηsgn (ϵα − µ)
. (2.4.18)

– Fourier transforms of θ(t):

θ(±t) = ∓
∫

dω

2πi

e−iωt

ω − iη
. (2.4.19)

Homework: Derive Eq. (2.4.17) and (2.4.18) by using the method of equation of motion
(see Eq. (2.2.34)):

1. Derive the differential equation of G0, by using its definition Eq. (2.1.22);
2. Solve the equation to obtain Eq. (2.4.17). Note that a solution must not diverge

for t→ ±∞ in the C2 contour of Fig. 2.1.
3. Derive the Fourier transformed form Eq. (2.4.18).

2.4.3 Diagram Rules
For Fermion systems, the finite temperature Feynman diagram rules may be adapted for the
zero-temperature with replacements:

•
∫ ℏβ
0

dτ →
∫ T/2
−T/2 dt or (1/ℏβ)

∑
ωn

→
∫
dω/2π, and ℏβ → T0;

• The overall factor (−1/ℏ)nζnL/S → (−i/ℏ)nζnL/S;

• gα(τ − τ ′) → −iG0α(t− t′) or g̃α(ωn) → −iG̃0α(ω). (2.4.17, 2.4.18)

The expectation value of ground state energy can be obtained by

E0 −W0 = lim
T0→∞

i

T0

∑
all link diagrams. (2.4.20)

A Boson system will have the Bose-Einstein condensation at the zero temperature. It is a
symmetry breaking system. Its treatment is deferred to a later section.
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2.5 Summary
The factor associated a vertex/propagator line is summarized in Table 2.1. An nth order
diagram has an overall factor: {

(−1/ℏ)n
S ζnL T ̸= 0

(−i/ℏ)n
S ζnL T = 0

, (2.5.1)

where S is the symmetry factor of the diagram, and nL is the number of loops in the diagram.
In the frequency/momentum representation, there will be an extra factor ℏβV .
For evaluating Green’s functions, an extra factor

(−1)P

should be incorporated, where P is the permutation of out-going particle lines with respect
to incoming particle lines. (2.3.46)

Determining the Symmetry factor

Feynman diagram: assign an index to each vertex and a direction to each interaction
line, and count the number of permutations of the vertex indices and direc-
tions of the interaction lines that yield deformations.

Hugenholtz diagram: assign an index to each vertex, count the number (SD ) of permu-
tations of the vertex indices that yield deformations and the number (ne)
of equivalent pairs of propagator lines, and S = 2neSD .

Observable: count the number of permutations of the joints of the observable that can
be compensated by internal symmetry operations to yield deformations.

Green’s function: S = 1.

In the momentum/frequency representation, the Matsubara frequency is defined to be:

ωn =

{
2πn
ℏβ (Bosons)
(2n+1)π

ℏβ (Fermions)
.
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State/time Momentum/Frequency

Propagator
T ̸= 0

τ

τ ′

α
= gα(τ − τ ′) =

−e−(ϵα−µ)(τ−τ ′)/ℏ[(1 + ζnα)θ(τ −
τ ′) + ζnαθ(τ

′ − τ)]

ωnk
= g̃(ωn,k) =

1
iωn−(ϵk−µ)/ℏ

α
= gα(0

−) = −ζnα
ωnk

= 1
iωn−(ϵk−µ)/ℏe

iωnη

T = 0

t

t′

α
= −iG0α(t− t′) =

−e−i(ϵα−µ)(t−t′)/ℏ[(1 + ζnα)θ(t−
t′) + ζnαθ(t

′ − t)]

ωk
= −iG̃0(ω,k) =

−i
ω−(ϵk−µ)/ℏ+iηsgn(ϵk−µ)

α
= −iG0α(0

−) = −ζnα
ωk

= −i
ω−(ϵk−µ)/ℏ+iηsgn(ϵk−µ)e

iωη

Vertex Feynman
α β

γ δ

= ⟨αβ | v | γδ⟩
k3 k1 + k2 − k3

kk1 k2

=

ṽ(k1 − k3)

Hugenholtz
α β

γ δ

= { αβ | v̂|γδ } ≡

⟨αβ | v̂ | γδ⟩+ ζ ⟨αβ | v̂ | δγ⟩

k3 k1 + k2 − k3

k1 k2

=

ṽ(k1 − k3) + ζṽ(k2 − k3)

Internal
sums

T ̸= 0
∑
α

∫ ℏβ
0

dτ 1
ℏβ

∑
ωn

∫
dk

(2π)d

T = 0
∑
α

∫ T/2
−T/2 dt

∫
dω
2π

∫
dk

(2π)d

Table 2.1: Vertex and propagator under different representations.
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Chapter 3

Green’s functions

3.1 Introduction

3.1.1 Definitions
Real-time (zero temperature) Green’s function

G(n) (r1t1, . . . rntn; r
′
1t

′
1, . . . r

′
nt

′
n) = (−i)n

⟨
T
[
ψ̂(r1t1) . . . ψ̂(rntn)ψ̂

†(r′nt
′
n) . . . ψ̂

†(r′1t
′
1)
]⟩
.

(3.1.1)

Thermal Green’s function is the Green’s function with imaginary time t = −iτ :1

G(n) (r1τ1, . . . rnτn; r
′
1τ

′
1, . . . r

′
nτ

′
n) = (−1)n

⟨
T
[
ψ̂(r1τ1) . . . ψ̂(rnτn)ψ̂

†(r′nτ
′
n) . . . ψ̂

†(r′1τ
′
1)
]⟩
.

(3.1.2)

where

ψ̂(rτ) ≡ e
Ĥ
ℏ τ ψ̂(r)e−

Ĥ
ℏ τ , (3.1.3)

ψ̂†(rτ) ≡ e
Ĥ
ℏ τ ψ̂†(r)e−

Ĥ
ℏ τ . (3.1.4)

3.1.2 Evaluation of Observables
Green’s functions contain sufficient information to evaluate the expectation values of observ-
ables:

Kinetic energy: ⟨
T̂
⟩
= iζ

∫
d3r

[
− ℏ2

2m
∇2

rG
(
rt; r′t+

)]
r′=r

(3.1.5)

= iζV
∫

d3kdω

(2π)4
eiωη

ℏ2k2

2m
G̃(k, ω) (3.1.6)

1The definition has an extra factor (−1)n, to be consistent with Fetter-Walecka’s definition. See FW(23.6).
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Interaction energy: ⟨
V̂
⟩
=

iζ

2

∫
d3r

[(
iℏ
∂

∂t
+

ℏ2

2m
∇2

r

)
G (rt; r′t′)

]
r′=r,t′=t+

(3.1.7)

=
iζ

2
V
∫

d3kdω

(2π)4
eiωη

(
ℏω − ℏ2k2

2m

)
G̃(k, ω) (3.1.8)

Ground_state energy:

E0 =
⟨
T̂ + V̂

⟩
=

iζ

2

∫
d3r

[(
iℏ
∂

∂t
− ℏ2

2m
∇2

r

)
G (rt; r′t′)

]
r′=r,t′=t+

(3.1.9)

=
iζ

2
V
∫

d3kdω

(2π)4
eiωη

(
ℏω +

ℏ2k2

2m

)
G̃(k, ω) (3.1.10)

3.1.3 Four species of Green’s functions HJ§3.2

Retarded Green’s function

Gr(rt; r′t′) = −iθ(t− t′)

⟨[
ψ̂(rt), ψ̂†(r′t′)

]
−ζ

⟩
. (3.1.11)

Advanced Green’s function

Ga(rt; r′t′) = −iζθ(t′ − t)

⟨[
ψ̂(rt), ψ̂†(r′t′)

]
−ζ

⟩
. (3.1.12)

Lesser Green’s function
G<(rt; r′t′) = −i

⟨
ψ̂†(r′t′)ψ̂(rt)

⟩
. (3.1.13)

Greater Green’s function
G>(rt; r′t′) = −i

⟨
ψ̂(rt)ψ̂†(r′t′)

⟩
. (3.1.14)

Relations

Gr −Ga = G> −G<, (3.1.15)
Gr = [Ga]

† (3.1.16)
G(rt; r′t′) = θ(t− t′)G>(rt; r′t′) + θ(t′ − t)G<(rt; r′t′), (3.1.17)

Gr/a(rt; r′t′) = ±θ (±(t− t′))
[
G>(rt; r′t′)−G<(rt; r′t′)

]
. (3.1.18)

For equilibrium systems, all the Green’s function can be linked via the fluctuation-
dissipation theorem.

Merits

• G has a systematic perturbation theory.

• Gr/a have a nicer analytic structure and are directly related to physical responses.

• G<,> are directly related to observables.
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3.2 Fluctuation-Dissipation Theorem HJ§3.3

Spectral function

A(k, ω) = i [Gr(k, ω)−Ga(k, ω)] = −2ImGr(k, ω) (3.2.1)
= i

[
G>(k, ω)−G<(k, ω)

]
(3.2.2)

• Sum rule: ∫ ∞

−∞

dω

2π
A(k, ω) = 1 (3.2.3)

• The density of states can be conveniently computed:

ρ(ω) =

∫
d3k

(2π)3
A(k, ω). (3.2.4)

• The spectral function can be directly measured by using ARPES technique [2].
• All the Green’s functions can be related to the spectral function.

Fluctuation-Dissipation relations

G<(k, ω) = −ζ i

Z

∫
dt eiωt

∑
n,m

e−β(En−µNn)ei(Em−En)t/ℏ
⟨
n
∣∣∣ â†k ∣∣∣m⟩

⟨m | âk |n⟩ (3.2.5)

= −ζ i

Z

∑
n,m

2πδ

(
ω − En − Em

ℏ

)∑
n,m

e−β(En−µNn) |⟨m | âk |n⟩|2 , (3.2.6)

G>(k, ω) = − i

Z

∑
n,m

2πδ

(
ω − En − Em

ℏ

)∑
n,m

e−β(Em−µNm) |⟨m | âk |n⟩|2 . (3.2.7)

We obtain
G>(k, ω) = ζeβ(ℏω−µ)G<(k, ω) (3.2.8)

and

G<(k, ω) = −iζnζ(ω)A(k, ω), (3.2.9)
G>(k, ω) = −i (1 + ζnζ(ω))A(k, ω), (3.2.10) G(k, ω)

Gr(k, ω)
Ga(k, ω)

 =

∫
dω1

2π
A(k, ω1)


− ζnζ(ω1)
ω−ω1−iη − 1+ζnζ(ω1)

ω1−ω−iη
1

ω−ω1+iη
1

ω−ω1−iη

 , (3.2.11)

nζ(ω) ≡
1

eβ(ℏω−µ) − ζ
. (3.2.12)

It follows:

Re

 G(k, ω)
Gr(k, ω)
Ga(k, ω)

 = P
∫

dω1

2π

A(k, ω1)

ω − ω1
, (3.2.13)

Im

 G(k, ω)
Gr(k, ω)
Ga(k, ω)

 =


−
[
tanh β(ℏω−µ)

2

]−ζ
−
+

 1

2
A(k, ω). (3.2.14)
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3.3 Thermal Green’s function and analytic continuation FW§31

The thermal Green’s function can be related to the spectral function by:

G(k, ωn) =
∫ ∞

−∞

dω1

2π

A(k, ω1)

iωn − ω1
(3.3.1)

Analytic continuation: The real-time Green’s functions at the finite temperature can be ob-
tained from the thermal Green’s function through the process of analytic continuation.

1. With an analytic form of the thermal Green’s function, the spectral function can
be determined by

A(k, ω) = i
[
G(k, ωn)|iωn=ω+iη − G(k, ωn)|iωn=ω−iη

]
. (3.3.2)

2. Various real-time Green’s function can be obtained by applying the fluctuation-
dissipation relations Eq. (3.2.9‒3.2.11).

Homework:

1. Derive Eq. (3.2.9‒3.2.14). A useful identity for deriving these equations is:

θ(t) =

∫
dω

2πi

eiωt

ω − iη
. (3.3.3)

2. Derive Eq. (3.3.1).

3.4 Non-equilibrium Green’s function HJ§4

Necessities for introducing non-equilibrium (Keldysh’s) Green’s function formalism:

• The real time Green’s function are directly related to physical observables.

• Unfortunately, there is no simple perturbation expansion for the real-time Green’s func-
tion at the finite temperature ‒perturbative expansion based on the path-integral for-
malism is only for time-ordered quantities.

• The analytic continuation is only useful when we have an analytic expression for the
thermal Green’s function. Numerically, the thermal Green’s function is only defined for
a discrete set of Matsubara frequencies.

• When the system is not an equilibrium one (e.g., a system driven by an external field),
there is no guarantee that the system returns to its initial state.
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Ret

Imt

Cv

−T0

2 − iℏβ

Figure 3.1: Time contour for defining the non-equilibrium Green’s functions.

3.4.1 Contour-ordered Green’s function
The trick to convert a non-time-order Green’s function (e.g.,G>) to a contour-ordered Green’s
function:

G>(rt; r′t′) = −i
⟨
ψ̂(rt)ψ̂†(r′t′)

⟩
= −i

Tr
[
e−βĤ Û

(
−T0

2 , t
)
ψ̂(r)Û (t, t′) ψ̂†(r′)Û

(
t′,−T0

2

)]
Tre−βĤ

(3.4.1)

→ −i
Tr

[
Û
(
−T−

0

2 − iℏβ,−T−
0

2

)
Û
(
−T−

0

2 , t−
)
ψ̂(r)Û (t−, t′+) ψ̂†(r′)Û

(
t′+,−T+

0

2

)]
Tre−βĤ

(3.4.2)

= −i
Tr

[
TCv

e−
i
ℏ
∫
Cv

dtĤ(t)ψ̂(rt−)ψ̂′(r′t′+)
]

Tr
[
TCve

− i
ℏ
∫
Cv

dtĤ(t)
] (3.4.3)

The contour is defined in Fig. 3.1.

Contour-ordered Green’s function is defined as

Gc(rt, r
′t′) = −i

⟨
Tcv

[
ψ̂(rt)ψ̂†(r′t′)

]⟩
. (3.4.4)

• There are two-branches of the real time has: + and−. The usual Green’s functions
can be obtained by assigning appropriate branches to the times:

G(rt, r′t′) = G++
c (rt, r′t′), (3.4.5)

G>(rt, r′t′) = G−+
c (rt, r′t′), (3.4.6)

G<(rt, r′t′) = G+−
c (rt, r′t′). (3.4.7)
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Contour Real axis

C =
∫
Cv
AB

C< =
∫
t
[ArB< +A<Ba]

Cr =
∫
t
ArBr

D =
∫
Cv
ABC

D< =
∫
t
[ArBrC< +ArB<Ca +A<BaCa]

Dr =
∫
t
ArBrCr

C(t, t′) = A(t, t′)B(t, t′)
C<(t, t′) = A<(t, t′)B<(t, t′)

Cr(t, t′) = A<(t, t′)Br(t, t′) +Ar(t, t′)B<(t, t′) +Ar(t, t′)Br(t, t′)

D(t, t′) = A(t, t′)B(t′, t)
D<(t, t′) = A<(t, t′)B>(t, t′)

Dr(t, t′) = A<(t, t′)Ba(t, t′) +Ar(t, t′)B<(t, t′)

Table 3.1: Langreth rules of contour defined quantities.

• The four components of Gc are not independent:

G++
c +G−−

c = G+− +G−+. (3.4.8)

Perturbation theory of the contour-ordered Green’s function is the same as that of the zero-
temperature Green’s function, albeit time integrals are interpreted as integrals along
the contour.

• By assuming that the interaction can be turned on adiabatically, the contribution
from the vertical segment of the contour Cv can be ignored. This is valid for (equi-
librium or non-equilibrium) steady state problems. However, it may not be valid
for transient problems.

Langreth theorem expresses contour defined quantities in the ordinary Green’s functions.
See Table. 3.1.
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Chapter 4

Effective action theory

4.1 Irreducible diagrams and integral equations NO§2.4

It is possible to derive exact integral equations relating connected Green’s function and irre-
ducible vertex functions. They are useful for:

• Defining consistent approximations

• Effective action Γ

• Self-energy Σ ‒effect of a many-body medium to the propagation of a single particle.

4.1.1 Generating function
External sources is introduced into the system by adding a term to the Hamiltonian:

Linear source
S =

∑
α

∫
dτ

[
J∗
α(τ)âα(τ) + â†α(τ)Jα(τ)

]
. (4.1.1)

For Fermions, J(τ) are Grassmann variables.
Bilinear source

S =
∑
αβ

∫
dτ1dτ2

[
â†α(τ1)âβ(τ2)Vαβ(τ1, τ2) + â†α(τ1)â

†
β(τ2)∆αβ(τ1, τ2) + c.c.

]
.

(4.1.2)
• Vαβ(τ1, τ2): scalar potential.
• ∆αβ(τ1, τ2): pairing potential (superconductivity).

Generating functional

G [V ] ≡ Z [V ]

Z
=

⟨
e−

1
ℏ
∫ ℏβ
0

dτ1dτ2
∑

αβ â
†
α(τ1)âβ(τ2)Vαβ(τ1,τ2)

⟩
. (4.1.3)

G [J∗(τ), J(τ)] ≡ Z [J ]

Z
=

⟨
e−

1
ℏ
∫ ℏβ
0

dτ
∑

α[J∗
α(τ)ψα(τ)+ψ∗

α(τ)Jα(τ)]
⟩
. (4.1.4)
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The Green’s functions can be generated by

G(n) (α1τ2, . . . αnτn;α
′
1τ

′
1, . . . α

′
nτ

′
n) = (ζℏ) n

δnG [V ]

δVα′
1α1

(τ ′1, τ1) . . . δVα′
nαn

(τ ′1, τ1)

∣∣∣∣
V→0

(4.1.5)

G(n) (α1τ2, . . . αnτn;α
′
1τ

′
1, . . . α

′
nτ

′
n) =

(
−ζℏ2

)n δ2nG [J∗, J ]

δJ∗
α1
(τ1) . . . δJ∗

αn
(τn)δJα′

n
(τ ′n) . . . Jα′

1
(τ ′1)

∣∣∣∣
J,J∗→0

.

(4.1.6)

Connected generating function

W [V ] ≡ lnG [V ] = −β (Ω [V ]− Ω [V = 0]) . (4.1.7)

W [J∗, J ] ≡ lnG [J∗, J ] = −β (Ω [J∗, J ]− Ω [J∗ = J = 0]) . (4.1.8)

It generates connected Green’s functions:

G̃(n)
c (α1τ2, . . . αnτn;α

′
1τ

′
1, . . . α

′
nτ

′
n) = (ζℏ)n

δnW [V ]

δVα′
1α1

(τ ′1, τ1) . . . δVα′
nαn (τ ′1, τ1)

∣∣∣∣
V→0

.

(4.1.9)

G(n)
c (α1τ2, . . . αnτn;α

′
1τ

′
1, . . . α

′
nτ

′
n) =

(
−ζℏ2

)n δ2nW [J∗, J ]

δJ∗
α1
(τ1) . . . δJ∗

αn
(τn)δJα′

n
(τ ′n) . . . Jα′

1
(τ ′1)

∣∣∣∣
J,J∗→0

.

(4.1.10)

G̃(2)
c = ζ

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+ ζ

α1τ1

α′
1τ

′
1 α′

2τ
′
2

α2τ2

+ . . . . (4.1.11)

G(2) (12; 1′2′) = G̃(2)
c (12; 1′2′) + G(11′)G(22′), (4.1.12)

where G(11′) ≡ G(1)(1; 1′) = G̃(1)(1; 1′).

G(2) (12; 1′2′) = G(2)
c (12; 1′2′) + [G(11′)G(22′) + ζG(12′)G(21′)] . (4.1.13)

4.1.2 Effective action
Conjugate field

Gαα′(τ, τ ′) ≡ −
⟨
T
[
âα(τ)â

†
α′(τ

′)
]⟩

= ζℏ
δW [V ]

δVα′α(τ ′, τ)
. (4.1.14)
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ϕα(τ) ≡ ⟨â(τ)⟩J∗,J = −ℏ
δW [J∗, J ]

δJ∗
α(τ)

. (4.1.15)

ϕ∗α(τ) ≡
⟨
â†(τ)

⟩
J∗,J

= −ζℏδW [J∗, J ]

δJα(τ)
. (4.1.16)

Effective action (Baym‒Kadanoff functional) is a functional of the single-particle Green’s
function G, and related toW [V ] by a Legendre transformation:

Γ [G] = −W [V ] +
ζ

ℏ
∑
αα′

∫ ℏβ

0

dτdτ ′ Gαα′(τ, τ ′)Vα′α(τ
′, τ). (4.1.17)

≡ −W [V ] +
ζ

ℏ
Tr [GV ] (4.1.18)

Γ [ϕ∗, ϕ] = −W [J∗, J ]− 1

ℏ
∑
α

∫ ℏβ

0

dτ [ϕ∗α(τ)Jα(τ) + J∗
α(τ)ϕα(τ)] . (4.1.19)

Why?
• It assigns an“energy”to the physical state/order parameter of the system, and
gives rise to a variational principle.

• It has better analytic properties thanW [V ] and thus be preferable to approxi-
mate.

• It provides a unified foundation for constructing various approximations con-
sistently.

• One may devise non-perturbative approach to construct the functional.

Stationary conditions
δΓ [G]

δGαα′(τ, τ ′)
=
ζ

ℏ
Vα′α (τ

′, τ) . (4.1.20)

δΓ [ϕ∗, ϕ]

δϕ∗α(τ)
= −1

ℏ
Jα(τ), (4.1.21)

δΓ [ϕ∗, ϕ]

δϕα(τ)
= − ζ

ℏ
J∗
α(τ). (4.1.22)

In the absence of an external source, it yields a variational principle:

δΓ [G] = 0. (4.1.23)

Vertex functions are generated by

Π(n) (α1τ2, . . . αnτn;α
′
1τ

′
1, . . . α

′
nτ

′
n) = ζn

δnΓ [G]
δGα′

1α1
(τ ′1, τ1) . . . δGα′

nαn(τ
′
n, τn)

∣∣∣∣
V→0

. (4.1.24)

Γmϕ∗,nϕ (α1τ2, . . . αmτm;α′
1τ

′
1, . . . α

′
nτ

′
n) =

δm+nΓ [ϕ∗, ϕ]

δϕ∗α1
(τ1) . . . δϕ∗αm

(τm)δϕα′
n
(τ ′n) . . . δϕα′

1
(τ ′1)

∣∣∣∣
J∗,J→0

.

(4.1.25)
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4.1.3 Self-energy and Dyson’s equation
Luttinger-Ward functional Φ [G] characterizes the interaction effect in the effective action:

ζΓ [G] = ζΓ0 [G]− Φ [G] . (4.1.26)

Free effective action for a non-interacting system:

W0[V ] = ζ {Tr [lnG]− Tr [lnG0]} , (4.1.27)

G−1 = G−1
0 − V

ℏ
. (4.1.28)

ζΓ0 [G] = −Tr
[
lnG−1

0 G
]
+Tr

[
G−1
0 G − I

]
. (4.1.29)

With the decomposition, we have

ζΠ(1) (11′) ≡ δΓ [G]
δG(1′1)

∣∣∣∣
V→0

= [G0]
−1

(11′)− [G]−1
(11′)− δΦ [G]

δG(1′1)
, (4.1.30)

where we adopt the shorthand notation 1 ≡ {α1, τ1}, 1′ ≡ {α′
1, τ

′
1}.

Self energy is defined to be
Σ(11′) =

δΦ [G]
δG(1′1)

. (4.1.31)

Dyson equation: In the absence of the external source:

[G]−1
= [G0]

−1 − Σ, (4.1.32)
G = G0 + G0ΣG0 + G0ΣG0 + . . . . (4.1.33)

= + + . . . (4.1.34)

Diagrams of self-energy are one-particle irreducible, i.e., they cannot be separated into two
parts by cutting a particle line.

=

(a) (b) (c) (d) (e) (f) (g) (h)

+ . . .

(4.1.35)

Skeleton diagrams are diagrams that cannot be generated from lower order diagrams by
inserting self-energy blobs in particle lines: (a‒d) are skeleton diagrams, (e‒h) are not.
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• Alternative definition: all two-particle irreducible diagrams, i.e., the diagramswhich
cannot be separated by cutting two particle lines.

• With skeleton diagrams, we can construct a self-consistent equation for Σ (or G):

= + + + + . . . (4.1.36)

Diagrams of Luttinger-Ward functional are closed, bold, two-particle irreducible (skeleton)
diagrams:

Φ [G] = + + + + . . . (4.1.37)

• Bold lines represent physical Green’s function G.
• Derivative with respect to G is to remove any of the 2n particle lines for a nth order
diagrams. It should give rise to the skeleton diagrams of the self-energy. (4.1.31)

• Rules for unlabeled Feynman diagrams should be applied. 1

4.1.4 Higher-order vertex functions
Two particle

δ(12)δ(1′2′) =
δG(11′)
δG(22′)

=

∫
d3
δG(11′)
δV (3′3)

δV (3′3)

δG(22′)
, (4.1.38)

= ℏ2
∫

d3d3′
δ2W [V ]

δV (3′3)δV (1′1)

δ2Γ [G]
δG(22′)δG(33′)

, (4.1.14,4.1.24)(4.1.39)

≡
∫

d3d3′ G̃(2)
c (13; 1′3′)Π(2) (3′2′, 32) . (4.1.14, 4.1.20)(4.1.40)

G̃c Π

1′

1

2

2′

= δ(12)δ(1′2′), NO(2.196a)(4.1.41)

Irreducible electron-hole interaction

ζΠ(2)(3′2′, 32) =
δζΠ(1)(3′3)

δG(22′)
=

[
G−1

]
(3′2)

[
G−1

]
(2′3)− δ2Φ [G]

δG(33′)δG(22′)
(4.1.42)

1The symmetry factor suggested by Luttinger and Ward is S = 2n [3]. This may not be true for certain higher

order diagrams with n > 2，for instance, .
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We define the irreducible interaction I in the direct particle-hole channel:

I(12; 1′2′) =
δ2Φ [G]

δG(1′1)δG(2′2)
=
δΣ(11′)

δG(2′2)
. (4.1.43)

It includes all scattering diagrams that are irreducible in the direct electron-hole
channel:

I(12; 1′2′) =
1

1′

2′

2

+

1

1′

2′

2

+

1

1′

2′

2

+

1

1′

2′

2

+

1

1′

2′

2

+

1

1′

2′

2

+ . . . (4.1.44)

Dyson Equation

G̃(2)
c (12; 1′2′) = ζG(12′)G(21′) +

∫
d3d3′d4d4′G̃(2)

c (13; 1′3′)I(3′4′; 34)G(24′)G(42′).

(4.1.45)

G̃c

1′

1

2

2′

= ζ
G1 2′

G1′ 2

+ G̃c I

G

G
1′

1

2

2′

(4.1.46)

Scattering amplitude Γ between a pair of electron and hole is defined by:

G̃c

1′

1

2

2′

= ζ
G1 2′

G1′ 2

+ Γ

G

G

G

G

2

2′

1′

1

NO(2.188a)(4.1.47)

Bethe-Salpeter equation relates the scattering amplitude with the irreducible interac-
tion I :

Γ

1′

1

2

2′

= I

1′

1

2

2′

+ Γ I

1′

1

G

G

2

2′

. (4.1.48)
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Higher order equations can be obtained by successively applying the derivative δ/δV to
Eq. (4.1.45) or (4.1.46). Useful identities:

ζℏ
δG̃(n)

c

δV
= G̃(n+1)

c , ζℏ
δ

δV (1′1) G̃c ...
= G̃c

1′

1

...
(4.1.14), (4.1.49)

ζℏ
δI(n)

δV
= I(n+1) ⋆ G̃(2)

c , ζℏ
δ

δV (1′1) I ...
= IG̃c

1′

1

...
(4.1.43). (4.1.50)

where I(n) ≡ δnΦ[G]/δV (1′1) . . . δV (n′n) denotes n-body effective interaction.

Homework: Derive an equation for G̃(4)
c :

1. Derive the equation graphically by applying Eqs. (4.1.49, 4.1.50);
2. Write down the equation in text form from the graphical form.

Linear source can also be used to define a set of vertex functions. It results in a set of tree
diagrams (and corresponding equations) that relate Green’s functions and vertex func-
tions. This is particularly useful for the renormalization theory in which divergences
can be isolated in a small number of low order vertex functions. See NO§2.4.

Pairing field ∆ and∆∗ can also be included as external sources. The resulting Bethe-Salpeter
equation will be in the particle-particle channel. The generalization is necessary for
treating superconducting systems.

Conserving approximation: A self-consistent approximation with its self-energy and high
order vertices derived froma thermodynamic functional via derivatives (e.g., the Luttinger-
Ward functional) is automatically consistent with conservation laws on particle num-
ber, momentum, and energy [1].
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Chapter 5

Theory of electron liquid
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Chapter 6

Broken symmetry and collective
phenomena
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